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PREFACE 


This book deals with one of the basic topics of quantum mechanics: the theory of angular momentum and 
irreducible tensors. Being rather versatile, the mathematical apparatus of this theory is widely used in atomic 
and molecular physics, in nuclear physics and elementary particle theory. It enables one to calculate atomic, 
molecular and nuclear structures, energies of ground and excited states, fine and hyperfine splittings, etc. The 
apparatus is also very handy for evaluating the probabilities of radiative transitions, cross sections of various 
processes such as elastic and nonelastic scattering, different decays and reactions (both chemical and nuclear) 
and for studying angular distributions and polarizations of particles. 

Today this apparatus is finding ever increasing use in solving practical problems relating to quantum 
chemistry, kinetics, plasma physics, quantum optics, radiophysics and astrophysics. 

The basic ideas of the theory of angular momentum were first put forward by M. Born, P. Dirac, W. Heisen- 
berg and W. Pauli. However, the modern version of its mathematical apparatus was developed mainly in the 
works of E. Wigner, J. Racah, L. Biedenharn and others who applied group theoretical methods to problems 
in quantum mechanics. 

At present a number of good books on the theory of angular momentum have been already published. 
The general principles and results of the theory may be found in the books by M. Rose [31], A. Edmonds 
[16], U. Fano and G. Racah [18], A. P. Yutsis, I. B. Levinson and V. V. Vanagas [44], A. P. Yutsis and 
A. A. Bandzaitis [45], D. Brink and G. Satcher [9]. Nevertheless, many formulas and relationships essential 
for practical calculations have escaped these books and are either scattered in various editions, or included as 
appendices in papers discussing somewhat disparate topics, making them generally inaccessible. Even greater 
difficulties arise when one tries to use the results, as each author employs his own phase conventions, initial 
definitions and symbols. 

The authors of this book aimed at collecting and compiling ample material on the quantum theory of 
angular momentum within the framework of a single system of phases and definitions. This is why, in addition 
to the basic theoretical results, the book also includes a great number of formulas and relationships essential 
for practical applications. 

This edition is the translated version of our book published in the USSR in 1975. In the course of its 
preparation we have tried to comply with a number of suggestions from our readers. For instance, each 
chapter opens with a comprehensive listing of its contents to ease the search for information needed. We 
also included some new results relating to different aspects of angular momentum theory which have recently 
appeared in journals. Unfortunately the limited volume of the present book prevented us from covering all the 
aforementioned results. We offer sincere apologies to the authors whose results we failed to include. 

The monograph is a kind of handbook. Consequently the material is presented in concise form. Most of 
the formulas and relationships are given without proof. Their full derivation may be found in the literature 
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listed at the end of the text. Some results which have become generally known are given without references, 
and for this we also apologize. 

The sequence adopted is as follows: chapter, section and subsection. Many chapters are self-contained and 
can be read independently of the others. Sections have double numbering: the first figure denotes the number 
of the chapter, the second, the number of the section. Equations are numbered within the confines of the 
section they are included in. When referring to an equation from the same section only the number of the 
equation is given, e.g., (3), (27); when reference is made to an equation from another section the numbers of 
the chapter, section and equation аге given, e.g., Eq. 4.2.(17). A similar system is adopted when referring to 
individual subsections, e.g., Sec. 1.2.5. For convenience the book also contains a glossary of all symbols used 
in the text with references to the pages where their corresponding definitions are given. The list of references 
is divided into parts: the first part lists books and reviews; the second, papers on different subjects; the third, 
tables; the fourth, references added during translation. 

The authors hope that many specialists will find in the book some fresh and interesting information. The 
material is prepared and arranged so as to make it useful to those less familiar with theory and for students of 
physics. These readers can effectively use the monograph as a supplementary text to their main courses. 

For those who wish to thoroughly familiarize themselves with the fundamentals of angular momentum 
theory we recommend the excellent new book by L. Biedenharn and J. Louck [132] Angular Momentum in 
Quantum Physics. Theory and Applications. 

The authors wish to express their deep appreciation to D. G. Yakovlev who took the trouble of reading the 
English translation of the book and gave some valuable suggestions on its preparation. 


Leningrad D. A. Varshalovich 
A. N. Moskalev 
V. K. Khersonskii 
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INTRODUCTION: BASIC CONCEPTS 


The evaluation of many physical quantities, such as expectation values of energy, electric and magnetic 
multipole moments, transition probabilities, etc., is considerably simplified by making use of the transformation 
properties of these quantities under coordinate rotation and inversion in three-dimensional space. 

The transformation properties of physical quantities with respect to rotations reveal themselves either 
through rotations of the given physical system relative to some fixed reference frame or through rotations of 
the coordinate axes relative to the physical system. 

Inversion characterizes the behavior of a physical quantity under transformation from a right-handed coor- 
dinate system to a left-handed one, or vice versa. 

Many physical quantities, by their nature, are invariants under coordinate rotations. In particular, the 
properties of any closed physical system should be independent of rotations, as follows from the isotropy of 
space. As a consequence of this fundamental property of space, the total angular momentum of such a system 
is an intégral of motion. 

A similar situation occurs with regard to coordinate inversion. Excluding phenomena connected with the 
weak interaction, a wealth of atomic, molecular and nuclear processes look alike in right-handed and left-handed 
coordinate systems. As a result of this "mirror" symmetry, quantum states of atoms, molecules, nuclei and 
elementary particles may be characterized by definite parity. 

Strictly speaking, a quantum mechanical wave function (т) of any closed physical system may be char- 
acterized by four quantum numbers (=, т,7,т) which are the eigenvalues of four commuting operators: the 
Hamiltonian Я, the parity operator Ê., the operator J? of the square of the angular momentum and the 
operator J, of the projection of this momentum onto a quantization axis. Thus U(r) = мат lr) obeys the 
equations 


~ 


HV. ra jm (r) = e. am lr), 

B v. „aim (r) = "Ұ,лаҙт (r), 

22%, таут lr) = ж + 1)Verajm(r); 

J. U. ag lr = тЧФєкотт lr), 

where q denotes all other quantum numbers (if available) and ғ represents a variety of arguments. 
=, x, j and m are the integrals of motion not only for a closed system, but also for any system exposed to 

the action of an external spherically-symmetric field. Moreover, the {exjm)-representation appears to be very 
convenient for practical calculation even if the external field is not spherically-symmetric. 


For a given 7, there exist 27 + 1 wave functions which correspond to different m. These functions describe 
the quantum states of the system which differ only by the orientation of the angular momentum in space. 


2 Quantum Theory of Angular Momentum 


Under coordinate rotations these functions undergo linear mutual transformations which do not involve the 
functions of other quantum numbers (e, т, a, j) and may be written as 


V. ram (r’) == 2 У спать (т)? m (а, В, 4) ; 


where the transformations coefficients D? Јалу (©, B, 7) are called Wigner D-functions. They аге the elements 
of the finite rotation matrix in the 7-representation and depend on the Euler angles o, В, у which determine 
rotation. 

Let a quantum-mechanical system which possesses some fixed angular momentum 7 and its projection m 
consist of two subsystems, with certain angular momenta i and 72, respectively. In this case the wave function 
V; аут (71, r2) may be constructed from the wave functions of subsystems according to the relation 


Vim (71, 72) => e sud Am (r1) т, (r2). 
mima 
The quantities сі” are called the Clebsch-Gordan coefficients. They are very important іп quantum 


Jimijama 
mechanics because they allow one to construct wave functions for various complex systems (nuclei, atoms, 


molecules, etc.). The addition of many angular momenta into some resultant total angular momentum may be 
performed in different ways, or, in other words, in accordance with different coupling schemes of the momenta 
in question. Each scheme may be associated with a certain representation of these angular momenta. The 
unitary transformations which relate various representations and describe the recoupling of angular momenta 
are realized by matrices expressed in terms of the 67-, 97-symbols and others 3nj-symbols of higher order. 
One of the principal concepts of the quantum theory of angular momentum is that of an irreducible tensor. 
By definition, an irreducible tensor of rank А has 2А +1 components which transform under coordinate rotation 


as 
Ma = LM, D», (о, 8,1). 
ш 


In particular, the wave functions Un with fixed у but different т constitute an irreducible tensor of rank 7. 
Moreover, irreducible tensors may be constructed from various physical quantities. For instance, energy is a 
tensor of zero rank (scalar), spin and magnetic moments are tensors of first rank (vectors), the quadrupole 
moment is a tensor of second rank, etc. Generally, any physical quantity or operator which corresponds to 
these quantities may be represented as a linear combination of irreducible tensors. 

The introduction of irreducible tensors into the analysis of physical quantities or corresponding operators 
substantially simplifies the evaluation of matrix elements of irreducible tensor operators, 


(ei Marler jm) = f март (1) Way Venasm(r)dr, 


where f . . . dr denotes integration over continuous variables and summation over discrete ones. These matrix 
elements determine expectation values of physical quantities in definite quantum states, the probabilities of 
quantum transitions between various states, etc. 

According to the Wigner-Eckart theorem, all the dependence of matrix elements on the orientation of 
coordinate axes, i.e., on quantum numbers m, m', и which determine the projections of angular momenta, is 
entirely contained in the Clebsch-Gordan coefficient 


Lp 


(jm |9, Цета)т) = e (e Mena). 


In this case (s 719, leo) is an invariant factor called а reduced matrix element. The Wigner-Eckart 
theorem allows one to reduce evaluation of transition probabilities, angular distributions, polarizations, etc., 
to the calculation of standard sums of the vector addition coefficients and recoupling coefficients. 

All the facts mentioned above reveal that the quantum theory of angular momentum provides the formalism 
which is universal and extremely convenient for various practical calculations. 
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Chapter 1 


ELEMENTS OF VECTOR AND TENSOR THEORY 


The theory of angular momenta and irreducible tensors represents, in principle, a development of the classical 
theory of vectors and tensors. In this chapter only the basic definitions and relations of the vector and tensor 
theory are represented which will be used throughout. For more detailed analysis see corresponding monographs 
(e.g., Refs. [11, 34, 35]). 


1.1. COORDINATE SYSTEMS. BASIS VECTORS 
In the quantum theory of angular momentum cartesian, polar and spherical coordinate systems are widely 


used. 


1.1.[1. Cartesian Coordinate System 


Іп a rectangular cartesian coordinate system the position of a point is specified by three real numbers 2, 
y, z Which represent the distances between the point and coordinate planes (Fig. 1.1). The position vector 
(radius vector) of a point r may be written as 


r= те, + yey + zez. (1) 


x 


Fig. 1.1. Cartesian coordinate system. 


4 Quantum Theory of Angular Momentum 


The covariant cartesian basis (base) vectors es, ey, e, form a real orthonormal basis 
еер = би, (ko 2,5,2), 
е-е, (i = 4, 5, 2). 
The contravariant cartesian basis (base) vectors е (i = 2, y, 2) coincide with the covariant ones 
ei =. 
Throughout this book the right-handed coordinate system will be used. In this system 


[е; x ex] = вые, (i, k,l = 2,y,2), 


Eiki = (е; х ex lei. 
A detailed form of (5) is 


le; x e,] = ez, (е, x е,] ea, је, хе, | = ey. 


1.1.2. Polar Coordinate System 


In a polar coordinate system! the position of a point is determined by ғ, $, р, where г is the position vector 
length, 9 is the colatitude, and ф is the longitude (Fig. 1.2). Тһе angles 9 and о аге called the polar angles 


of vector r. The relations between cartesian and polar coordinates are 


Fig. 1.2. Polar coordinate system. 


z = гаш 9 созф, r= М 22 + у? + 22, 0<ғ<оо, 


2 


у = rsin Әзіпо, $ = arc cos 0<9< 7, 
V2? + у? + 22 
т у 
2 = r cos , p = arc cos (can = ), 0<ф < 27. 
pid у? Ж 
The position vector г may be written as 
r=re,. 


(8) 


(9) 


1Note that this coordinate system is often called "spherical". To avoid misunderstanding we prefer to call it the "polar" system 


reserving the name "spherical" only for the coordinate system considered in the next section. 
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The covariant polar basis vectors er, eb, es are shown in Fig. 1.2. They form a real orthonormal basis 
ea e = бай» (o, 8 =r, 8, Ф), (10) 


en = eg, (a = т, 9, р). (11) 


The contravariant polar basis vectors er, es, e“ coincide with the covariant ones 
ех =e, (a = x, b, p). (12) 
The unit vectors e,, eo, es form the right-handed basis 
(е, x e9] = eo, [ехе] = e,, (е, x e, = еҙ. (13) 


The polar basis vectors er,, es, €p, contrary to the cartesian ones, depend on the angles 9, р. This should be 
taken into account when evaluating the derivatives 


35, =0, 2:69 =0, are? = 0, 
д ~ 
30°” ше», 3969 = er,, 39% = 0, 
: д д ; 
80% =e, sind, ap” =e, cos &, ape? = —e, sin Ý — eg cos Ý . (14) 


The results of applying the V operator (see Sec. 1.3) to the polar basis vectors are presented in the form 


z cot 9, (V-e,) = 0, (15) 


BEL 


(У -е,) = (Veo) = 


[V x e] = 0, [V x es] = “ep: [У x ep] = = cot ve, — 1855 (16) 
7 


1.1.3. Spherical Coordinate System 


Spherical coordinates are widely used in the angular momentum theory. 
The covariant spherical coordinates x, (with и = +1,0) are defined by the relations 


i 1 ; 
ву = -— (z + iy) = ——r sin де“, 
J vA У) V2 
Zo = 2-rcos 9, (17) 


1 | EE 
r sin 8e . 


z= ait - 8 J 


The contravariant spherical coordinates z" (where и = +1,0) are given by 


1 1 | 
gt! = ———(х—1у) = — та 967% 
а wu | 
10 = 2 = ғсов9, (18) 
9 е РВЕ 
іі —-(z-iy)- Ar sin де“. 


2 v2 


6 Quantum Theory of Angular Momentum 
The relations between covariant and contravariant spherical coordinates are as follows 


z^ = (—-1)"z.,, ты = и А 


* = , (u = 1,0). (19) 
The covariant spherical basis vectors е, (р = +1,0) are defined by 
1 ; 
ер NE. t ie,), 
ео = ez, (20) 
еі = ales — iey). 


The contravariant spherical basis vectors ей (р = +1,0) are given by 
e? — e,, (21) 


Relations between the covariant and contravariant spherical basis vectors read 
e^ = (-1)"e..,, e, = (-1)"e"*, 
е” = e e, = el, (и = +1, 0). (22) 
The spherical basis vectors form a complex orthonormal basis 
ene = еце} = би, (u,v = #1,0). (23) 


Vector products of spherical basis vectors may be written with the use of the Clebsch-Gordan coefficients (see 
Chap. 8) in the form 
e, X e, = +У2С12 еҙ, 


u, и, А = 41, 0). 24 
e x e" == Се, br, ' g 
One may also rewrite these formulas in a form similar to (5) 
. А 

е,хе,--4ешде 
ое" (удео), (25) 

e хе Schnee, 
where є, = +1 if the combination of indices p, v, A is obtained Бу an even permutation оҒ--1,0,-1,8ш = —1 


for an odd permutation, and % = 0 if at least two indices among р, и, А are equal. 
A detailed form of (25) is as follows: 


ер хе = зе, eg X €; = 36.1, e€.,1Xe-,; = тео, 


e? xet! ien, е! хе? iel, егі x et! = ie. (26) 


Covariant and contravariant spherical components (see Sec. 1.2) of the basis vectors e, and e” are given by 


le le = (—1)°6 pe (6,1% = бер, 


[е]. = bon; [e*|? = (-1)*6,-,. (27) 
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1.1.4. Helicity Basis Vectors 
By analogy with Eqs. (20), (21) one may construct the following combinations of the polar basis vectors 


er, 69, e 


28) 


о 
© 
| 
e 
— 
© 
| 
б 
з 


The vectors ej, (р = +1,0) are called the covariant helicity basis vectors and е'"(џ = +1,0) are called the 
contravariant helicity basis vectors (the explanation of the term “helicity” is given below in Sec. 6.3.6). 
The helicity basis vectors ej, and e“ satisfy the same relations (22)-(26) as the spherical basis vectors е, 


and e^. 


1.1.5. Relations Between Different Basis Vectors 


(a) Cartesian and Polar Basis Vectors 


e; = е, sin 9 cos p + es cos 9 cos p — e, sin p, 
ey = e, sin 9 sin р + eg cos Ù sin p + еу cos p, (29) 


e, = e, cos 9 — es sin 9. 


Cartesian and Spherical Basis Vectors 


еу = Ales +е+1) = E + et), (30) 


Cartesian and Нейсйу Covariant Basis Vectors 


(cos ¥cos p + isin p) + ер sin 9 cos + eL ient cie 


es UH 


ey = =e 
=e! I. ein b +e! coss -e sing 
êz = eun + eo cos 76-178 . 


cos sin  — i cos p) + ep sin d sin p + eL cos Ü sin p + 1 cos p), 31 
0 17 


Cartesian апа Helicity Contravariant Basis Vectors 
e, = –е'+! dl (cos $cos o — isin р) + e” sin cos p + e'71 1 (сов © cos p + i sin €), 
/2 2 
1 1 
e, = —е'*! (cos sin p + 1созф) + e” sin d sin p + е” t — (cos 8 sin — i cos o 32 
pare ) ^i ) вд 
1-1 


e, = рео + eM cost е sind. 
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(b) Polar and Cartesian Basis Vectors 


e, = e, sin 9 созф + ey sin Üsin p + e, cos 2, 


ед = е. cos сов p + e, cos sin p — e, sin , 


ep = e sin p + ey cosy. 


Polar and Spherical Covariant Basis Vectors 


1 | 1 у 
e, = —е+1 172 sin де *® + eg cos 9 +e: Vi sin де“, 


1 г : 1 "n 
eo = ess ve — ет де”, 


$ ua i 
ey “ен 5° +е-1 5° 


ip 


Polar and Spherical Contravariant Basis Vectors 


1 | 
= +1 : ip 0 - 
e, e ao +e сову +e 
2 


1 | 
es = RE, ы —e°sind+e 


-і% 


15.7 zd 
sin de , 


У 


1 Е 
cos de 


У 


1 


=e = elo, 
1 А ! 1 4-1 +1 
es = Je -ен)т ze eln, 
= Je жент -le +е'+1). 


1 
e} = оре ^de, е! = ^ue ie), 
ео = €z, е? = ez 
е.1 = l m 


Spherical Covariant and Polar Basis Vectors 


1 : 1 
еы = –е, 2 sin Se’? — ед V cos де"? 


eo = e, cos $ — es sin 9, 


е; = е, 


V2 


: 1 | 
sin de + eg — cos de 
d V2 


1 
De, Ae 


5 un 
шыты w, 


(33) 


(34) 


(36) 


(37) 


(38) 
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Spherical Contravariant and Polar Basis Vectors 


-ig 


1 ; 1 А 1 
+1 — : -ip ~ip 
= —e, — sin де — eg — cos де T es e 
"/2 У 2 P2 е 


е 
e? = e, cos Ó — eg віп 9, 


1 . 1 | $. 

-1 . 1 3 2 

e = e, — зіп de + es — cos be + ep — e? 
"2 M Я 


Spherical Covartant and Spherical Contravariant Basis Vectors 


eli e, е! = -е_1, 
e_,=-et!, e+ =-~e,). 
Spherical Covariant and Helicity Covariant Basts Vectors 
l+cos? , sin 9 1—cos? , 
20.0 ie , ei? ie 
e41 = e, — ef -e Te 1————e 
T1 +1 E о 5° 2 , 
e e' zy e s-e pad 
олен өсі o соз a vi 
i—cos9 |, sin 9 1+cos? _; 
=e! те ie те’ -ip 
е_ =e — — e + е — e e_ — e 4 
1 +1 2 0 у, 1 2 
Spherical Contravariant and Нейсйу Covariant Basis Vectors 
1 cos _; sind ; 1 + cos 
+1 — I тіс , 19 Ц 
е = —е — e _-е— e — e .————€ 
T1 2 0 у, 1 2 3 


sin sin 9 
e = ef, m + eb cond - ev 


1 9 9 i 
ge -e RR e? +e 5 


1— cos ; 
ei? — е ,———e*. 


Spherical Covariant and Helicity Contravariant Basis Vectors 


1—cosÓ , sind , 11 J cos ; 
+1 e? — e’? e? — е! 1 ее 


е+1 = e 
+1 2 2 2 D 
m езізіпд оба 1 

2 v2 
ЖЕ 1411 cos че Sind iy _ eft 1608 „ 


—— e e 
2 у 2 
Spherical Contravariant and Helicity Contravariant Basis Vectors 


l+cos? _. sind ; _11- с089 _ 
+1 е'+1 tp 0 е fe pe 1 


e 2 е е 5 2 e. 


e- 1819 
N 


1 = cos 8 віп; _11-+<с089 , 
-1 = eit! 2 ei? + 2/0 el? + е! 1 ei? 


e? = нв + e'? cos 3 — 
у 


2 


(39) 


(40) 


(41) 


(42) 


(43) 


(44) 
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Equations (41)-(44) may be written in a more compact form using the Wigner D-functions (see Chap. 4). 


e, = br, alo, 9, фје, = У (- DL, (0, v, o)e'", 
и 


и 


её = (-1^ > Dt, (0, &, Se, = У (-1) +“ DL, (0, b, pe, (45) 


v 
(њи = 41, 0). 
(d) Helicity Covariant and Cartesian Basis Vectors 


I 


1 1 1 
еу = eg —= (cos 9 cos p — isin p) — e, — (cos $ sin p + i cos p) + e, — sin 9 
+1 А e p) v e e) “7 , 
ер = e, sin $ cos p + ey sin Üsin p + e, cos , (46) 


е”, = e; (сов9 совр + ising) + ey} (сов sin p — i cos р) — e, a= sin G. 
va v2 va 


Helicity Contravariant and Cartesian Basis Vectors 


1 1 1 
e/*! = e — (cos $ cos p + isin р) — e, — (cos 6 sin — i cos o) +e, — sin 9 
ЖД, p p) WA ) 2 ’ 
e'? = e, sin 9 cos p + ey sin sin o + e, cos b, (47) 


1 1 1 
e'71 = e, —=(cos 9 cos o — isin o) + e, — (cos sin p + i cos ) — e, — sin 9. 
ТА ф ф) ИД e р) "JA 


Helicity and Polar Basis Vectors 


1 . 1 . 
е = ~ Flee t ie), e'ti = be — iep), 
e) S er, elo = er, 48) 
| 1 . ‚-1 _ 1 ; 
егі gl —te,), е! = ge +te,) 
Helicity Covariant and Spherical Covariant Basis Vectors 
1＋ cos 8 |, sin 9 1— cos ; 
ei = $73 * * + eo A + e-1— t, 
eg e sin —Ó + eocos? +e sin ip (49) 
0 +1 2 0 —1 V2 , 
1— совд |, sin 9 1 ＋ cos , 
e, ei 22 "© — eg Vi Dei 
Helicity Contravariant and Spherical Covariant Basis Vectors 
1— cos 8 |, sin 1+ cos ; 
e't? = e, e? + eg —— ei ei 
+. — 2 + ео Jà 6-1---, TE 
el e sin Ў -іе + eo сов 8 + e sin йе (50) 
Ti 2 0 -і у2 , 
eic. ERA -ie sin 9 1- сову iy 
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Helicity Covariant and Spherical Contravariant Basis Vectors 


+11 088 i А — е-1 1+ cos d Lip 


e, = —e 
+1 5 Ji sot gie, 
os Le lin ie e cosg e 1 in 9 oie T 
0 2 v А 
1+ 9. in 3 Pee 9. 
ааа су uc SUN ores OPE eun 
: v2 2 


Helicity Contravariant and Spherical Contravariant Basis Vectors 


T e QUE cst og. 
2 /2 2 
10 +1519 i 1 8in 8 _; 
e° = —e e? eb cosó +e z“ K (52) 


-et 1- sos Ў ie x т рая 1 teost -ip 
Equations (49)-(52) may be written in a more compact form using the Wigner D-functions (see Chap. 4). 
= „= > Dios Oje Do 1)" РЁ (o, 8, Oe” 
е'# = xt -1) Pil, , O) e, 24- 1)^*"Di, (о,9,0)е”, (53) 


(u, = 1,0). 


Helicity Covariant and Helicity Contravariant Basis Vectors 


e i1 = —е ; ё -е 1, 
e, elo, e = eh, (54) 
е = e, eTl = e 


1.2. VECTORS. TENSORS 


Vectors and tensors are usually defined by transformation properties of their components under rotations of 
coordinate systems. The transformation rule for cartesian components of vectors and tensors is given below 
in Sec. 1.4 (Eqs. (46)-(51)). The transformation properties of spherical components of vectors and irreducible 
tensors are discussed in Chap. 3. 


1.2.1. Vector Components 


Any vector can be expanded in terms of basis vectors, i.e., written as 
A=) Ate, = у Асе“. (1) 
a a 


The expansion coefficients A, are called the covariant components of the vector, and А“ are the contravariant 


vector components 
а = A ea, AX A e (2) 
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In a cartesian coordinate system one has 
А = А;е; + Ауе, + А,е, = A^" e, + A" e, + А*е,. (3) 


The covariant cartesian components of a vector coincide with the contravariant ones. 
In a polar coordinate system 


А = A, e, + Аџед + Ape, = Ае, + A? es + A?’ ep. (4) 


The convariant polar components coincide with the contravariant ones. 
For a spherical coordinate system 


A= Ае + Абе + Ate; = Але“! + Ape? + A-,e !. (5) 
The relations between covariant and contravariant spherical components are given by 
A, —(-1) A^", A" = (—1)4A_,, (и = 41, 0). (6) 
If A is a real vector, i.e., if A* — A, then 
A, = А", A"*-A,, (и = +1,0). (7) 
If A is a complex vector, then 
Ap = (A), А“ = (Аја (и = 1,0). (8) 
An expansion of a real vector A in terms of spherical basis vectors is written аз 
А = Y Aye" = у Ate, = У? Аней" = у Ate’, 
m и u и 
= 5 Аве, = > Арел = У A" e^* = у, Ае“ 
m в u 1 
=> (71)  A- e, = У (–1)" A7 "e^. (9) 
и 


н 


An expansion of an arbitrary vector A in terms of helicity basis vectors is given by 
А = A'tle! + Ales + A'7 le! ү = Ae Ape? + A! еті, (10) 


The helicity components of a vector satisfy the same relations (6)-(9) as the spherical components. 

The relations between vector components in different bases are the same as the relations between basis 
vectors. These relations are given by Eqs. 1.1(29)-1.1(54) in which one should replace eg — А, and е“ — Аз. 
In particular, 


1 | 1 1 
А = –—А“! = ———(А„+1А „ А:---(А-1-А = А-А! 
+1 Zí % y) z Ж 1 +1) 5 А ), 
Ао = Ao = А,, А, = z- + A41) = Gu + At}), (11) 
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The matrices of transformations between cartesian, contravariant spherical and polar components of vectors 


are given in Tables 1.1 and 1.2. 


Spherical components of a real vector A which contains no derivatives and is independent of spin variables 


are 


зіп 4; sin 9 =; 
Азу = TA ete, А! = |А|- ет, 
ES! F | | V2 + | | 2 е 
Ао-|А|соз9, A? = |А|соѕ 9, 


where 9, are the polar angles of the vector A. 
Equations (12) may be written in terms of spherical harmonics {see Chap. 5) as 


Ay = ү лы, о), 
А" = ү луд», Ф), (ш = +1, 0). 


The expressions for cartesian components of A in terms of spherical harmonics read 
2r 
Ах = з AlYi-1(9, е) — Vi41(8, )], 


Ay = i" Ala o + У1+1(9, )), 


4 
A, = = АУ, e). 


(13) 


(14) 


Table 1.1 


Matrix form of the transformations for vector components in different bases. 


Cartesian coordinates 


Spherical coordinates 


SS 


Polar coordinates 


А == Але, + Aye, + Аге, 
In terms of spherical components 


4, At 


A = Aeli + Аде) + A7te , 


In terms of cartesian components 


A= A,e, + Азез + 4,6 


In terms of cartesian components 


Ati A A, Ах 

Ау |=M(z, у, z«- +1, 0, —1)| 49 4% |=И (11,0, —1e z, y, 2) Ay Аз | =М (г, 8, e x, y, 2) А, 

A, А-1 Ат! А, 4, A, 
In terms of polar components In terms of polar components In terms of spherical components 

4, A, АН AN ГА, А+ 

А, |= М (z, у, zer. 8, $ | Аб А9 J=M (+1,0, —1<г, 9, 9| Ag ||| Аз J= (г, 8, ф= +1, 0, —1)] до 

A; 4, А-1 A, 4, A 
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Table 1.2 


Matrices of transformations between cartesian, spherical contravariant and 
polar components of vectors. 


М (г, у, z <- +1, 0, —1) М (+4, 0, —1 < т, у, 2) 
+i 0 —1 т у 2 
1 1 1 і 
—— — {f/-~= = 0 
ге 9 va + và Và 

y -7 0 — 77 of o о 4 

0 1 0 о 

7 — v W 

М (г, у, 2 — г, 9, Фф) М (г, 9, ф — x, у, 2) 

г $ Ф z y z 
z/sin$cose cos 9 cos  —sine г / sin d cos ꝓ sin d sin cos 9 
sin 8 sin ꝓ cos 8 ѕіпф cos 9| cos $ cose cos 9 sin y — sin 9 
2 cos $ —sin 9 0 ꝓ —sing cos ꝙ 0 

М (+4, 0, —1 — г, 9, 9) Mir, 9, e «— +1, 0, —1) 
r 9 Ф +4 0 —1 
sin 9g cos} _; i sin 9 sin 9g 
тем er Ще — ie $ M. 
+ vi үз ° vr r уз ° cos vj © 
%; cos} _. 
0 cos 3 —sin 9 0 9 - е” — sin $ үз e"? 
9 cos 9 i 4; i i 
--1 — ‘Ф —=-е*® Ser — ze" — err 
vz ° үз ° үз У үтүр We 


1.2.2. Scalar Product of Vectors 


The scalar product of vectors A and B in an arbitrary orthonormal basis is defined by 
A B = A. Be У AB 15) 
a а 
In a cartesian coordinate system we have 
A -B = A,B, + А,В, + A. B. (16) 
For polar coordinates the scalar product is given by 
A -B = А,В, + Ag Bs + Ap By. (17) 


Equation (17) is valid only if A and B do not contain derivatives because the polar basis vectors depend on 
the polar angles 9, p (see Section 1.1). In spherical coordinates we have 


A B= YA. = A, B. = У (-1"A,B., = у (-1"4"B^^, (A = 41,0) (18) 


и и | 
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or, in a more detailed form, 
A-B = —A41B., + Ap Bo = 4-141 . 
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(19) 


The scalar product in terms of helicity components of vectors is similar to (18)-(19). The scalar product of 


vectors is invariant with respect to rotations of the coordinate system. 


1.2.8. Vector Product of Vectors 


In a cartesian coordinate system the vector product of vectors A and B is defined by 


е. еу e, 
АхВ-|А,А,А,|- У, [Ax Ве, 
а Dy Dz 1 =, V, 2 


where 


[A x Bla = A,B, A. Ba, 
[A x Bly = А, В, A. Be, 
[A x Bl. = A,B, — Ay B. 
Equation (21) may be written in a more compact form as 
[A x B]; = У ein An Bi, (i, k,l = 2,5,2). 
ы 


In the polar coordinate system 


er еу Cy 
A* B= A, 4% А,|- У, [Ax Blaea, 
В, В, By er, ö, p 


where 
[A x BJ. = Ay By - Ay Bo, 
(А x Bl» = A, B, — A, Bo, 
[A x Bly = A. Bo — Ag B. 


Equation (24) is valid only if A and B are not differential operators. 
In the spherical coordinate system 


еі © 6-і et! e? e`! 
AX B= A1 40 A1 = A 4% A717. У [Ax B]e" = У, [Ах Вј ем, 
В+! Во В-1 B+! Во g-! w=+1,0 w=+1,0 


where 
[A x B].i = (Ао В+\ - А+1Во) = (471 Во - A°B™}), 
Ах Blo = 24-1 i^ A 1В-1) = i(Ati pot - AB), 
+ + 
[A x B]-1 = (А_1 Bo AoB_1) = (498+! — A*1 80). 


[A x ВЈ"! = i(49B-: – A_1 Bo) = i(A* B? — 49851), 
[A x B? 2 ((A4-1B41— A41B-1) = (А+! B7! – А“! B* 3j, 
[A x ВЈ! = (44, Во — АоВ+1) = (А B^! = A Bo). 


(20) 


(21) 


(22) 


(23) 


(24) 


(25) 


(26) 


(27) 
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Equations (26)-(27) may be written іп a more compact form using the Clebsch-Gordan coefficients (see Chap. 8) 


[A x Bl, = -iv2 Сі, АВ», 
vA 


(u, v, à = 1,0). (28) 
[Ax Bj = WN са A PP, 
vA 


Helicity components of the vector product are given by equations analogous to (25)- (28). 


1.2.4. Products Involving Three or More Vectors 

A-.[Bx C] - B.[Cx A]- C.[Ax B]- -A-.[Cx B] --B.[Ax C] b CBA], (29) 
A x [B x C] = B(A С) - C(A B), (30) 

[A x B] -[C x D] = (A - C)(B - D) - (A - D)(B - ©), (31) 


[A x B] x [C x D] = B{A - [C x D) - A (B - [C x D) = С(А . [B x D) - D(A - [B x C). (32) 


QU» 
223 
OU» 
ewe 
QU» 
aaa 


(A [В x C])(a-[b x ej) 


-(A -a)(B-b)(C-«) - (A-a)(B-e)(C-b) - (B-b)(A-c)(C a) 
– (C: e) (A b) (B a) + (A b)(B:c)(C · а) + (А с) (В a) (C b). (33) 


1.2.5. Tensors ó; and Е; 


In a cartesian basis two basic tensors б and e are widely used. The first tensor, бук, is the symmetric 
unit tensor of rank 2. The second tensor, є;ы, is the totally antisymmetric unit tensor of rank 3. 
The tensor бк is called the Kronecker 6-symbol and is defined by 


1, «=k 
bik = i ' (i,k =2,y,2). 34 
tk n iz К, li, ‚У, 2) (34) 
The components 6;, are invariant with respect to rotations and inversion of coordinate systems. 

The tensor (or, more precisely, the pseudotensor) суд is often called the Levi- Civita tensor. It is antisym- 
metric with respect to permutations of any pair of indices. Thus, eji; = O if at least two of the indices 2, &, | 
are equal, and eii; X O only if all indices i, К, | are different. The components ¢;,; are given by 


Е; —0, (= 2,5,2) (3 components), 
Siik = Eiki = Ek = O, (i,k = , u 2) (18 components), (35) 
Exyz = букхл = Ezzy = —Exzy = — була = e зу; = 1 (6 components). 


The components є;ы are invariant with respect to rotations and inversion of coordinate systems. 
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The tensor e, 1 has the following properties: The product of two tensors =; and er,: may be written іп 


the form of a determinant 
б, ба 6 


быбта = | Ser бка One | = Sir бкаби + бабкеби + бибь Ste — Sir See bts — Sis oer би — bit ore Kr. 
б, ба би 


Ву summing over a pair of indices, one obtains 


у Eikl Eist = 


1 


без бы 


= би, ба — бий». 
bts би као kt 9l 


Summation over two pairs of indices yields 


у EiklEikt = 261. 


ik 
Finally, the summation over three pairs of indices gives 


5% ЕЕ = 6. 


4,5,1 


For an arbitrary 3х3 matrix || Аг; (i, К = z, y, 2) the following relation holds 


Ага Асу Azz 
У Azi Ayk Ашы = det A. || = | Ау» Ауу Ау 
il Azz А.у Azz 


1.3. DIFFERENTIAL OPERATIONS 
1.3.1. Operator У 


The operator У (па Ма) is the basic vector differential operator. 
Cartesian components of V are given by 


These components may be expressed in terms of polar coordinates as 


— д  cos$cosp д sing д 
У: = віп cos pa” + я айтат! Do! 
M . д cos sino д cosp д 
FFF 

sin d д 
Vig , ыа 


An expansion of the operator V in terms of spherical basis vectors reads 


У => (-1)^e, V., = —e41V-1 eo Vo- e-1V 41; 
в 


(36) 


(37) 


(38) 


(39) 


(40) 


(2) 


(3) 
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where spherical components of V are given by 


СЕЕ О алаға 
71-249: ду)” 


Spherical components of V in a polar coordinate system have the form 


e 8 cos д a а 
May Alben o, e =} 
д sind д 
Ча т ар 


ты 92. со9 д D 2) 
ar г 88 ғеш 892]' 


An expansion of V in terms of polar basis vectors may be written as 
У e, V, + ев Уз +e, Ve, 


where 


(8) 


(7) 


à 1 8 1 9 
У, = — Və = -: — = ——'—. 
д” 9 ^r д! „„in s до 
The order of operator components relative to the basis vectors in Eq. (6) is essential because er, eo, eo depend 
on 6, H. 
The operator V may be written in the form 
д 1 
V=n—+ Vg, 
Or т 


(8) 


where Vg is the angular part of V, and п = r/r is the unit vector determined by angles 9 and о. The operator 


Уп acts only on variables 9 and о. In the polar coordinate system it has only two components 


1 à 


à 
Valen „ел, О. 
(Va) sin? до 


89! (Va)e = 


The operator Уп may be written аз 
Vo = in x L, 


where L is the orbital angular momentum operator (see Sec. 2.2). 


1.3.2. Laplace Operator 


The Laplace operator (Laplacian) A is a scalar differential operator 
А =\?, 
In the cartesian coordinate system A has the form 


92 92 92 
02 age oat 


(9) 


(11) 


(12) 
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In the polar coordinate system it is given by 


1 д 1 а? 


1 д à 
А = lr — 9 —— —. 
ааа Gr) tuus 00 gth 39} t ante Эр (13) 
The operator A may also be written as 
1 9 à 1 
As а (14) 
where Ag is the angular part of A 
1 EE аа 92 
Да = Và = $— 15 
М Пп sin 9 35 sin 560 + sin sin? 9 592 | ) 
expressed in terms of the orbital angular momentum operator Ї as 
Ag = -Ї?. (16) 
1.3.3. Differential Operations on Scalars and Vectors 
The gradient of a scalar function Ф(г) is the vector defined in terms of the operator V as 
grad®(r) = УФ(г). (17) 


The components of grad® may be obtained by use of Eqs. (1)-(7) for the components of V. If ® depends only 

оп г = |r| (spherically-symmetric field), then 

d (r) 
dr 


Vé(r) =n (18) 


where n = г/т. 
The directional derivative of a scalar function Ф(г) in the direction specified by a unit vector u is the scalar 


defined by 


< alr) = (u. 7)Ф6). (19) 


The divergence of a vector field A(r) is the scalar product of V and A 
divA = У.А. (20) 


The expression for divA in a cartesian coordinate system is 


OA, 64, ДА, дА; 
22. — — . 21 
Oz ду дг 22 дт; (21) 
ш2,У,2 
and in а spherical coordinate system it has the form 
divA = —V41A-1 + VoAo - V-1441 = У, (1) Ax, (22) 
и==1,0 
where the spherical components V, are given by Eqs. (4)-(5). In the polar coordinate system we have 
; 1 9.5 1 1 OA, 
Ses D эг шылт, sin d 55 gg рлар? sin d Ger (23) 
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The curl of a vector field A(r) is the vector product of У and A 
curl A= VX A. 


The cartesian components of curl A are given by 


[curl A], = = - 2, 
[curl A], = 55 — Са 
[curl A], = 3 - ду? 
or, in a more compact form, T 
[curl A]; = Ў it Lm 


Moreover, curl A may also be written in the form 


е; еу е, 

-/2 2 9 
curl А = 0x ду 52 
z Ay A, 


The spherical components of curl A are given by 


[curl Al 1 = t(VoAqi = V 4140), 
[curl Alo = i(V -1441 = V+41A-1), 
[curl А], = i(V -140 = VoA-1), 


or in a more compact form involving the Clebsch-Gordan coefficients 


[curl A], — 1e Ci VA (A, v, A = 1,0). 


vr 


The spherical components of curl A may also be written as 


еф © 6-1 
curl А = : Vai Vo У_! . 
А+: 40 4 
The polar components of curl A read 
1 565. 1 640 
— gi 
atc ads но ai ae 
1 дА, 19 
1 = —— ae 
АН sin 8 др  rór (Ae), 


12 19А, 
[curl A], = РЕ (А) – 255^ 


The above equations are summarized in Table 1.3. 
Note also the following differential operations of the second order 


div grad 6 = V. (VO) = АФ, 


(24) 


(25) 


(26) 


(27) 


(28) 


(29) 


(20) 


(31) 


(32) 


Elements of Vector and Tensor Theory 21 


Table 1.3 


Differential operations. 


Cartesian coordinates Spherical coordinates Polar coordinates 


| 
r ez + еру e —ё+2_у | esto — 6.4244 шай 
dr e,dz + е,ду + e, dz —eqdz 4 + ed — e,dr + egrd$ + e, r sin dd 
— edz 
ds? dz? + dy? + dz? —2dz,,dz_, + ходхо dr? +. rd? + га sin? 949 
ау dzdydz idx,dzgdz_, г? sin $4га®аф 
od 99 9Ф 9Ф 100 1 дФ 
vo er qr + буду + 6,92 -е,У.1Ф-- eV, — er qr Кез ду T eFH ор 
— e 1.10 
2 дА, дА 1 д 1 д | 1 дА, 
(V - А) чу н . 4 . 4 — vA, meg A) + ruina: 09 Мо sin 9) +a ay 
1 д . дАу 
ice A U 40 (, sin 9) — J 
„ ба бо ел 17 1 0A, 
90 д v1 vo v +e – 2 (rg) |+ 
TM Oz ду д: | a 1 Pa ЖЗ sind a or V ^* 
м 40 Ay 1 — 
дф дф оф 1900 1 . 1 00 
% Sat pt ce | Eum Gn) ms 40 E sin*$ ' 01 


curl grad Ф = V x (УФ) = 0, (33) 
div curl A = У [У x A] = 0, (84) 


curl curl A = Vx [Vx A] = У(У · A) AA 
— grad div A — AA. (35) 


1.4. ROTATIONS OF COORDINATE SYSTEM 
An arbitrary rotation of a coordinate system about the origin is completely specified by three real parameters. 
The most useful description of rotation is that in terms of the Euler angles a, В, J. Note that two other sets of 
»arameters are also widely used to describe rotations: 

direction of the rotation axis n(O, &) (2 parameters) and the rotation angle w (1 parameter); 

the Cayley-Klein parameters. 


1.4.1. Description of Rotations in Terms of the Euler Angles 


Any rotation of the coordinate system S(z,y,z) — S'(z',y',z!) may be performed by three successive 
'otations about the coordinate axes (Fig. 1.3) 


(a) rotation about the z-axis through an angle a(0 € а < 27), 

(b) rotation about the new у; -ахіз through an angle B(0< 8 < т), 

(c) rotation about the new axis 22 = z' through an angle 4(0 < у < 27). 

The same rotation S(z,y,z) — S'(z',y',z') may also be performed by another succession of rotations 
Fig. 1.4), 
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Fig. 1.4. Succession of rotations of a coordinate system according to scheme B. 


(a) rotation about the z-axis through an angle 4(0 < 7 < 2т), 
В | (b) rotation about the initial y-axis through an angle (0 < 8 < т), 

(с) rotation about the initial z-axis through an angle a(0 < a < 2т). 

Неге the angles а, 8, у are the same аз those in the first case. 

The relative orientations of initial and final coordinate axes S(z,y, z} and 5'42', у',2'), obtained in both 
cases, A and B, are shown in Fig. 1.5. 


Fig. 1.5. The Euler angles a, B, J. 


The angles a, В, y are called the Euler angles. They completely define the rotation of the coordinate system. 
The inverse rotation which returns the coordinate system. S'(z', у',2') back into S(z, y, 2] is specified by the 
Euler angles —*, —В, —o, or, equivalently, by the angles т — J, д, —7 — а. 
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Sometimes the following successive rotations are used to obtain the general rotation of the coordinate 
system: 
(a) rotation about the z-axis through an angle a’; 
(b) rotation about the new z;-axis through an angle /”; 
(c) rotation about the new axis 22 = 2' through an angle +’. 
The angles о’, H“, у’ describe the same rotation of the coordinate system as the Euler angles a, f, ^ if 


т 7T 
0 a =, В' = В, queque (1) 


The absolute value of a vector is invariant with respect to rotations, but the polar angles d, о, which determine 
the vector direction, change. The relations between angles 9, and 9” o' which specify vector directions in 
the initial and final coordinate systems, 5(2,у,2) and 5'{2', у’, 2), are given by 


cos 9’ = cos 9 cos В + sin Üsin В соз(ф — а), 


cot 9 sin В | (2) 


cot(e' + 7) = cot(p — a) cos 8 — о 


The inverse relations are 
сов 9 = cos V cos В — sin 9'ѕіп В соз(ф' + 7), 


cot “ sin В 
cot ( — a) = «че + q) cos f + аш(ф +1). . (3) 


1.4.2. Description of Rotations in Terms of Rotation Axis and Rotation Angle 


Any rotation of a coordinate system S(z, y, z} — S'{z’, y', 2'} may be treated as one rotation through an 
angle w(0 < w < т) about some axis п(д,Ф). The direction of this rotation axis n is defined by the polar 
ingles Ө, (0 < Ө € 2,0 < Ф < 2x) which are the same in the initial coordinate system 9(т,у,2) and in the 
inal one S'(z', y', 2’} (Fig. 1.6). 


Fig. 1.6. Rotation of a coordinate system through an angle w about an axis n(9, Ф). 
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The angles w, O, Ф completely determine the relative orientation of the initial and final coordinate axes. 
The rotation defined by the angles —w, x , т + Ф is identical to the rotation defined by the angles w, O, G. 
The inverse rotation S’{z’, у’, 2] — S{z, у, z} is specified by the angles —w, Ө, Ф or, equivalently, by the angles 
ш,т- Ө,т+ Ф. 

The direction cosines of the unit vector п(Ө, Ф) in the initial coordinate system S (x, у, 2} coincide with 
those in the final coordinate system S'{z', у’, 2. 


п-е,-п-е! = sin G cos &, 
n ey n e, = sinOsin &, 4) 
n e, n e, = cos 0. 

The polar angles 9, of vectors nonparallel to the n-axis vary under coordinate rotations. The relations 


between the polar angles d, р and 9”, к’ which specify the direction of a vector with respect to S{z, y, z} and 
S' (z', у ,2'), respectively, are given by 


cos 9! = сов (сово sin? Ө + cos? Ө) + sin & sin Ө[(1 — сови) cos Ө соз(ф — Ф) - sin w sin(y — Ф)], 


сов(ф = Ф)|сови cos? Ө + sin? Ө] + sin ( - Ф) sinw cos Ө — cot 9 (сови - 1)sinOcosO (5) 


! — 
вы —cos(p — Ф) sin w cos Ө + віп(е — Ф) cosw + cot дати sin Ө 


The inverse relations are 


cos $ = cos 0 (cos o sin? Ө + cos? Ө) + sin sin Ө[(1 — cos sw) cos Ө сов(2' — Ф) + sinwsin(y’ - Ф)), 
соз(ф' — Ф)[соз ш cos? Ө + sin? Ө] – sin(y! — à) sin w cos Ө — cot (cos o — 1) sin Ө cos 9 (6) 


cot ( — Ф) = соз(ф' — Ф) sinw cos Ө + зт(ф' — Ф) созш — cot 9! sin w sin Ө 


Introducing parameters w, п (0, Ф) to describe rotations, we are able to write the transformation properties 


of components of the position vector r in compact vector form: 


r' =rcosw + n(nr)(1 - созш) + [n r] sin o, (7) 
гл созш + п(пг')(1 — cos o) – [n x r']sinv. 

Equations (5)-(6) may be derived by projecting Eq. (7) onto the coordinate axes. 

1.4.3. Description of Rotations in Terms of Unitary 2x2 Matrices. Cayley-Klein Parameters. 


The position vector of an arbitrary point г = ze, + уе, + ze, may be represented by the following Hermitian 


2x2 matrix X: 
+ 
** (L^ "s D б, (8) 


i &, u. a 


where 6, (i = х,у, 2) are the transposed Pauli matrices (Eq. 2.5 (4)). Note that 
— det X =r? = z? + y? + 22. 


Each rotation S(z,y,z) — 8Ңт,у, 2) may be represented by a unitary transformation U of matrix X 
into Х” 
X' = ихи“. (9) 


Here U is the unitary unimodular 2x2 matrix 


0%-0-5 det U =1. (10) 
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Fig. 1.7 Stereographic projection of a point on a sphere. 


Bearing in mind that г is real, one can easily prove that U, indeed, is unitary. The relation det U = 1 ensures 
the invariance of the absolute value of the position vector under coordinate rotations. 
Equations (10) imply the following form of U 


u=(4. 2), (и) 


where а and b are complex numbers which satisfy the condition 
la[? + |? = 1. (12) 


Thus, the matrix U depends on three real independent parameters. The numbers a and 5 are called the 
Cayleg- Klein parameters. They uniquely determine rotation of the coordinate system. The inverse statement 
is not true because the parameters —a and —b describe the same rotation as a and b. 

The inverse rotation S'(z', , 2) -(, y, z] corresponds to the matrix 

-і = + — а“ -% 13 
vuv as 

The Cayley-Klein parameters permit us to propose an alternative interpretation of coordinate rotations. 
Let us consider a sphere (of unit diameter) about the origin. Each point of the sphere with coordinates | 
т,у,2(:2 + y? + 2? = 1/4) corresponds to the point ¢ = £ + in on the complex plane which is called the 
stereographic projection of the point т, y, 2 (Fig. 1.7). The complex number с is related to т, y, z by 


. 1 
a+ty g tz 
— itE, (14) 
27-2 X — 17 
The rotation of the coordinate system which transforms the coordinates 2, у, 2 of the point on the sphere into 


z', y', 2! generates the following complex-plane bilinear transformation 


ас +b 
er Q5) 


The coefficients of this bilinear transformation are just the Cayley-Klein parameters a and b. 
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1.4.4. Relations Between Different Descriptions of Rotations 


(a) Relations Between Angles о,Ө,Ф and Euler Angles a, В, 7 
The angles w, O, & are expressed in terms of the Euler angles a, 8, у by 


СИРЕ И сни 
„5 2 
tan É 
ane = ata 
2 
т a-y 
Ф = – у 
27 2 


The inverse relations are written as в 
A T 0 
sin — = sin Ө sin —, 


2 
ia ded = cos O tan =, 
а-4 т 
= Ф – –. 
2 2 


Note also the following useful relations between the angles a, В, J and , O, Ф. 


да Oy _ cos Ө 98 _ sin? Osinw 
до ды 2cos? B’ до — sinf ?’ 
да _ ay _ 1 . ag b 2sin 20 sin? € 
a 8 а goto 
да 90 DRM 
oo od | EE | 

дә daw dw tan 5 

да д 29. 98 бап 

де 80 __ зіп Ө 80  cosOsinO 

да дү” 2tan?' 08 sing ' 

9 08 1 92 

до ay 2’ op | 

The Jacobian of the transformation is equal to 
|2222. O(a, В, ) | = pa 9(и, O, $) B = 4sinO sin? © 
50%, O, $) 6a, 8,7) sin В 2- 


A volume element of the three-dimensional rotation group is given by 
dR = sin BdadBdy = 4sin? 24% sin Oed. 


The total volume of the three-dimensional rotation group is equal to 


2T 2T 
[ав = | da [Г sin pap | м=4 f sin 2 ( зе | "dez 8х2. 


(16) 


(17) 


(18) 


(19) 


(20) 


(21) 


(22) 
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(b) Relations Between Cayley-Klein Parameters a, b and Euler Angles a, f, J 


The parameters а and b are expressed in terms of the Euler angles a, 8, J as 


B газа 
а= cos e з, 
(23) 
b= sin Bay 
while the inverse relations are 
cos В = |a|? — |62, cos 2 = |а|, sin Ё = jèl, 
2 2 (24) 
а + 4 Rea a- Reb 
cot =- =, — ===. 
2 Ima 2 Im} 
The parameters a and b may be expressed in terms of the Wigner D-functions (see Chap. 4) 
2 1 
a= Dj 1(2,8,); b= D}, (a., B. ). (25) 


The unitary matrix U, according to Eq. (11), coincides with the transposed rotation matrix bi (a, B, )) which 
transforms spin functions of particles of spin 3 (see Eq. 2.5(32)). 


(c) Relations Between Cayley-Klein Parameters a, b and Angles ш, Ө,Ф 


The parameters a,b are expressed in terms of the angles w, O, ® as 


шы ., 0 
а = cos — — tsin — cos Ө, 
2 2 


; (26) 
b = —tsin = sin Ge“. 
and the inverse relations have the form 
cosw = 2(Веа)? — 1, cos > = Rea, 
Ima 
cos Ө = . = 
м1 ~ (Rea)? (27) 
Im b 
cot ® =- Вай 


The unitary matrix U, according to Eq. (11), coincides with the transposed rotation matrix pi (и; O, $) which 
transforms spin functions of spin 3 (see Eq. 2.5(36)). 


1.4.5. Rotation Operator 


Under rotations of coordinate systems quantum-mechanical quantities are transformed by the rotation 
operators Б(а, В, ) or біш; 6,4). Е б, 

Wave functions (state vectors) V' and operators О’ in a rotated coordinate system are related to wave 
functions V and operators Ó in an initial coordinate system by 


ф' = D(a, B, V, 6 = D(a, В, я) O[D(a, 8, N 28) 


V'—0(»0,9)w, Ó-D(»0,9)0|0(»;6,9)]-!. (29) 
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If the Euler angles a, 8,7 are chosen to describe the rotation, then the rotation operator D(a, B, )) may be 


written as ERN ES 
D(a, В, +) = e e Ју e , 30) 


or, equivalently, " NE NEA 
Dla, B, 4) деле rin). (31) 


Here 2 is the projection of the total angular momentum operator (see Chap. 2) оп an t-axis. The equivalence 
of Eqs. (30) and (31) follows from the fact that, according to (28), 


e 16 = Bla, 0, o) e 38)» [D (o, o, 0)]-: = e inda ih In дө I., 


: А , . К Қ б 32 
e * = Bla, 6.0) e. B (a, B, 0)! moe ее" eig ба Ја 62 


If the direction of the rotation axis n(O, $) and the rotation angle w are chosen to describe the coordinate 
rotation, the rotation operator U may be written in the form 


0(»;0,9) = en, 33) 


where J is the total angular momentum operator (Chap. 2). Note that D(a, B,y)= 0 (о; Ө, 4). 
The rotation operator written in the forms (30), (31) or (33) is an unitary operator. 


Dt (a, f ч) = (D(a, B,4)]! zm D(x — 4, В, == а) = D(-4, g, -а), 


0* (w; 0, $) = [0(„; Ө, G- = B(w; x - 9, x + 8) = (je, Ф). (34) 


Matrix elements of D between eigenstates of the operators P, du are the Wigner D-functions (see Chap. 4) 
('M'|D(a, B, 4)| JM) = 6 Dip ма, B, л). (35) 


Matrix elements of D between states corresponding to the cartesian basis vectors e, (i = , y, 2) coincide 
with elements of the rotation matrix а; (see Sec. 1.4.6) 


(e. Bla, 8, »)lex) = Aik; (i,k = Њу, 2). (36) 


Effects of the rotation operator on various wave functions and quantum-mechanical operators are considered 
in Chaps. 3, 5-7. 


1.4.6. Transformation of Cartesian Vectors and Tensors Under Rotations of 


Coordinate Systems. Rotation Matrix a 


An arbitrary vector A may be written as a column 
A=] A, |, (37) 
where Az, Ay, А, are cartesian components of А. In this representation the Cartesian basis vectors €z, ey, €z 


have the form 


‚е=|0]. (38) 
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The effect of the rotation operator on the basis vectors written in such a form is equivalent to an action of 
some 3X3 matrix a which may be regarded as one of the representations of the rotation operator 


Üzz Озу Azz 


а= | dy; (уу Су (39) 
азл Gzy Azz 
The matrix a is real 
a*=a, ay = аһ, (t,k =2,y,z). (40) 
and unitary 
ata=aat = 1 (41) 
Equations (40) and (41) result in the orthogonality condition 
да = ай = 1, (42) 


where @ is the transpose of a. Equation (42) written in a component form gives six independent relations for 
the elements dix 
У ава = бы, li, k, l= &, 9, 2), (43) 
% 
or the equivalent relations 


У. ака = би, (i, x, I= 2, y, 2). 44) 
k 


Relations (43) or (44) reveal that only three of the nine matrix elements а;ь are independent. This result is 
in agreement with the fact that any rotation of the coordinate system is completely determined by three real 
parameters. 

The matrix а is unimodular, 1.е., 


Gex Оху Azz 


deta = = 1. (45) 


ау: Чуу yz 


ауз (дұу Azz 


The relations between cartesian basis vectors е; іп а rotated coordinate system 5” and basis vectors е; in 
an initial coordinate system S are given by 


е; = ае; = У) аке. (i, x = 2,0,2). (46) 
k 


The transformation properties of cartesian vector components are given by 


A; = »» аы Ақ, (i,k = 2,5,2), (47) 
k 


where A, are the components of A in the initial coordinate system and А; are the components of this vector 
in the rotated coordinate system. Equations (43) and (44) ensure that the absolute value of A is unchanged 


by the rotation. 
The transformation rule for cartesian components of a tensor of rank n (n is integer) has the form 


, шы У A 2 Қ 
Аула, aT акі ак, эе, ақы, AE kz k. 48) 
Кука. Ка 
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The inverse transformation which corresponds to the rotation 5! — S is performed by the transposed matrix 
а = a^. The inverse relations аге 


е = So axel, (i, k = 1,5, z). (49) 
Ак = 22 аһ: А; , (i,k = у 2) , (50) 
i 
Ань, = У) ақаба, Аббаз (із ki, ia, б)... . in, kn = m yz). (51) 


1112 1 


The elements of the rotation matrix аҙ may be evaluated from 
a = еер, (ük-z,yz). (52) 


Thus, the elements a;, аге cosines of angles between the basis vectors in the initial (S) and rotated (57) 
coordinate systems. An equivalent definition of а; in terms of coordinates іп S and 5” has the form 
да; дть 


Qik = das = ҒА (24, т, = 2, у,2). (53) 


The rotation matrix а is given in terms of the Euler angles by 


cosacos f cosy — sinasiny -—cosacosfsiny—sinacosy cos q sin В 
а = sin q cos p cosy I cos a sin] —sinacosfsiny+cosacosy зіпазіп 8 |. (54) 
— віп f cos y sin f sin 4 cos f 


The inverse matrix a^! may be obtained from Eq. (54) by transposing or, equivalently, by replacing the Euler 
angles a, H, > =N, —B, та. 

The expression for the rotation matrix а in terms of the angles O, Ф which describe the direction of the 
rotation axis, and the rotation angle w has the form 


(1 - созо) sin? Ө cos? Ф + созш 
а = | (1—cosw) sin? © cos & sin Ф + sin w cos Ө 
(1 — cos ш) sin Ө cos Ө cos Ф - sin w sin Ө sin Ф 


(1 — созш) sin? Ө cos & sin & - sin w cos Ө (1 — созш) sin Ө cos Ө cos Ф + sin w sin Ө sin Ф 
(1- созш) sin? Ө sin? Ф + созш (1 — созш) sin Ө cos Ө sin 9 —sinwsinOcos |. (55) 
(1 — cos o) віп Ө cos O sin S + это sin ӨсовФ (1- созш) cos? Ө + созш 


Equation (55) may be expanded into 


100 n2  n4ny пап, 0 en, тұ 
а = ово O 1 0 | + (1— созш) | nyns n2 пуп, sino n, 0 п. |, (56) 
001 пап. тылу n? ny п, 0 


where na, ny, п, are components of the unit vector n which determines direction of the rotation axis. Using 
(56) one can easily derive the following expressions for the matrix elements di 


ак = cos оба + (1 — cos o) nen sin је, (i,k, I= &, , 2). (57) 


The inverse matrix a^! may be obtained from (55) and (56) by transposing or, equivalently, by replacing 
w, O, G -, O, & or о,Ө,Ф--ш,т- O, 1 + Ф. 
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The expressions for w, O, Ф in terms of the matrix elements а;ь read 


созш = ра -1 = 700. + ayy + azz — 1), 
na sinw = sinw зіп Ө cos P = 260.5 = а), 
ny sin ш = sinw sin O sin S HN — aa), (58) 
п. ти = sinw cos Ө = 2 (aya - azy), 


: 1 : 
n, sin = uu, (i, b, I= &, у, 2). 


The rotation matrix a may be rewritten in terms of the Cayley-Klein parameters as 
Ha? — 52 + а*? f b*?) i(-a? ++ а*? 22. 52) ab* 4 ath 
а la +b -a — b) 1(42 +b? Ta + 5˙2) i(ab* —a*b) |. (59) 
—(ab + a*b*) t(ab — a*b*) aa* — bb* 
One can see that the parameters a,b and —a, —b correspond to the same rotation matrix. 


Particular Forms of Rotation Matriz 
(a) Rotation through an angle V about the z-axis: 
H 0 0 


aa (U) |0 соз“ — sin |. (60) 
0 sin cos V 


(b) Rotation through an angle V about the y-axis: 


со? O sin¥ 
а, ($) = o 1ı o0 |. (61) 
—sinV O cos 


(с) Rotation through an angle V about the z-axis: 
cos W — sin 0 


a,(W)— | за У cosW 0}. (62) 
0 0 1 


For an arbitrary rotation determined by the Euler angles а, 8, J the rotation matrix, in accordance with 
Eq. (31), may be written in the form 


а = an (o) = as (a) ar (В)а, (7). (63) 
Equation (63) represents a particular case of addition of coordinate rotations (see Sec. 1.4.7). 


1.4.7. Addition of Rotations 


Let us consider two successive rotations of the coordinate system. Let the first rotation transform the 
coordinate system S{z, y, z} into S'(z', , 2”) and the second one transform S’{z', у’, z') into S, у", ="}. 
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Below the parameters describing the resultant rotation S{z,y,z} - S"(z", y", z") will be given in terms of 
P 
the parameters specifying the rotations S(z,y,2) — 5'(2',у',2') and S'{z',y',2'} — S"(z", %,]. 


(a) Description of rotations in terms of Euler angles 


Let both rotations be performed according to the scheme B (р. 22). Let the first rotation S{z,y,z} — 
S' (z', У , 2”) be described by the Euler angles o, Ви, Ii, the second one, S'(z', у’, 2') + S" 2", y", 2"), by the 
Euler angles a2, 2, үг and the resultant rotation, S(z,y,z) — S" (z" , у", 2") by the Euler angles a, 6,7. The 
Euler angles a, В, J, ci, Hi, Ji and ағ, 02,712 are supposed to be defined with respect to an initial coordinate 
system S(z,y, z}. 

The operator of resultant rotation has the form 


D(a, В, +) = D(a, Ba; 12) В(ал, Ви, 1) (64) 


or in more detail | А | А . . . . 
e ied = чв Ју i. = iI, с8а Ју іта, „ Se 161 Јута а (65) 
In Eq. (65) J; is the projection of the total angular momentum operator on ап i- axis of the coordinate system 


S{z,y,z}. The angles of the resultant rotation a, 0,7 are expressed in terms of ci, Bl, 71 and ao, 82,72 as 


sin Bz 
со о — ag) = cos P cot (ai + + cot f4,——————— 
( 2) Ва со шу + 72) А sin(a, +72)’ 
cos В = cos Й cos fz — sin f sin Ва сов(а1 + 72), (66) 
sin 51 


cot ( — = cos 1 cot (а! + + cot 52x ~. 
(у л) fi (o1 72) Вата + +) 


The following relations are useful for evaluation of а, 8, y. 


sin(a—az)  sin(y— Ji] _ sin(oi + 72) 67 
sin — sin 2 sin ' (67) 


cos fı = cos В cos fz + sin В sin Ва cos(a — a2), 
cos 82 = cos В cos Ву + sin В sin Pi соз(1- 71), (68) 


cos В = cos Й cos 2 — sin @ sin fz соз(о + 72), 


cos(4 — 31) = cos(a + Y) сов(а — o2) + sin(aı + 72) sin(a — o2) cos £5, 


cos(a — a2) = соз(о + Y) cos) — 91) + sin(ai + 32) sin(y — 71) cos £1, (69) 
соз(о + 72) = cos(y — q1) cos(a — o2) — sin () — 71) sin(a — аг) cos 8. 
t B-A о1 + 22 + а – а 
ад —— tan — 
= а-я аа. 
tan Е tan 122 at oe 
2 2 
t B — Вг a1 +7 + 7 1 
an tan 2 
r er (70) 
Ё + Ba о +2 "yt" 
tan ——— tan - ~; 
2 2 
tan me tan 252272 
tan 2 tan 2 IN 


2 2 
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Fig. 1.8. Addition of rotations in terms of the spherical geometry. 


Equations (67)-(70) may be easily interpreted іп terms of the geometry оп a sphere. Each rotation may be 
completely determined by a point of intersection of the z'-axis with the spherical surface and by а unit vector 
in the direction of the z'-axis which lies on a plane tangent to the surface at this point. In this case the 
determination of а, H, у is reduced to constructing the corresponding spherical triangle, (Fig. 1.8). Equations 
(67)-(70) represent the formulas of sines, cosines and tangents for the spherical triangle. 

Another expression for the angles of the resultant rotation will be obtained if successive rotations are 
performed according to the scheme B (p. 22) but the Euler angles az, £5, Y2 specifying the second rotation 
SA, y, z!) — S"(z", y", z") are defined with respect to the intermediate coordinate system S'(z/, у’, 2) 
rather than the initial system S(z, y, z). In this case the operator of the resultant rotation has the form 


D(a, 8,7) = D' (o, B2, 72) (ол, PLn), (71) 


where prime indicates that the operator of the second rotation is taken in the coordinate system S'{z', , 2). 
According to (28), the operator D’ is related to the operator in the initial coordinate system by 


D' (a2, Ba, 12) = В(ол, 1,1) (о, B2 32) Вал, Bi, 1)] *. (72) 
Substitution of this expression into Eq. (71) yields 
D(a, В, ч) Pla, 81,31) Б(аҙ, В», 32), (73) 


ie., the operator of the resultant rotation differs from (64) in the order of operators of the first and second 
rotations. Thus, for such a description of the successive rotations the Euler angles o, 8,1 may be obtained 
from (66)-(70) by interchange of indices 1 = 2. 

Finally, if successive rotations are performed according to the scheme A (p. 21), i.e., if each rotation is 
made about the corresponding new axis, the operator of resultant rotation is given by Eq. (73). In this case the 
Euler angles о, 8, у of the resultant rotation may also be derived from (66)-(70) by the interchange of indices 

= 2. 
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(b) Description of Rotations in Terms of Rotation Azis п(Ө,Ф) and Rotation Angle w 


Let the first rotation, S{z,y,z} — S'(z', y', z'), be performed about an axis n; through an angle ил, 
and the second one, 5'(2',у',2') — S"(z", y", z"Y, be about an axis n2 through an angle va. The resultant 
rotation S{z, y, z} — S" т”, y", z") may be treated as a rotation about an axis n through an angle w. 

The operator of the resultant rotation has the form 


ein · == e nz Je- | (74) 


The angle of the resultant rotation w and the axis of this rotation п are determined by 


сов = = сов 21 cos 22 (nı n2) sin ein 2, 
— = cos — cos 22 — (n; na] sin — sin 22 
2 2 2 2 2’ (75) 
nsin = = n, sin 21 cos 22 + n; sin 2 cos 21 [my x n2] sin ein 22 
> = 01 віп —- cos — + 02 sin — cos — — |n; X na] sin = sin >. 
2 2 2 2 2 2 2 


It follows from Eq. (75) that the resultant rotation is independent of the order of successive rotations (i.e., 
the rotation operators commute) if and only if n; x n2 = O, i.e., the axes of both rotations are parallel or 
antiparallel. In this case 

w = Wy + 02. - 


If directions of the rotation axes nı, n2,n are specified by the polar angles O1, Фі; Oz, Oz and ©, Ф, respec- 
tively, and the polar angles are defined with respect to the initial coordinate system S{z,y, z], then 


cos 2 = cos 2 cos = — sin 2 sin == [cos ©, cos 92 + sin Ө, sin O соз(Ф, - )], 
sin 2 cos O — sin = cos > cos Ө, + sin 2 cos Е cos 9. 
76 
+ зіл 2 sin = sin ©, sin Өз sin(®, — Фә), (76) 


T sin ©; (cot 52 cos Ф; — cos 92 sin Ф1) + sin Oz(cot 51 cos Фо + cos Ө; sin Фә) 
о ТАСТА ТТТ RO nn PR Pe DA en ne аа» 
У sin Ө; (cot 4 sin Ф; + cos Өг cos S1) + sin 02 (со A sin G2 — cos O; cos G) 


If directions of the rotation axes ni, n are defined by the polar angles O1, Ci and O, & with respect to the 
initial coordinate system S{z,y,z} and the direction of the axis of the second rotation nz is defined by the 
polar angles O5, Ф with respect to the intermediate coordinate system 8/2“, у’, 2') then the angles w, O, & of 
the resultant rotation will be given by Eqs. (76) with interchanged indices 1 = 2. This situation is similar to 
the case when rotations are described by Euler angles. 


(c) Description of Rotation in Terms of Cayley-Klein Parameters 


Let the first rotation, S(z,y,z) - S'(z',y',z') be determined by the Cayley-Klein parameters a;,b; 
(1.4.3) and the second one, 5'(2',у',2') — S"(z",y", 2"), by the parameters dz, bz. Then the resultant 
rotation S(z, y, z} — S" (,, y", 2") will be determined by the parameters a, b such аз 


22 ж 
= 04102 — 51 ba, 


77 
b= 1 b + biaz. ( ) 


The matrix U (see Eq. (11)) which describes the resultant rotation is a product of matrices corresponding to 
the first and second rotations 
U(a, b) = U (a2, b2)U (a1, 51). (78) 


In this case all the matrices are supposed to be given in an initial coordinate system. 
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(4) Addition Theorem for Rotation Matrices а 


Let us carry out two successive rotations S(z, y, z} — S'(z', у',г'} and Sa“, /, 2) S,“, % 2"). The 
matrix which transforms cartesian components of vectors and tensors under the resultant rotation S(z,y, z} — 
S" (z" , y", z") represents a product of the matrices a(1) and a(2) corresponding to the first and second rotations. 
The order of these matrices in the product depends on the convention used for the rotation angles. If all angles 
which describe rotations are referred to the initial coordinate system, i.e., the operator of the resultant rotation 
is given by Eq. (64), then 

a — a(2)a(1) (79) 


or, in terms of matrix elements, 


a = У ай(2аһ(1), li, , I 2,y,2). (80) 
1 


The rotation matrices in terms of the rotation angles are given by Eqs. (54) and (56). The angles which 
determine the resultant rotation are related to the angles of the first and second rotations via Eqs. (66) and 
(76). 

If the angles which determine the first and resultant rotations, S -+ 5” and S — S", are defined with 
respect to the initial system 542, у, z] but the angles of the second rotation S' — 5" are defined with respect 
to the intermediate system 5'{2', у’, 27) (i. e., the operator of the resultant rotation is given by Eq. (73)), then 


a = a(1)a(2) (81) 


or, equivalently, 
Qik = у aa (1) aur (2), li, k,l = $, 9, 2). (82) 
1 


In this case the relationships between the angles of the resultant rotation and the angles of the first and second 
rotations may be derived from Eqs. (66) and (76) by an interchange of indices 1 = 2. 
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Chapter 2 


ANGULAR MOMENTUM OPERATORS 


2.1. TOTAL ANGULAR MOMENTUM OPERATOR 
2.1.1. Definition 


In quantum mechanics the total angular momentum operator 3 is defined as an operator which generates 
transformations of wave functions (state vectors) and quantum operators under infinitesimal rotations of the 
coordinate system (see Eqs. (1) and (2)). 

A transformation of an arbitrary wave function V under rotation of the coordinate system through an 
infinitesimal angle 6w about an axis n may be written as 


V — V = (1— in J)w. (1) 


where J is the total angular momentum operator. 
A transformation of an arbitrary quantum operator O under an infinitesimal rotation has the form 


6 + Ó' = Ó — iévn - [3,0]. (2) 


The finite rotation operator can also be written in terms of the total angular momentum operator (see 
Eqs. 1.4(29), 1.4(30), 1.4(32)). The total angular momentum operator is Hermitian, 


j* =3. (3) 
This property for cartesian and spherical components of the operator J can be expressed as 
(4)* = J. (i = 2,5,2); (4,)* = (-1)*F_,, (и = +1,0). (4) 


The eigenfunctions of the operators 32 and J; represent well-known tensor spherical harmonics (see Chap. 7). 


2.1.2. Commutation Relations 


Using the definition of the total angular momentum operator (1) and equations for the rotation addition 
(see Sec. 1.4.7), one may obtain the commutation rules for the operator J. These rules may be written as 


[а J), (b. J) = i- [a x b] J, (5) 
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a and b being arbitrary constant vectors. The commutation relations for the total angular momentum operator 


may also be written symbolically as 
[3 x 3] = :3. (6) 


Cartesian components of 3 satisfy the commutation relations 
J, II = ie, Л] O li, k, l= , y, a). (7) 


Equations (7) can be derived from (5) by substituting а = e;, b ex li, k = х,у, 2) where е; and ez are the 
cartesian basis vectors. In more detailed form Eq. (7) reads 


222 Wee Meme 
[Jz y] = -| y Ja] г We; J, z| zl 2, Ja] = ty, (8) 


The square of the total angular momentum operator 32 may ђе expressed in terms of cartesian components 


A (i = z, y, 2) as Ж. 
* NN J. (5) 


Covariant spherical components of 3 satisfy the following commutation relations 


ж 


Ju, II VOII 4, (82,5, =0 (ил = +1,0). (10) 


These relations may be obtained from (5) by putting a = en, b = e, (u,v = 41, 0), e and e, being covariant 
spherical basis vectors. A more detailed form of (10) is 


(7, um = (%, Jo] = 1, Til =0, 
(7-і, Jo] = IJ. Ja]: =-Ј, Га, j- iz Ai. Л] = = -. (11) 
Jo, 7-1] = ITI, Jo] = — 5.1, 
(22, 241] = [92, Jo] = [92,7] = о. 


For contravariant spherical components of 3 the commutation relations may be written as 
I, ЈУ] VOI, [32, J^] 20, (A, , A = 1,0), (12) 


or, in a more detailed form 


VF 
[J*1, Л = —[2°, J+] = Sth [Jot ees - =, jt = P 
САН = [FP =F, 


[12,3112 (32, 9] [32,751 ео. 


(13) 


The operator 3? is expressed in terms of spherical components J = 41, 0) as 


3? = E .. = -ла2А + JoJo т; Jad os = 2 ad Jo s 22,474 = л + Jo E 2 ads (14) 


m 
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2.1.3. Coordinate Inversion. Time Reversal 


The total angular momentum operator 3 is an axial vector, i.e., it is invariant with respect to coordinate 
inversion (r — —r) 
Ea = Л, (i = 2,y,2), 


P I Fr. Ju, (A= +1,0). x 


(16) 


In Eqs. (15) and (16) В. and В. represent the operators of coordinate inversion and time reversal, respectively. 


2.1.4. Total Angular Momentum of а System. Orbital and Spin Angular Momenta 


The total angular momentum of some system consisting of М subsystems with angular momenta 1(1),3(2), 
. J(N) is the vector sum 


N 
J => ји). (17) 
n=1 
For such a system the following commutation relations hold 


2 (n) , % (n’)] = tenn! ыл (n) , 


[J 2 (n) = іы (n), (i, k,l = х,у, 2), (18) 
Hal n), q ln 2) = V bani C13 „Ја (n), (u, к, А = £1, 0). | (19) 


Ju, J. (n)] = -у СЫ о (n), 


In particular, Eq. (17) determines the total angular momentum ‚ operator as the sum of the orbital angular 
momentum operator Г, and the spin angular momentum operator 8. 


~ 


=Ё +8. (20) 


The > properties of the operators Г, and 8 are considered below (Secs. 2.2 and 2.3). The commutation relations 
for Ё and J are PET E 
J., Le] = ге Li, (i, К, l= T, у,2), 


V s 
or, in more detail 
РЕНЕА = J, Ly] = , Ls] - 0, 
[45 Ly] = I, Tel ils, (Fz, T. Ii, Le = ill, (22) 
I, .I, Ly] il, 
II, 241] = 1, Tol = [J-1, 2-1] =, 
Ufa] = - Mo Baa} = - Das (say Boal = En] = В, (23) 


Џо, 2-1] = II-, £o] = L=. 
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Appropriate relations for the spin operator S and the total angular momentum operator j may be obtained 
from Eqs. . (21)- (23) by replacing L — S. The orbital angular momentum operator L commutes with the spin 
operator S 


|2,81] = 0, (i,k = т, Y, 2), (24) 
La, S.] = 0, (u,v = #1,0). 
2.2. ORBITAL ANGULAR MOMENTUM OPERATOR 
2.2.1. Definition 
In classical mechanics the angular momentum L of a particle is defined as 
= [r x p], (1) 


where r is the position vector of the particle and p is its linear momentum. 

In the quantum mechanics the orbital angular momentum operator Т ofa particle is obtained from Eq. (1) 
by replacing г — f and p — P, where $ and Б аге the position and momentum operators, respectively. 

In the coordinate representation we have f = г, p = —:V, 


= –уг x V]. (2) 
In the momentum representation we have f = "Мр, Р = p, 
L —{р x Vpl. (3) 


The formulas below are valid for both representations. The explicit form of Ê (see Sec. 2.2.3) in the 
momentum representation is obtained by substituting г — р, У = 9/dr — Vy = д/др. 
The operator L is Hermitian and purely imaginary. 


НБ I.. a 
For cartesian components of L, Eqs. (4) become 
ї =f, li H, (= 4, 5, 2). (5) 
and for spherical components Eqs. (4) yield 
(Z,)* = (C0*(£*)-, - (<1)*Ё-„, (и = +1,0). (6) 
(Zu)“ (CL = ==  L-, 


The orbital angular momentum operator £ generates transformations of scalar (spinless) wave functions 
under rotations of the coordinate system. A rotation through an infinitesimal angle 6w about the n-axis 
transforms the position vector г into г + бг, with ôr = —ów[n x г]. The corresponding transformation of the 
scalar wave functions reads 


U(r) — U(r + ôr) = (1 + ôr - V)W(r) = (1 — бит -£)V(r). (7) 


In the case of a finite rotation through an angle w about the axis n, scalar functions are transformed by 
ihe operator e L^ which is the particular form of the rotation operator 1.5(32). The eigenfunctions of the 
operators L? and L, represent spherical harmonics Vm (2, р) (Chap. 5) which depend on the polar angles &, p. 
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2.2.2. Commutation Relations 


The orbital angular momentum operator Г satisfies the same commutation relations as the total angular 
momentum operator 3. Appropriate expressions for the commutators are readily obtained from Eqs. 2.1(5)- 
2.1(14) by substituting 2- Г. 

The commutation rules for the operator L with the position operator f and the momentum operator Б are 
the following. 

For cartesian components 

Ti, Ze] = icixi ai, 


= ~ . (i k,l = 2,Y; z). (8) 
L., Pe] = їє:ыр, ' 
Note also that $ and p obey the commutation relations 
Ze, De — O, [Pi Pr] = 0, i, pr = tik, (5k =2Z,Y; 2). (9) 
For spherical components 
L,, 8] = -V2C},,2 
aie * (, , = £1,0). (10) 


Ta, p.] == —V2C} у, 
The commutation relations for the spherical components of f and ф are given by 
Zu, £,] = 0, [Pur Би] = 0, Zu, p. = 16, ,(-1)^, (ми = +1,0). (11) 


Equations (8) and (10) show that the operators f and ф are vectors. 
The commutation relations for square of angular momentum operator L? are 


налы Ы. (12) 
[12,5] = i[p x L] – iſL x 9]. 


The operators #2 and б? commute with L: 


L, 72] =0, IL, 52I = O. 


The commutation rules of L with the total angular momentum operator J and the spin operator S have been 
considered above (Eqs. 2.1(21)-2.1(24)). 


2.2.3. Explicit Form 


The cartesian components of the operator Ї аге given by 


T = -(vz - 5%), 1; = U - 257); Т, = "(ss m уз): (13) 


or in а more compact form 


> : à 5 
L. = D cabiar gr (i, x, I x, y, z). (14) 
ы at 
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The cartesian components of Ї are expressed in terms of polar angles d, p as 


Г. =i (sin eas + cot 9 cos ex) ; 


. С . 8 
у =} (- cos p=, + cot У ; (15) 
9 


т . 
L: = —+— 


де” 
The spherical components of Ї, are written as 


141 = 20V41 — z41Vo, 
Lo = 2-1V 41 ~ 241V-1, (16) 


~ 
1.1 = 41 Vo = тоў 1. 
ог, in а more compact form 


2 = -V25 Сі 2,9), (и, У, А= +1, 0). (17) 
[PY 


The spherical components of £ may also be expressed in terms of polar angles 9, as 


=> (18) 


For polar components of Î we have 
Z. x 0, Ls 33 , Ly = i. (19) 


The square of the orbital angular momentum operator Î? is expressed in terms of its components as 


îr LI = 12 +12 , 
* / 8 20 
= 2-1,1, = – Ра [1 + LoLo — L-1L41. | 
н 


We тау also write L? in the form 


12 . 9 (sng 2 \ 42. 
L == ЕЕ 50 sin 955 + 25 557 (21) 


This operator differs only in sign from the angular part of the Laplacian operator (Eq. 1.3 (15)) 


12 = —Ag. (22) 
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The operator 12 is Hermitian and real 


) = (£7)* = 12, (23) 


The representation of the orbital angular momentum Г in the form of a differential operator is only one of 
possible representations. Alternatively, L may be represented by a set of three matrices (because it has three 
components). These matrix elements of L will be given in Chap. 13. 


2.3. SPIN ANGULAR MOMENTUM OPERATOR 
2.3.1. Definition 


The spin angular momentum operator or briefly the spin operator S is usually represented by a set of three 
(since the vector S has three components) square (2S +1) x (25 + 1) matrices, S being the particle spin. These 
matrices act on the spin functions (see Chap. 6) and satisfy the same commutation relations as the components 
of the total angular momentum operator given in Sec. 2.1. The spin operator 8 is Hermitian: 


8+ =8. (1) 
For the cartesian components of 8 the Hermitian property (1) has the form 
($)*-$, (6-252. (2) 
and for spherical components 


($)*-(-2*$,, — (n- 41,0). (3) 


The behaviour of S under complex conjugation depends on the representation of S (see, e.g., Sec. 2.6.2). The 
eigenfunctions of the operators S? and 8, are spin functions Хѕњ (see Chap. 6) which depend on the spin 
variable c. These functions have (2S + 1) components and describe polarization states of a particle. 


2.3.2. Commutation Relations 


The commutation relations for the spin operator 8 are given by Eqs. 2.1(5)-2.1(14) in which one must 
replace 3 by S. The commutation rules for S and the orbital angular momentum operator L have already 
been considered in Sec. 2.1.4. The spin operator S commutes with the position operator $ and the momentum 
operator P, 


(9,%,) = 0, 85, pr] =0, (i,k = $, yz), (4) 
(9,,2,|-0, (Sn, B.] = O, (u,v = 1,0). (5) 


2.3.3. Explicit Form 


The spherical components of the spin operator S may be expressed іп terms of the basis spin functions XS 


(Chap. 6) as 
= у 5(5 + 1) У. Сат Хат X Sm, (ш = +1,0). (6) 


m, m- 


Cartesian components of S may be obtained from (6), using the relations 


- (- 1841), 8, 5168.0, 5, = 5. (7) 
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Equations (6) and (7) are independent of representation used for spin functions, while an explicit form of the 


spin matrices depends on this representation. For an arbitrary spin S the simplest form of the spin matrices 
is that in the spherical basis representation. The basis spin functions Xsm in this representation are given by 


xm lo) = било, (mo = —8,—8 +1,...,5 — 1,5), (8) 
and the matrix elements of the spin matrices are 


(Si) e = VS (5 ＋ ICS, (, 8, 8 +1,...,5—1,8). 9) 


The elements are arranged in the matrices as follows 


Pep еріне | (10) 


Explicit forms of the spin matrices for spin values i and 1 are given below in Secs. 2.5 and 2.6. 


2.8.4. Traces of Products of Spin Matrices 


The traces of products of cartesian components of the spin matrices can be evaluated for an arbitrary spin 
S by use of the following formulas (where 5, К, l, etc. take the values , y, z) 


Tr ($;) = 0, 
T $$ = S(S + Des +1) a, 
aa ay .5(9+1)(29+1) (11) 


Tr {S:S $1) = EC Siki 


Ir (8.5. 878, = ss+yes+n (Бе +1)+ ] (бб; + баба) + [S(S + 1) – ыбы}. 


For spherical components of the spin operator 8 the following relations hold (и, /, А, etc. take the 
values +1, 0) 


т {5, 5.) = SS NOS TI рр, 
== (111) “и 


у 
{ Бе +1)+ У Зе И + 6, 56,3) 


Уб pur (12) 
а. _ 5(5+1)(25 +1) 


15 
+[8(8 +1) - 3-1] 


Some analytic expressions for traces of products of many spin matrices in the spherical basis are given in 
Refs. [133, 144, 145]. 
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2.4. POLARIZATION OPERATORS 


2.4.1. Definition 
To describe a polarization (i.e., spin) state of a particle the so-called polarization operators are widely used. 
The polarization operators Tz y (S)M = = L, LI, . . L- I, L and L = O, 1, . ., 28; L and M being integers) 
аге (25 + 1) x (25 + 1) matrices which act on spin functions (see Chap. 6) and жузш under rotations of 
the coordinate system according to the representation D. In other words, ем (S) are irreducible tensors of 
rank L. Such transformation properties of Тім (5) with respect to rotations of the coordinate system imply 
the following commutation relations with spherical components of the spin operator 8 (џи = +1,0) 


(Su, Тім (S)} = = VII + e ake TuS). (1) 
Let us normalize the polarization operators by the condition 
Ir (Тем (8) Рим. (S)) = GE, (2) 
and choose the phase factors to satisfy the relations 
fiu(S) -(-1)47,-м(8). (3) 


The conditions (1)-(3) completely determine the polarization operators. The full complement of polarization 
operators TAM (S) with -L < M < L, OSL < 2S constitutes a complete set of Y 2 +1) = (25 + 1)? 
linearly independent square (25 + 1) x (25 + 1) matrices. 


2.4.2. Explicit Form 


The polarization operators Тм (S) may be constructed from products of the spin matrices as 
Ћм (S) = NCS) (S. v), )), (4) 


where 8 is the spin operator, and Мі, (S) is the normalization factor given by 


МІ(8)- 


4т(25 - L)! | (5) 


1 8 E 1 


Note that Тім (S) аге actually independent of г, although the vector г enters the right-hand side of Eq. (4). 
The operators Трм T (S) may be expressed in terms of the basis spin functions Xsm (Chap. 6) by 


21-1 
Тем (5) = V 2831 4 OSM M XSm XZ (6) 


21-1 
Xsm'X$m = >. 2851 mia fim (8). (7) 


An explicit form of Tr (S) depends on the representation used for the spin functions. In particular, matrix 
elementa of Tim (S) in the spherical basis representation are given by 


/2L + 1 
ем (8) = 38. 1 59100 (o, = —-S,-S+1,...,8). (8) 


The inverse relation is 
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For L = 0 the operators Tr (S) are proportional to the unit (25 + 1) x (25 +1) matrix 
1 7 | 


Т,о(8) = Visti 


When Г = 1 the operators Tim (S) are proportional to the spherical components of the spin operator 


~ уз ж 
Лим ($) = АА М = 41, 0). 10 
ам ( ) S(S + 1)(25 + 1) М, ( D ) ( ) 
The polarization operators for a spin value S — 1 are considered in Sec. 2.6. 
2.4.8. Properties of P mlS) under Transformations of the Coordinate System 


(a) Coordinate inversion (r — —г) 


The polarization operators м (S) are invariant under coordinate inversion 


РТ м(5)Б-1 = Тм (5). (11) 


(b) Rotation of coordinate system 


Under rotations specified by the Euler angles a, B, J the polarization operators transform as 


fiw (8) = D(o, 5, 0 Тем. (S) Bla, 8,7) ЈУ: De 8,7) fuu (S), (12) 


where D(a, В, 7) is the rotation operator (see Sec. 1.4.5), and ПІ, are the Wigner D-functions (Chap. 4). 


2.4.4. Expansion Series of Polarization Operators 


As has been mentioned above (Sec. 2.4.1) the polarization operators f, M(S) form a complete set of linearly 
independent matrices. An arbitrary square (25 + 1) x (25 + 1) matrix A (with S integer or half-integer) may 
be expanded in a series of the polarization operators Tou (S), i.e., it may be written in the form 


25 L " 
=), SO Амћм(8), (13) 
L=0 M--L 
where the expansion coefficients AZ are given by 
Arm = Tr (fr, (5)4). (14) 
If the matrix А is Hermitian, i.e., А+ = A, then 
Alm = (71M Ар-м. (15) 
Some examples of such expansions are given below. 


(a) Clebsch-Gordan series for polarization operators 


Products of two polarization operators Ту, m, (S) and fr, м. (S) may be written in the form of a Clebsch- 
Gordan series 


2, 5) (9) = 3719 VL + Ola 3) ( 12 12 5 сң, ам (8). 010) 
L 
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(b) Expansion of rotation operator 


If one is interested only in transformation properties of spin functions and spin operators under rotations 
of the coordinate system, one may replace the total angular momentum operator 3 by the spin operator 8 in 
the general expressions for the rotation operator 1.4 (3 1) and 1.4(33). Such a modified operator will be labelled 
Бу a superscript S. If a rotation is defined by the Euler angles a, 0,7, the rotation operator Ds (а, %, q) may 
be expressed as follows 


^ САЛАР тн. СА 2L41 E 
DS (a, B, ) = e 7329: ie = » 284 1 8 LM Dmm (2,8, Тим (5). (17) 
L, M. m, m 


If a rotation is defined by the rotation axis п(Ө,Ф) and the rotation angle и, the expansion of the rotation 
operator Us (ш; Ө, &) is given by 


25 
0$ (и;@,$) = e?" 3 = 2 Vu (O, $) м (5), 18 
(10,9) = vx ibo ba Zu (Ө, 9) Тм (5) (18) 
where the functions x? (ш) are the generalized characters (see Sec. 4.15). 


2.4.5. Commutators and Anticommutators 


The polarization operators satisfy the following commutation relations 


(ім. (5), Т.м, (5)] = 
VEL + 1)(212 + 1) D [1 - (La { a 2 2 } CEM: Lam Tos Ms (5), 


(19) 
(Там, (5), Тема (5)) = 
(шы + a e] apte pete] ( Gere 
(20) 
Equation (1) is a special case of (19) for LI = 1. 
2.4.6. Traces of Products of Polarization Operators 
Tr {Тм (5) }} = V2S + 16.о6мо, (21) 
Ir {ш м, (5)0 ам, (S)] = (71) 65 118M ма, (22) 


Tes, м, (S) ам, (S) Tü. m (S)} (сауна DHL +1) ee, er (23) 
In general 


Te (f m, (S) Pram, (8)... ®„м„(5)} = IL +1)(2% + 1)... (22, +0 


(28 + 1)"/2 
5 ти /ч"5т--иа Sm 
x ÓMi +M3+M3+...+Mn,0 S * . CT. Ar, S т-иһ-і! (24) 


т 
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where 


2.5. SPIN MATRICES FOR 5 = 1/2 
2.5.1. Explicit Form 


For the particular case S = i, the spin operator 8 is represented by a set of three square 2x2 matrices. 
Cartesian components of S in the spherical basis representation are given by 


г _1[0 1 гё _1[0 — 8 1/1 0 
4-29 a 3 205 sh & - 35 E (1) 


whereas spherical components are written as 


2 110 1 2 1/1 0 2 1/0 0 
$5 = 2 (0 3 &-i( a 8, = > (1 21 (2) 


In addition to the spin matrices, the unit 2x2 mairix Tis usually introduced: 


T= (5 |}, (3) 


Note that the Pauli matrices @ are widely used instead of the spin operator S. The Pauli matrices are 
proportional to the spin operator 


NN S. 
8-2 (4) 


Equations (1) and (2) yield the following properties of the spin matrices 


52 = 5, (i т-2,у, 2), (5) 

M = (/ Ni (и = +1,0), (6) 
2 = Se, Sy S., 8; = =, (7) 
Si=Sy, (и = 1,0) (8) 


2.5.2. Commutators апа Anticommutators 


The cartesian components of the spin operator satisfy the following relations 
S., Sk] = eiu S, {5,5} = 2 ikl, (i, k,l = 2,5,2). (9) 
For spherical components these relations take the form 


~ 


~ ~ ~ 1 ~ 
[$,,$,| VCI, {5,5} = 2(-46,-,0 (А = 1,0). (10) 
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2.5.3. Products of Spin Matrices 


The four matrices 5- Sy, 5, and f (ог 8, 1, 9, $14 and 1) constitute a complete set of square 2x2 matrices. 
Any function of the spin operator (S — 2) may be expanded in a series in terms of these matrices. In particular, 
products of the spin matrices may also be written in such a form. Products of cartesian components (where 
the indices i, k, l, etc. take the values т,у,2) are given by 


8,8, = – 61 + lk | (11) 
8,8,8, = ыты. 16 бы Sen + 916), (12) 


Uu» 
- 
Uu» 
D» 
| 
СУ | e+ Co] *. у | А 


(6; кӧј - 6; 11 Okey + &убы)1 
1 ~ 
+ g (bik Etim — биекут + буЕыт + би eijm — бывйт + букт) Sm- (13) 


In more detailed form, Eq. (11) is written as 


516-і 2 ір 0) 473 о, 

don vds 1/0 0 Iz du 

$1844 = 73 (6 J = 42% 250 (15) 
54150 = —29+ь 5-150 = 55-1, 
~ ~ la 
SoS41 = 2541, SoS-1 = —-S., 


5,5, = qi" buat — -- 01 Bs (u, V, A = +1,0), (541)" = 0, (5-1)" = 0, (n = 2, 3,. . 2n (16) 


2 141 
(8)2" = ВЕ (5007 = (9% (n =0,1,2,...), (17) 


8.3 = 8? = 824 824 8? = -3,:8.14 88 — 818147 (18) 
Products of the operators S and any vectors a and b commuting with 8 тау be written in the form 
8.(8. a) = ifa – 8 x a], (19) 


($. 8ха]) = (S x S]. a) =:(8 a), (20) 
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8х [Sx al] = 21 38 ха) (21) 
(8-а)(8-Ъ) = 1(а-Ъ)7+ (S ја x bh, (22) 
(8ха|(8хы)- “а-ы? +18. [a x Ы), (23) 
(8 als x b] = Fla x bf 5(6-ыа- (a. b)s), 24 
[8 x a] x 8 x b] = La x bfr 2 (S -ba + (S ајђ). (25) 
If n is a unit vector (n? = 1), then 
(S. n)” = (0 7 (8. n) (1) 8) E801 2% (26) 


2.5.4. Functions of Spin Matrices 


cab. = Î cosh 2 + 28; sinh Е (27) 
cosh(aS;) = Гсовһ 2 віпћ(0:5;) = 2S; sinh 2 (28) 
where $ = z, y, 2. 
east = T+ аб. 1, eS = f cosh 2 + 250 sinh 25% ca- = T+ aĝ, (29) 
cosh(a541)=T, cosh(aSo) = Гсовћ р cosh(aS$_,) = f, (30) 
sinh(a S1) = S41, віпҺ(а9)) = 296 sinh 5 sinh(a S- 1) = а. vo (31) 


2.5.5. Rotation Operators 


(a) Under rotations described by the Euler angles а, f, у spin functions and spin matrices for 5 = i are 
transformed by a rotation operator bi (а, 8,7) which is a special case of the operator given by Eq. 1.4(31) 


na . —:а=л 

РЯ "m^ E m cos ge 2 — sin езі 3 
D (o, B, 9) = 67146. ,.-585у,.-і15, - | (32) 

. а-а atı 

sin £e 3 cos Bei 2 


The inverse matrix is 


[63 (a, 8,4)] =[D + (а, В,т)] = BI - J, H. q) = + (7 ‚ -В, a) 


cos ge. 7 sin ge аул 
р = М | (33) 
— sin ge. 7 cos 9e. 7 


Matrix elements of the operator D? (а, 8,7) are the Wigner D-functions Di, м (а, B, ) (Chap. 4). The ex- 
pansion of bi (a, В, q) in terms of the spin matrices has the form 


Di (a, B,) = cos сов M. 2i sin ^ sin 52-18, - айа P cos 5-15, — ов ^ sin 2-18, (34) 


Dt (а, f, q) = cos E cos 2272 V2sin DP BS - 2i cos Ê sin z т 49, + V2sin ee (35) 
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(b) Under rotations of the coordinate system through an angle w about ап axis п(Ө, Ф) spin functions and 
spin matrices for 5 = i are transformed by the rotation operator Ü $ (ш; 9, $) which is special case of the 
operator given by Eq. 1.4(33). 


А 2 cos 2 — sin 2 c : sin sin өг-і% 
%, e) = «3 = | (36) 
—isin 8 зіп Ө6% cos 2 +isin % cos Ө 
The inverse matrix is 
(05 (w; 0,%)ј7! = [03 (uv; &, ) = О (w; r- Ө,т + 9) = 01(-и; 0, $) 
сов 9 -isinfcosO isin% віп Өг-%%. 
- (37) 
isin % sin Gee — cost — isin $ cos G 
The expansion of the operator 0% (о; Ө, 9) in terms of the spin matrices has the form 
Ft e, ) e?" 8 = Tos 2 — 2i(n -8) sin 2 (38) 


The relations between the angles w, Ө, C and the Euler angles а, б, "у are given by Eqs. 1.4(16), 1.4(17). Note 
that 


D? (a, 8,4) = Ô? (ш; e, &). (39) 
(c) The result of applying the rotation operator Бі (а, В, 1) to the spin matrices may be presented as 
5, = D? (o, в, 7) ЗБ} (a, % )- = У аһ, (i, k = z,y,z), (40) 
k 


where a,, are elements of the rotation matrix (Sec. 1.4.6). For spherical components of the spin matrices we 
have | 


5 = D3 (a, f, S Б (a, В, 1) = УР! (o, B. YS (41) 
where DL, аге the Wigner D-functions (Chap. 4). 


2.5.6. Traces of Products of Spin Matrices (5 = 3 


For cartesian components of the spin operator the following relations hold (where $, К, l etc. take the values 
2, V z) ~ 
Tr {S;} = 0, 


^4 1 
Tr (5. Sk} = 3 fk 
~ ~ ж 1 
Tr (S. 8 81) = 4585 (42) 
^^ ^^ 1 
Tr {5;5,5,S;} == 8 (бб: - бибкј + &;ӧы), 
жж м Hv 1 
Tr (KSSS; Sm} = Ig (кезт + брбшка + bie jc + Hm. 


The evaluation of traces of products which contain many spin matrices can be facilitated by using the following 
recurrence relation: if we introduce the definition 


Tis = Tr ($, S, S,), (n > 3), (43) 
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then i А 
1 
Tii... = 264 Tias t 20 Tris as (44) 


If n is even, one may also use the relation 
1 
Tis ПОТА bt Тт bit, Ba 1. 45) 


For spherical components of the spin operator the following relations hold (where р, и, А etc. take the values 
+1,0) 


Tr ($,) =0, 
~ ~ 1 
Tr (5,5) = 2C 0" u-v» 
КӨГІ Ва aeos (46) 
Tr {5,5,5 } = 73 2 | y + = (1) ig Cia, 


-1)н 


Tr 19,5,5,5;) = | ((-1, 6, ,5.-, = (71) 6, + (71) ви 26, АР 


The recurrence relation for spherical components of the spin operator is written as 


Т, „СЇ; то, т (47) 
BIBI An 4 41 из A An V2 lpilpa 1 Us An: 
where 
Три и, = Tr (S5, S. S.,] 48) 
If n is even, one may use the formula 
| (ens 
Т, а = g Un Таза еру Tpsuaspa +++ РЕНТИ РИИ С (49) 


2.6. SPIN MATRICES AND POLARIZATION OPERATORS FOR 5 = 1 


2.6.1. Spin S=1 


If S = 1, the spin operator $ and the polarization operators Тім(1 = 0,1,2; -L < М < Г) are square 
3x3 matrices. The polarization operator Тоо is proportional to the unit matrix 


~ 1 ~ 
Too = 4, (1) 
where 
2 1.0 0 
12 [O 1 0). (2) 
0 0 1 


The polarization operators T. M are proportional to spherical components of the spin matrices 9м: 


~ 1 ~ 
Tim = Vem (М = 0, +1). (3) 
The operators È м(М = O, £1, £2) can be expressed in terms of spherical components of the spin matrices as 
м gl., SuS. (4) 


њу 
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The polarization operators Т, м аге equivalent to some symmetric traceless cartesian tensor of second rank 


Qik: 


~ 


Qik = 


59 | 


~ ~ ~ ^ 4 > . 

(88, + S&$; — 3570 , li, k = х,у, 2), (5) 

Qu = ди, Ууд, =0. (6) 
4 

Qu is called the quadrupole tensor. It has 5 linearly independent components. The relations between 72 M and 

Qu are given by А 

Thao = 200. – ду + 21027), 
Trai = +(9., 340,.), (7) 


~ 3 ~ 
То = EM 


д.. = 50 + Ty 2) т ла д. = д, = (D-a as Ты). 


The inverse relations are 


~ 


Qy, = - Фа + 2) - 2%» Qu = биг = Ф. TE (8) 


Qi = "ET Qu = д, = еч + 151). 


2.6.2. Explicit Form 


Explicit forms of the spin matrices and the polarization operators depend on the representation used for 
basis spin functions (Chap. 6). We shall consider the spherical basis representation and the cartesian one. 
These representations are used very frequently. 


(a) Spherical basis representation 


Cartesian components of the spin operator 8 are given by 


1 010 i 0-1 0 5 10 0 
8,---|101|, 8, [1 0-1], ӛ,-|00 ој. (о) 
у2 010 у2 010 00-1 
and the spherical components of 8 are 
" 010 2 10 0 2 000 
8,,=– | 001], $-[oo ој, $,-[100]. (10) 
000 00-1 010 


The order of rows and columns in these matrices is shown in Eq. 2.3(10). 
Matrix elements of the spin operators $, in the spherical basis representation are given by 


(S %) % = V2C0lA, (и, o, o = +1,0). (11) 
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The spin matrices in the spherical basis representation satisfy the relations 


3+ ==, (i = т,у,2), 12) 
5. = ., Sj--$, $;-8, (13) 
5; = Su 5: = (-1)^$., (и = 1,0). (14) 


The quadrupole tensor б (i, k = 2, , z) in the spherical basis representation has the form 


= 1 -10 3 Е 1 -10-3 " 1 1 00 
да = s. 02 ој, Чи = = 02 0], Qu = 5 0-20], 
30-1 | -30-1 0 01 


(15) 


The components of the quadrupole tensor Qi in the spherical] basis representation have the following properties 
Qi = да, (i, k = $, у, 2), (16) 


The matrices д... Ow: дь, ., G. are real, where as д., Jus, ди», дь, are purely imaginary. The polar- 
ization operators Түм in the spherical basis representation are given by 


N 1 [100 
00 = —= | 010 |, (17) 
v3 001 
i 1 010 n 1 [100 A 1 [900 
Та =——=| 001], То---|00 Of], Т-=—>| 100], (18) 
v2 000 v2 00-1 v2 010 
001 0-10 1 00 
Та-(000|, 5,=—|0 01], = 0 20, 
000 v2 0 00 v6 0 01 
Д 1 70 O | 000 
fa--—[1 00], %-2=[000].. (19) 
v2 0-10 100 
Matrix elements of the polarization operators in the spherical basis representation may be written as 
(Ф.м) = == lois (ee =41,0;-L< M < L). (20) 


The polarisation operators fiM in the spherical basis representation are real, i.e., 
ftu = м (21) 


and satisfy the relations 
fu = (71) 0 м. (22) 
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(b) Cartesian basis representation 


Cartesian components of the spin operator S in the cartesian basis representation are given by 


Д 00 0 Қ 00% 5 0-40 
5, = | 00-1, S=| 000|, =|: 00 
0i 0 -i00 0 00 


The matrix elements of 8; in this representation may be written as 
(Si) = вы, li, k,l = у, 2). 


The spherical components of 8 are as follows 


Мі 0 01 " 0-70 Ж 00 1 
ба = —= 00: 3 So = + 00 , S-i = — 00-4 
v2 —1 i 0 0 00 v2 —1 1 0 


The spin matrices in the cartesian basis representation satisfy the following relations 


(8,)+ = (-1)*9-„, St (I) tS a, (A = +1,0), 


(5)%=8, %--б, (i = 2, y, 2). 


The quadrupole tensor Qi. (i, Е = z,y, 2) in the cartesian basis representation is given by 


3 1 -200 2 1 1 00 1 10 0 
да = = 010 |, Чи 3 0-20], 9 3 010, 
001 0 01 00-2 
2 1 0-10 1 00-1 5 1 ооо 
Qu = 0 = 5 -1 00 ) да: = а = 2 00 0 Й да = Чи 2 0 0-1 
0 00 -10 0 0-1 0 


The matrix elements of Qi. in the cartesian basis representation may be written in the form 


p" 1 2 4 
(Qik)im = 73 (абы. + &тбы — тейт), (i, x, | т = z, y, 2), 


In the cartesian basis representation the matrices Qu are Hermitian and real, i.e., 
Qi. E Qik, Qik = Qi, (i. k = 2, y, 2). 


The polarization operators Tou in the cartesian basis representation have the form 


" ,/ 0 01 „ 1 {9-60 if oo- 
Thai = 5 0 0: " w= A 2 00 , 1-1 2 00-2 ; 
-1-:0 0 00 —1 0 
" 1 {71-10 Қ 1 [901 xs ge P1008 
To42 == — 10 з To41 = = 00: , Too = —= 01 0 Й 
2 2 
о 00 110 8009 


(24) 


(25) 


(26) 
(27) 


(28) 


(29) 


(30) 


(31) 
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The polarization operators Т, м in the cartesian basis representation satisfy the relations 


Тем = (71 Tim, (34) 
Там = (-1) МТ м. (35) 


One can easily transform any matrix in the cartesian basis representation into a matrix in the spherical basis 
representation and vice versa with the aid of the unitary matrix U, 


A(spherical basis) = U A(cartesian basis) UT} 


Alcartesian basis) = UT! A(sphesical basis) U (36) 
In this case A is any spin or polarization operator (i.e., 5, 5, дук, Tim), 
U= о 01), UtsUt=|-% 0 -= |. (37) 
5 3 0 0 1 0 
The matrix U coincides with М(+1,0,—1 + т,у,2) and U^! coincides with M(z,y,z — +1,0,—1) (Table 


1.2). 
The formulas given in Sec. 2.6 (except those of Sec. 2.6.2) are independent of the representation unless the 
contrary is indicated. 


2.6.8. Products of Spin and Polarization Matrices 


For S = 1, the nine matrices Tiu(L = 0,1,2;-L < М < L) or, equivalently, the matrices J, &, Qir 
constitute a complete set of square 3x3 matrices for expanding any function of the spin and polarization 
operators. In particular, products of the spin and polarization operators may be expanded in a series in terms 
of these matrices. 

Products of cartesian components of the matrices 8 and Qu. may be expressed as follows (i, К, l, etc. take 
the values z, y, z) 


(a) 


~ ~ 2 ~ 1 ^ ~ 
S. S = zrl + 268 + Qi. (38) 
In particular, 
82 = 92 + 52 + $2 = 27, (39) 
[5;, $,] = 5,9, – 5,9; = iei S (40) 
~ ~ ~ ж ~ ж 4 ~ ~ 
(S, S.) = 5,5; + 5,5; = 4 ikl + 2Qik. (41) 


(b) 


^ 1 ^ ~ 1 ж ~ à ^ 
= zE l + 2695 + бы Si) + 2 (e Фет eum m Te Qim)- (42) 


56 


Quantum Theory of Angular Momentum 


From Eq. (42) one may obtain the Duffin-Kemmer relation 


Other particular cases of (42) are 


~ 


(c) 


2a A ~ ~ 
$i = 37+ Qu, (п=1,2,...), 9251-06, (п=0,1,2,...). 


= 


8,9,8, + 59,8 = &ь® + 6.8. 


55,8, = 6:45; (no sum over 2); 57255,5 = Ses 


4 


a ~ ~ 


+ 8,5,8 = S; + 6.9, (по sum over k) 


^ 


~ ж Жж ~ ж ж 1 ~ ‚2 
9.9, z = SYS, т = 2 27 Оу», 
~ ~ ~ ~ ~ ~ 1 2 .~ 
S2 8 у = 5,5,5, = 2 z ttQys, 
~ 2 2 AAA la .~ 
Sy 292 = 9,0, у = 2 у У: 
~ ~ ~ ~ ж ~ ТА .~ 
5,5, z = 5,5, 2 2 y 50, 
ж ж ~ ~ ~ ~ La . 2 
5,5, у = Sz тё» = 2 1 — 10275 
~ до ~ ~ 2 ~ la .^ 
5,652 = Sy уз = 2 act Оли, 


In particular, if n is the unit vector, then 


(8 -n)?* = 27+ Dam (Е = 1,2,3,. 


(9) 
д.8 = 


КЕ RE 


8. JU = 
(e) 


Ci Qin = = = (Buts + fimôki — 


6 


4. А А 1 
-ҙба Qim — аб) + г (баеьтр% + bimEkip Sp + Skt timp Sp + bm Elly dp). 


ы 


(S n) = (S. n), (k=0,1,2,.. 


2 
(549, + 68; - 36. ад) tz 5 (iim Qi t £m Gim), 


2 
(8 ik St + 648, — ES tz = (citm бы + eum bm). 


2 
3 бъбһ)? І- 40 6:1Qkm + m бы + em Qu + быдт- 


(43) 


(44) 


(45) 


(46) 


(47) 


(48) 


(49) 


(50) 


(51) 


(52) 


(53) 


(54) 


Products involving spherical components of the spin operator 8 and the polarization operators Tum may 
be expanded in a series as given below (u,v = 41, 0) 
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(i) 


~ ~ 2 ~ ~ 
5,5, = 509 I Alg S, + С2М Тм. 


% 


In particular 


52 = –5,,8., + 8080 – 81941 = 21, 
[ и Sy] = 5,5, = „и = -V20 5, 
4 


(8,,5,)= $,$, - 8,8, = $C 0^6 + 202M м. 
(ii) 
$1, = Thar, 83: = St, = 8, =... =0, 
8 - 27+ 022, 
52" = 52, (n=1,2,...), 83/1 = S0, (n=0,1,2,...). 


(iii) 


Е 
Тм, Tr, Mu, = ~ (211 + 1)(2L2 +1 2C 1)2 { | 2 1 2 ом, м uu. 


Particularly, 


~ ~ ~ ~ 1 
Тім 100 = ТооТьм = > Тм, (L =0,1,2;-L < M < 1), 
gV iod. - | ошым, 
2 1 7/5 А 3 
Tou Sy = гем; + їс шї, 
~ 1 75 ^ 1 /7 
mut = (- 1)М LE 1 болид, + 1 Јовића. 


2.6.4. Functions of Spin Matrices 


cas. 30 + 2 cosh q) + sinh a S; + (cosh a — 1) (no sum over?) 
cosh(a$;) = 30 + 2 cosh a) + (cosh a — 1), 
sinh(aS;) = sinha $;, 
where + = т, у, 2. 
c т ~ a? ~ 
eSt = Г+ a$41- 2 122, 
e? $ = 30 + 2cosh a) 7 sinh о) + die - 1) 1%, 


«3а = Т+а8_1 + о ЗЕН 


sinh(a 5. 1) = абы, sinh(aSo) = sinha So, sinh(aS_,) = aS_y, 
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(55) 


(56) 
(57) 


(58) 


(59) 
(60) 
(61) 


(62) 


(63) 
(64) 
(65) 


(66) 


(67) 
(68) 
(69) 


(70) 


(71) 


(qn) 


(73) 
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ж ~ a? А 
cosh(a$4,1) = 1 + z T22, 
А ~ 2 ~ 
соѕ (a = 30 + 2 cosh а) 1 + НС а — 1)75o, (74) 
2 


cosh(a$.,) = T+ B Toa. 


2.6.5. Operators of Coordinate Rotations 


(a) Under rotations of coordinate systems defined by the Euler angles о, В, y spin functions and spin matrices 
for S = 1 are transformed by the rotation operator D!(a, В, т) which is a special case of the operator given by 
Eq. 1.4(31) кенен 

Бқа,8,4) eis = (75) 
In the spherical basis representation D! (o, B, )) has the form 
— e i(t) а PL. 1-сов8 eO) 


D(a, 8,9) = Чар e cos В — 2 e1 : (76) 
oe elama) r eie -— ei) 


The matrix elements of D! (o, В, т) in this representation are the Wigner P.- functions РІ, м, (a, P.)) (see 
Chap. 4). 
In the cartesian basis representation we have 


cos В cos q cos y — sin азіп у cos В cos q sin у — sin q cos ] sin В cos q 
D! (a, В, )) = cos В sin а сову + cos q sin J —cosfsinasiny+cosacosy sin f Sin |. 77 
— sin f cos 4 sin f sin 4 cos B 


The matrix elements of D! (a, Ё, )) in the cartesian basis representation coincide with the elements of the 
rotation matrix aj, (see Sec. 1.4.6). 
The inverse rotation of the coordinate system is performed by the matrix 


[D (a, В, ӨЛЕ” = [D! (a, 8,4)]* = В: (^5 —f, —a) = D (x —^f B, RNC a). (78) 


(b) Under rotation of the coordinate system through an angle w about an axis п(Ө, Ф) the spin functions and 
spin matrices for S = 1 are transformed by the rotation operator U!(w; ©, C) which is a special case of the 
operator given by Eq. 1.4(33) 
Fr (w; e, G) e (79) 
In the spherical basis representation this operator may be written as 


2 cosw(1 + cos? Ө) —isinwcos@ + 4 sin? Ө 


0:(2;0,Ф) = Jg sin Ge. |(cosw — 1) cos G - isinw] 
2 (cos — 1) sin? Өе'?® 
Z sin Oe (cos — 1) cos O — isin w] 1 (соз ш — 1) sin? Өг-%2% 
cos v sin? © + cos? O === sin Ge (cos o —1)cosO +: 810] |. (80) 


ES sin Oel (cos o- 1)cosO +isinw] 2 cos 1 + cos? Ө) + isinw cos Ө + isin? Ө 
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In the cartesian basis representation 0 (o; ©, &) has the form 


А (1 — cos v) sin? Ө cos? Ф + созш 
0: (w;©, 8) = | (1— созш) sin? & cos & sin Ф + sin w cos © 
(1 — cos w) sin Ө cos Ө cos & — sin w sin Ө sin Ф 


(1 — созш) sin? Ө cos ꝙ sin & - sin w cos Ө (1 - cos w) sin Ө cos Ө cos Ф + sin w sin O sin Ф 
(1 — созш) sin? Ө sin? Ф + cos w (1 - созш) sin Ө cos O sin Ф- sinw sin © cos |. (81) 
(1- созш) sin@cosOsin®+sinwsinOcos (1 cos w) cos? Ө + cos w 


The inverse rotation of the coordinate system is performed by the matrix 
(oO, Ф)]-: IH , 8)]t = 0'(-u; 6,9) = Ow; 7 e, + 9). (82) 


The expansion of the rotation operator ў 1(w; Ө, Ф) in terms of the spin matrices and the polarization operators 


has the form 1 
0 (w; e, $) = 32 созш + 1) i sin on. S) + (cosw — 1) nent Gir ‘ (83) 
i,k 


(See also Eqs. 2.4(17) and 2.4(18).) 
The relations between the angles o, O, C and the Euler angles а, %, ) are given by Eqs. 1.4(16), 1.4(17). 


Note that 
D! (o, p, т) = Ô' (w; E, G). (84) 


(c) Applying the rotation operator D'(a, 5, ) to the spin matrices yields ($, k, 7,1 = £, y, z) 


Бі 


8, = D'(a, 8,1) $[D! (о ea = Drains (85) 


бі, = = б! (а, B,4) ды Бі (а, 8,7) = Esel (86) 


where ак is the rotation matrix (Sec. 1:4.6) 
„ = D(a, 8,7)S,[D*(a, f. MI = "OH „la, P. NS, (u,v = +1,0) (87) 


Фм = Di (a, p, 7) м D' (os 8,7) blue 6, Tu. (-L S M, M < 1), (88) 


Di, м, (a, В, т) being the Wigner D- functions (see Chap. 4). 


2.6.6. Traces of Products of Spin Matrices 


For cartesian components of the spin matrices 8; and Qu the following relations hold (2,5,1, etc. take the 


values z, y, z). 


Ir (S.) = o, Ir (O) O, 
Ir {5,54} = 26%, Tr(S;Qu) = O, Ir IG. =0, 
Tr {8,8,8} = гем, 


2 ~ ~ AA 
Tr (да Фил) = m > ба быт + Sim Skt — 3 б=т) з Tr (5. SSS] = SE bim + бұт бы. 


(89) 
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For spherical components of the spin operator 5, we have (р, и, A, etc. take the values +1,0) 


Tr 18.) = 0, 
Ir ($,8,) = (-1)"25,-,, 


Ir {8,8,8} = - v6 | Я x = (-1) усі, (90) 
Tr {3,5,9,8,} = (-) (In- + би-рбу-х), 
Tr($,$,...8,,) 20 if Ki +и +... +. #0. (91) 


Traces of products of the polarization operators Thay (L =0,1,2;-L € M < Г) can be evaluated by using 
Eqs. 2.4(21)-2.4(24) at S = 1. 
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Chapter 3 


IRREDUCIBLE TENSORS 


3.1. DEFINITION AND PROPERTIES OF IRREDUCIBLE TENSORS 


3.1.1. Definition 
Irreducible tensors occupy a central position in angular momentum theory. Under rotations of coordinate 
systems these tensors transform in the same manner as eigenfunctions of the angular momentum operator. The 
use of this property permits us to develop very effective methods for calculating matrix elements of different 


quantum-mechanical operators. 

Ап irreducible tensor My of rank J (with J integer ог half-integer) is defined as а set of 2J + 1 functions 
(components) Mya (where М = —J,-J+1,...,J—1,J) which satisfy the following commutation rules with 
spherical components of the angular momentum operator 


" l 
(а, Юм] = ta WE +1)- M(M +1) ума, 


Jo, Riu] = Мум. 


(1) 


In compact form 
[Jus ум) = Ме v J(J + DON Ni mtu (2) 
From these relations it follows that 


[22, 9t; 4] = J(J + 1) MA. (3) 


The quantity 6 in Eq. (1) which determines relative phases of different My components is arbitrary. Let us 
adopt 6 = 0, i.e., * = 1, and choose the positive sign of the square root. The linear equations (1) define 
the components of the irreducible tensor ум within an arbitrary scalar factor, which is the same for all the 
components. This factor can be a real or complex number, function or operator. In the case of integer rank J 
the overall phase of the м components is usually defined in such manner that 


(им) = (7-1) МОЯ, м. (4) 


This choice of the phase coincides with that for spherical harmonics (Chap. 5). However, sometimes in quantum- 
mechanical applications it is convenient to redefine irreducible tensors as 


My i M,. (5) 
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Then one has 


(Чим) = (-) N, м. | (б) 


The choice of the phase (6) can be used for tensors of integer as well as half-integer rank J. Making use of this 
phase convention for tensor operators as well as for wavefunctions describing initial |a) and final states |b) we 
get the following relations for matrix elements of Hermitian Ñt, = M J operators 


(ума) = ((а|(Фом)'|ђ))". (7) 


8.1.2. Covariant and Contravariant Components 


Any irreducible tensor My of rank J can be expanded in a series based on a complete set of the unit 
orthonormalized irreducible tensors ezm of rank J 


еМ epi = Hö (8) 


The tensors е/м can be composed, for example, of the basis spin functions. The expansion of My is written 


My = > eM Mu = У ем MY. (9) 
M M 


as 


My represents the covariant component of the tensor My and MM denotes the contravariant component. 
These components are related by 


= (%йум)* = (-I) C “M-, 


= (ум) = (-1)7-Мйу_м. 1%) 


3.1.3. Transformation of Irreducible Тепвогв Under 
a Rotation of the Coordinate System 


Under rotations of the coordinate system described by the Euler angles a, %, ), the components of irreducible 
tensors ум and and Mym undergo linear transformation. The coefficients of such transformation are the 
Wigner D-functions (Chap. 4) 


Mx; (X7) ре D(a, 8, 1) ум (X X)[D(a, 5,9 Jy"! = ) жим (X)D m (в, В, л), 


е р : у (11) 
Dsm (XC) = D(a, В, Mau, ) Bla, 8, 7) * > )Dum (o B. ). 


Here X and X denote sets of all arguments of the tensor in the initial and final coordinate systems, respectively. 


3.1.4. Transformation of Irreducible Tensors Under 
Inversion of the Coordinate System 


The transformation properties of irreducible tensor components under inversion of the coordinate system, 
— —г, permit us generally to represent an irreducible tensor My of integer rank J as the sum of two tensors 


ain and M 1) i i. e., 
9л; = MF + 9102. (12) 


Each of these tensors has definite parity. 
Under inversion of the coordinate system the tensors gii transform in the following way 


B. MY P- = пу"), (ту = +1). (13) 
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The tensor gir ) with parity лу = (—1)7 is called the true (or polar) irreducible tensor of rank J. Tensor 
gii?) with parity ту = (—1)7*! is the pseudotensor (or azial tensor) of rank J. The relations (12) and (13) 
are valid for the tensors My as well. 


3.1.5. Double Tensors 


A double tensor Wy, у, (1, 2) of ranks Ji and J2 has (2Л + 1)(2J2 + 1) components and depends on variables 
of two different subsystems, 1 and 2. The components of the double tensor satisfy the following commutation 


relations 


12,.(1), Wr м, 2м, . (1, 2)| = БУЛЛ + 1) – М. М; + 1) DW. AI +1 м, (1, 2), (14) 


[Jo(1), лм, ues = MW jy, лм. (I, 2), (15) 

~ 1 
[441 (2), Wr, J. M (1, 2)] = TUA 520% + 1) — ММ, + 1) W. ATi 74 MT: 4 1 (1, 2), (16) 
[Jo(2), Wr, м, am (1, 2)] = М лм, nm (1, 2). (17) 


Here J (1) and 3(2) are the operators of the total angular momenta of subsystems 1 and 2, respectively. 
Under rotation of subsystem 1 and 2 the double tensor W ;, 7,(1,2) transforms according to the represen- 


tation D^: or D”, respectively. 


Wn yt љм, (1,2) = У Улмозма(1,2)0% м, (ал, 61,71), (18) 
Мі 

лм, ам; (1,2') = У NI . ам, (1, 2) DI m; (a2, 82,72). (19) 
м» 


3.1.6. Examples of Irreducible Tensors 
In this section we present some examples of irreducible tensors considered in this book. 
(a) The operators of the angular momenta J, L, S (Chap. 2) are irreducible tensor operators of rank 1. 
(b) The polarization operator Ф.м (S) (Sec. 2.4) is an irreducible tensor operator of rank L. 
(c) Spherical harmonics Vim (9, p) (Chap. 5) are irreducible tensors of rank l. 
(d) The spin wave functions of a particle of spin S (Chap. 6) are irreducible tensors of rank S. 
(е) Tensor spherical harmonics V (8, p) (Chap. 7) are irreducible tensors of rank J. 
We may apply the results given in this chapter for all the tensors mentioned above. 


3.1.7. Direct and Irreducible Tensor Products. Commutators of Tensor Products 


An irreducible tensor product ® у of two irreducible tensors My, and N, of ranks Ji and Jz is defined as 
the tensor of rank J whose components © ум can be expressed in terms of Mj, m, and Ў, м, according to 


fom = 2 ORM му Un Mi N e. (20) 
М: Мз 


Irreducible tensor product is denoted аз 
Ел = (3, ® жыр. (21) 


The direct product of two irreducible tensors Wy, and у, is defined as a set of (2J,+1)(2J2+1) components 
M м, Nsm, This tensor is generally reducible and can be decomposed into parts which themselves transform 
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independently under a rotation of the coordinate system. In other words, the direct product can be represented 
аз a sum of irreducible tensors ®ум 


J1＋ Ja 
M. M. N M. = D СІМ Ms Lam. (22) 
J2|Ji - J4| 
It is essential that the irreducible tensor product бум satisfies the same equality (6) as м, and N Ja Ma 


(м) = (717774 ём (м = (Ni. ® Hy, dsm): (23) 


This property is specific for tensors of the M. M-type. The tensor product Ly does not satisfy the relation 
(4) although My, м, and N м, satisfy this relation. 

Let us introduce some definitions and notations which will be widely used in the consideration of products 
of non-commuting tensor operators. 

The commutator of components of two irreducible tensors is defined by 


R MI лм: Mi Af; Лљм, = лм, „м, NM лм, · (24) 
The commutator of an irreducible tensor product is written as 
RAP = {Ил e Ny I (717 +87 (9, S Ms, Jam. (25) 


The functions RAP are the components of some irreducible tensor. They may be expressed in the form 


Re? = 2 CHM ъм, N MI ам. (26) 
MI A2 
For commuting tensors we get 
(M. ® N., ) м = (-I) *77 (905, SM. Jame. (27) 


On the other hand, for non-commuting tensors we have 
{Ил S N., JM = (-17 * ^77 Nz, S M. ) м + Rir- (28) 


In particular, from these equations one can see that an irreducible (rank-J) tensor product of two identical 
tensors My is equal to zero, if I = 2J — 1,2J — 3,... and the tensor components commute 


{My S M.) — 0, (29) 


$.1.8. Scalar Products of Irreducible Tensors 


The scalar product of two irreducible tensors My and Ny of the same rank is defined as 


(My . N.) = CY) Мајом Ўл м = M. Nim = У ом NM, (30) 
M M M 


Similarly, the scalar product of two irreducible tensors My and Ñy is given by 


(My · Ks) = У (– M sm 9-м = WM. 1 N77 = Уму : (31) 
M M M 
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Note that 
(My N.) = (3t; Фу). (32) 


Scalar products differ from irreducible tensor products of zero rank only by some numerical factor. The latter 
tensor products read 


1 = 
{Nz S N Jo = P» CO лм, м, Nima = 7 D М ум N-, (33) 
D 2 Я А 1 Te og 
(3t; & Ny}oo = P» Сума му ом, хм, = МЕТ Da ap N. 7. (34) 


Hence, the relations between scalar products and tensor products of zero rank are determined by 


(M. Nz) = (-1)-7 /2J + 1(9 8 N. Joo (38) 
(St; . $t;) = 7У2Ј + Ц; ® N. )0⁰ 5 


For the scalar product of double tensors we have 


(0 (1,2) ; бл л(1, 2)) = 2: (I) - U h MI м. (1, 2)0 -Mı 15 - Ms (1, 2). (36) 
MI M2 


3.2. RELATION BETWEEN THE IRREDUCIBLE TENSOR ALGEBRA 
AND VECTOR AND TENSOR THEORY 


8.2.1. Vectors and Irreducible Tensors 


An arbitrary vector A is an irreducible tensor of rank one. Its spherical components may be treated as 
components of an irreducible tensor Al, of rank one, for which AÑ -(-1)“А1-,. 


Аш = Ay, А!” = Ай. (1) 


A polar vector is a true tensor of rank one. Under inversion of the coordinate system its components change 
their sign. An axial vector is a pseudotensor of rank one. Under coordinate inversion its components remain 
unchanged. 

Using two vectors A = А, and В = В, one can construct three irreducible tensor products of ranks 
0, 1, 2, 

{Ai@Bi}oo, {A1 S BI III, (А; 9 Biju. 


If one of the vectors A or В is polar and the other axial, then (A; & В, }oo is a pseudoscalar, (A; S Bi), is 
a polar vector, (А; ® В, }o,, is a pseudotensor of rank two. If both vectors A and В are either polar or axial, 
then (А; ® В, }оо is a scalar, (A1 S BI i is an axial vector and (А; S B,)5, is a true tensor of rank two. 

(a) The irreducible tensor product of rank zero differs from the scalar product of vectors A and B by a 
numerical factor: 


(А; ® Bi}oo = А В). (2) 


уз 


The scalar product of irreducible tensors A, and B, introduced in Sec. 3.1.8 coincides with the scalar product 


of vectors, 
(Al Bi) = (A B) (3) 
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(b) The irreducible tensor product of rank one is related to the vector product of vectors A and B by 
1 
A; @Bi}i = [А x Bj. 4 
{Ai @ Bis Vil | (4) 


Тһе components of the tensor product of rank one сал be expressed іп terms of products of spherical components 
of vectors A and B as 


(А S Bi}im = ^ x Blu = У СІМ A, B.. (5) 
Mv 


(c) The components of a tensor product of rank two are also related to products of spherical components 


of A and B: 
; СМ А,В, = irc LA d ) A,B, + A, B 6 
(Ai ® Bijom = 255 1610 и 14 | М | Not ( v и). ( ) 


2v 


In more detailed form Eq. (6) may be written as 
{Ai ® Bi]242 = Á+1B41, 
1 
Ai SB = —=(A41Bo + АоВ+ 1}, 
{A1 В; )2+1 vit 41Bo + АоВ+1) 


1 
{Ai S В! }2о = ЈЕ + 2АоВо + A-1B41), (7) 
1 
{Ai 8 В!}2-1 = 84-18 + 40 B. 1), 


(A19 B1]2-2 = А- В-1. 


Given three commuting vectors Al, B1, Сі we can compose the following irreducible tensor products of ranks 
0 and 1: 


A @Bi}o ® Cii = E B).C, (8) 
((Ai N с, (9) 
ЦА, @ Bi; e Ci}: = -2[А x B] x C] = 24 O- EA. O., (10) 
КА, @By}2 ® С; } = HET Е ;B(A 00 — ;A(B оу). (11) 


In addition to the foregoing formulas, there exist products which differ from Eqs. (8)-(11) by vector coupling 
schemes. The problems concerned with recoupling in tensor products are considered below (Sec. 3.3). 

Given four commuting vectors A1, Bi, Ci and D, we can compose the following irreducible tensor products 
of ranks 0 and 1: 


(ABI) (0, e Di)o]o = (А.В) О), (12) 
А, 9 Bi}; e (Ci & Dijo: = Ах в D), (13) 
Ar Bi}o ® (C19 Dii = -74 :B)|C x D], (14) 


ЦА, @ By}, e {C1 90) јо = 7 (А o D) - (4-DJ(B- C)), (15) 
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Ai Bi ® (Ci Dih h = 25000 [А x B]) - D(C - [A x B])) 


225 - [C x D) - A(B - [C x D)), (16) 


КА вв, @ {Сер}, = 5 (ЦА. Ble р]- ів Ах с) - Law (вхо), 07) 


5 103 
{{Ai ® Bi}; S {Ci @Di}2}1 = AS Ste DIA x B|- 2005 D x A]) - ;D(B [Cx AD], (18) 
((Als B1); & (Ci ® Di }a}o = A^ OB .D) - 54. EM ЦА-рув-о)), - 
(ABIS {C1 8 рі) E 
2 UU - C)[B x D] + (A D)[B x C] + (B-C)[A x D] + (B - D)[A x ch. (20) 


The change of coupling schemes in products of four operators is discussed in Sec. 3.3. 
Products constructed from the components of identical vectors have the following property 


{. S: (А; ® Aih, ® А}, 29% S Ail, = (А; 9... (А1 ® (А1 9 Ai}, HA КЕДЕ den. (21) 


Ға vector A does not contain any spin variable and differential operator one can express such products іп 
ierms of spherical harmonics (Chap. 5), i.e., 


C. (Ai ®А!} 1, 8 Al), . . S Alla. = ү 2l, БАТ ПАРИ, . lo, e) II o. 10) (22) 


3-2 


vhere 9, p are the polar angles of the vector А and | = 1. In particular, if l2 = 2,13 = 3, „n = n, we have 


КА: 8 A1}2 ФА}... ФА} = 4 ae iA Yom (8,2). (23) 


3.2.2. Cartesian Tensors of Second and Third Ranks 


An arbitrary cartesian tensor of second rank Тук (i, К = х,у, 2) is, generally, reducible and may be decom- 
»osed into three irreducible parts: 

(а) a tensor which is proportional to the unit tensor, E. = Еб;к; 

(b) ап antisymmetric tensor Аб = Axt; 

(c) a symmetric traceless tensor Sik = Ski, У); би = 0. Thus, 


Тк = Ебу + Aik + Sik, (24) 
1 1. 

= 3 Tr (Ta) = 32.» (25) 

Aik = (Ta - A (26) 


Sik = 2 (Ta + Tki = 2 ik Yn). (27) 
7 
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The value Е is invariant under rotations of coordinate systems. It is an irreducible tensor of zero rank 
Too = Е, (28) 


The antisymmetric tensor Ад, is equivalent to the axial vector 
1 
Ak ett Al, A. 2 У`‘выАн. (29) 
ki 


Using the components A. x, one can form an irreducible pseudotensor of rank one: 


Zio = 9t, = Асу, 


211 u , U Ан). (30) 


Using the components of the symmetric traceless tensor 5;;, we may construct an irreducible tensor of second 
rank. 


X20 = $5, 
2 . 
2241 = EG t 1S,y); - (31) 


1 қ 
T242 = а, > Syy i 28). 


Thus, from nine cartesian components Тұ, of a tensor of second rank we can compose one tensor of zero rank 
(scalar which has one component), one pseudotensor of the first rank (three components) and one irreducible 
tensor of second rank (five components). | 

From the 27 cartesian components Туы of а tensor of third rank we can compose one pseudotensor of 
zero rank Too (scalar, which has one component), three tensors of first rank 21, (3x3—9 components), two 
irreducible tensors of second rank 22, (2x5—10 components) and one irreducible tensor of third rank Tg 
(seven components). In this case construction of the tensors of first and second ranks is not unique. 


8.2.5. Differential Operations as Irreducible Tensor Products 


Differential operations on scalars and vectors (see Sec. 1.3) can be written in the form of irreducible tensor 
products of the operator V and corresponding scalars and vectors, 


grad ® = (У, S 9}, (32) 

div A = -УЗ{У, ® Al Jo, (33) 

curl A = -iV2(V, ФА), (34) 

А = У? = -V3{V; @Vi ho; 35) 

grad divA = VO. ® {У A }о} 1, 36) 
) 


div grad Ф = -V3{V; E (Vi ® Ф}. } = СА & Vilo$, 
curl grad Ф = УУ @ (У, О 911 =0, 


( 

( 
curl curl A = -2(V1 ® (Vi S А! } 1} 1, (37 

( 

( 
div curl A = УУ, ® (У, 8 A1)1)o = 0. ( 


As follows from Sec. 1.3.1 the operator V is given by 


д à ~ 
Vocal „ах Lj, (41) 
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In spherical component form it is written as 


У, = ү („> = у (Ү19 Баја). (42) 


Here Vi is an irreducible tensor, whose components are spherical harmonics Vialn) (Chap. 5); Ё, = F is the 


orbital angular momentum operator (see Sec. 2.2). 
When expanding any scalar function ®(r) in a Taylor series, one will deal with arbitrarily large powers of 


operator V: 
&(r + br) = B(x) = Gr) (er Wolfe) а (ôr УЕ) +... 
= Ф) + 6r(u-V) B(x) + È (6r) (u - V)*(7) +... (43) 


Неге u = ór/|ór| and (u-V) = d/ds is the operator of directional differentiation in the direct ion u (see Sec. 1.3). 
The operator (u У)" = d” /ds” can be written in the form of tensor product 


(u. Uhu = (-I) Y; (-) (. Каеш), 61), ...Әш), C. {МУ}, SVI I. . . VI).), (44) 
12,13 . , 


Using Eqs. (22) and (23) опе can express multiple. tensor products of the unit vector u which enters Eq. (44) 
in terms of spherical harmonics. 


3.3. RECOUPLING IN IRREDUCIBLE TENSOR PRODUCTS 


The irreducible tensor product of two irreducible tensors is defined in Sec. 3.1.7. By making use of the same 
relations one can form irreducible tensor products of three and more irreducible tensors. However, in these 
cases different orders and different coupling schemes of tensors in products are possible. 

The recoupling tensors without change of their order may be carried out by some real (for a given definition 
of the vector addition coefficients) and orthogonal matrix which performs the direct and inverse transformation. 
When the tensor order has to be changed one should take account of the commutation rules (Eqs. 3.1(24)- 
3.1(28)). We will use the notation 


Habe. 4 = [(2a + 1)(2b + 1)(2c + 1)... (24 + 1)]*. 
3.3.1. Relations Valid for Commuting as well ав Non-Commuting Тепвогв 


For recoupling tensors without changing their order in irreducible tensor products of three and four tensors, 
one has the following relations: 


{{Р. ® 9). @Ra}y -(-1) 89734 2< The i К na ® (Qu 6 Ra)a) y, (1) 
h 


(Pa S 9}. Re) C- geg. {Qe ® Re }a); (2) 


(P. o QJ. 6 {Ru @ $);), = CID n (1; 7 KP s QU. ® Вы}, S.). 
h 


-(-цем y пи, {Ра e {9 ® {Ra 8 S7)» 00 
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_1}-с+е 
(led )- es )) = CET (UPER) Rae s.) = (--f (Pe (UOR. )).), (4) 


((Р, 9 Qe} О Ва) 98.) = У Би у { 1 | Jl А у f НР„о(фе(вао8,) је)» (5) 
7.9 


(cer. 99}. Rade Se) = (1-197 (Pa {Qs @ {Ru ® 8. / . (6) 


8.3.2. Relations for Commuting Тепвогв 


To change the coupling scheme for irreducible products of three and four commuting tensors one can use 
the following relations 


(P. ® {Qo RJ]. = (1) TTP. (Ва ® 9ь}/}. = (-1)/-“((0,ө R4); € Pe). 


-(-1) e,, RAS dr] / Рај. 7 

(r. s Oe, e R4); = (—1)°+4#/ n. f 4% {9 {Pa 8 PR (8) 
h: 

(br. s di. Re) = (-1) E (Q (Р, 0 Roho), (9) 


{Pa 6 {Чь® (R46 S.) / Ju = (-1)*** (P, & {Qs 6 {3.® Ra} y}n}er 
= (71)4****7^[P, & ((8, & Ва), 9 Фојађ = (-I) T- RA S S./ S Qu). 
= (71)**^7*((Q, ® {Ra 6 Se} s}n Q Pade = (71)*****^7/7*((Q, S. & Ru} s}n € Pos 
= (-h =. 9 Бш}, ® фу € Pade = (-) ^ (((R40 S.) ; ® фу @ Pas, 


(10) 

abc 
P. ® 9). Ф {Ва ® 3.}/}ь = У пи d 4 | |. ® R4), Ф {Qs ® Sen], (11) 

gh 9 

(P. 6 QJ. ® (R46 8.) = } (277m NME) tr. e n, e Фә з 1 
gh 12 
(Р. 99). - s.).) -(-1)4%-4)712|4 у „Gr. ® R4), (d& $.),), (13) 
(Ра 9 9). (Ra & S.).) = -A- и : ) tres R., S Oe. S). (и) 


Equation 3.127) and Eqs. (11) -(14) permit us to obtain all other permutations. The product [Pa ® Qo}, is 
orthogonal to tensor Q,, if a = 2b — 1,2b — 2, | 


({Pa 9 0Ь)»- Qs) = 0. (15) 
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3.3.3. Relations for Non-Commuting Tensors 
À change of the coupling scheme for irreducible tensor products of three and four non-commuting tensors 
‘ives 


((P, ® Qs}. @ R4); = (—1)/+4+° у” Ten { ; > и Ко, 8 {Pa 9 Ra}n}s R S Ra, (16) 
h 


((P. s QJ, Re) = (C^ HI {Pa e R)) + (RE - Re), (17) 


{Po 8 {Q8 Ra); (-t- (255 (255) (09 (P6 R- 


+ Ser tad; abe (52 ® Ra}; | (18) 


(P, {Qi ® Ra) = ава (qs Pa 8 Ra] e) + аге а (m Ka), (19) 


abe 
Pa ® 9}. ® {Ва ® S.) = — XE de T гар, S R4), e (Quo S.) 


9r rgk 
куннан а (АКА зе Gu e said» (20) 
hq | 


({Р„® 9). Res. ).) = у гунн; 4%) Р.Ф R4), (0, 6 s. , 


E a енеді { 1 , : је, 495 S. Ja), (21) 


(P. ә QJ. ® es. = ты, (2 5) ag Ра @ (вае (. s s.)). 
hq 


+ Yap Tie {7 и : СА es. (22) 
(Pa e QJ. Nr. es. )) = SCI late Thel . Rao (0, e 85) 
Drees адо, deen. os 


he definition of the commutator ям is given in Eq. 3.1(26). By making use of the foregoing formulas, one 
n obtain all other relations for irreducible products of non-commuting tensors. 
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Chapter 4 


WIGNER D-FUNCTIONS 


41. DEFINITION OF D}, u (o, 8,7) 
(a) The Wigner D. functions Di, м. (а, В, 1) may be defined as the matrix elements of the rotation operator 
D(a, В, 1) in the J M-representation. The arguments а, 8, у are the Euler angles which specify the rotation 


(IM Bla, B, H M") = 577, Рум la, В, +). (1) 


The D-functions realize transformations of covariant components of any irreducible tensor of rank J (e.g., the 
wave function Хум of a quantum mechanical system with angular momentum J and its projection M) under 
coordinate rotations. 


J 
V . (9 H, ) = Ж (, p, o) Рим (а, В, ), 


M=-J 
J (2) 
Ч ум, lo, P, o) У, Ум (8, , o) DIN. (a, f. q). 
M=-J 


Here 9, p and 9’, о” are polar angles in the initial and rotated coordinate systems, 5 and S', respectively. The 
angles $, р and 9” о” are related by Eqs. 1.4(2) and 1.4(3). Similarly, с and o“ are spin variables in the initial 
and new systems. 

The inverse transformation S’ — S is performed by the inverse matrix [D (a, B, ум" Owing to the 
unitarity of the rotation operator, | 


D" (o, 8,4) = D* (o, f q (3) 
the elements of inverse matrix are given by 
1D- a, В, тим = Рум (а, f. c). (4) 


Hence, under the inverse rotation, 5’ — S, wave functions transform as 


J 
Ум (d, O, o) = D Dif (a, B, Wx, (9, ф', в’), 
c (5) 


J 
Vu (, O, o) = b» Dy (о, 8,1) V5 e (0, H, о”). 
M'=-J 
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Table 4.1. Effect of the Operator В (а, В, y) 


Angles, Axes and Sequence 
of Rotations 


Transformation 


Passive 
Rotation of coordinate system 
without rotation of physical body 


Active 
Rotation of physical body 
without rotation of coordinate system 


The unitarity condition for the Wigner D-functions may be written as 


J 
ӯ? Рим (a, В, Y DT c, (о, B.) = 611 , 
M=-J (6) 


7 
Du. (a, f, M DN, (a, P. q) = 5,6 · 
M'z-J 


The matrix Рим, (o, 8, 4) is unimodular, i.e., 


(b) А set of (27 + 1) functions ум with different M's constitute a basis for expansion of an arbitrary 
function V ; with the same J: 


J 
W. (S, %) - У, СУИФум(#,р) = (С v.). (8) 
M=-J 


The expansion coefficients СМ are contravariant components of some irreducible tensor of rank J. Under 
rotations the quantities см transform by means of functions DIL wi (a, В, J). 

The effect of the operator D(a, B, )) on Wy may be interpreted in two different ways: 

(i) as a rotation of the coordinate system without rotation of the physical body (this is the passive inter- 
pretation; D acts on the basis functions Рум while см remain unchanged); 

(ii) as a rotation of the physical body without rotation of coordinate system (active interpretation; D acts 
on см but does not affect Чум). 

Any rotation of a physical body in combination with the same rotation of coordinate system leaves the 


wave function V ; unchanged: 
(Bla, В, )]) phys. body {D(a, В, ] }coord. system = 1 (10) 


Le., 
{Бум (о, В, 1) phys. body — {(D-*(a, B, я) a соога. system (11) 

Moreover, a rotation of the coordinate system (or physical body) described by the Euler angles a, f, у may 
also be realized in two ways: 

(i) by rotating about the initial axes (case B in Sec. 1.4.1), or 

(ii) by rotating about the new (turned) axes (case A in Sec. 1.4.1). 

Thus, any transformation of wave functions described by Eq. (2) can be treated in four different ways 
(Table 4.1). 
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The Wigner D-functions are complex. They depend on three real arguments a, В, у and are defined in the 
domain 
O<a<2n, 0<8<х, O SY 2x. (12) 


These functions, as well as their derivatives, are single-valued, finite and continuous. Sometimes it is convenient 


to change the domain (12). This can be done using the symmetries of им, (a, P, ) (Sec. 4.4). For example, 
the matrix of the inverse rotation satisfies the equation 


[D-*(a, 8, liae = Dum (1 7 08,71 a) = Рим (78 75, a). (13) 
This means that the inverse transformation S' — S may be realized by the Euler angles 
ай-я-1, В =f, у=-1-а, (14) 
as well as by 


a! = mer p = g. т = —а. (15) 


4.2. DIFFERENTIAL EQUATIONS FOR ру, м. (а, 6,7) 


(а) The Wigner D-functions represent wave functions of a rigid symmetric top. They are eigenfunctions of 
three operators 


„F 5 „ 22 са [8 ӛ 1 (г a д? 
Ј, = 15 Jy = a = -[ 95; 525 (365 5 ~ 2cos 8 =~ +59) .) 


where J is the operator of angular momentum of the top; 7, and J. are projections of J onto the z-axis of 
the rotating (body- fixed) and non- rotating (lab- fixed) coordinate systems, respectively. The eigenvalues of the 
operators (1) are defined by the equations 


J. DIN (a, В, 7) =-М Рима, 8,1); 
Ј Dl, uw: (a, B, л) = Аш ы КЕ Sr | | 
М3- , 2 
PDhawle 8.0) = -in ang 55 эв b 555 2) + EXE EE 
= Ј(Ј + 5 


мент 0 


Periodicity conditions for Dy, x, (a, В, 7) are as follows 


Dy (a + 2k, 8,7) = Dice (a, By); 
Digna (a, f. J + 2kx) = РИ м (а, f. т), (3) 
Diu: (a, В + 26, J) = Diu (а, B, ), 


where 


k=0,1,2,... if J is integer, 
k=0,2,4,... if J is half-integer. 


The operator J J? can be expressed in terms of J, or J 
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(b) The functions Dž, p (a, В, )) can also be defined as solutions of the differential equations 


[Jos Рим (a, f. q)] = Ao DI (a, B. ) = (71) **/J(J 1) СУМ”, DEI oe (о, f, 
E -M D} u- (а, B, J), и=0, 


+, | мм T1) Бам, (a, 6,7), у=+1, 


P”, Рима, 6,70 = = PY Dai (a „5,0 = -yJ (J+ 1) JOM LY DIN- Ar (а, 6,7) 
| M' DIM, la, 8,7), и = 0, 


J AM! , T" 
+ү/ ZU M'UM ЕЦ MMED ру руа (a, B, ), у= +1. 


Неге J, із a covariant spherical component of J in the non- rotating (lab- fixed) system 


ee О СЭ: 
Jat [reote + * 358 + ding xl 
~ ‚ д 
J= ci. 


and Л” is a contravariant component of J in the rotating (body-fixed) system 


2ul. + д 1 _1_ 8 
= |682. z tta T sin f sl 
Po — а 
j= У 


Ju аз 


J? JJ. + ЛЛ- Јаја = J- + oo -I на) 27101 


= PP — 1) - 2P PH = Ља) 2J. 1 LI = POP + 1) -27 71, 


The relationships between J, and Pu read 


Jula, B, 4) = >> DL, (o, 8, 3), (a, 8,7), 
Ја, В, q) = > Di. la, 5, Nu (а, В, T), 
в 


Непсе 
J" (a, f, ) = -.ЛД-1,-В, -а), Ju (a, B, л) = Л, (у, В, a) . 
Commutators of spherical components Л, and J” (њи = —1,0, 1) are given by 
. m Ju] = -У Сы 
Ju, m = V2 ciety Личи 
[7,, ЈУ] = =0 


The commutators of cartesian components J, and 2 (i, k,l = z, y,z) аге 


(Ji, J.] = ы, 
A, NI = ыд, 
, N =0, 
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(5) 


(6) 


(7) 


(8) 


(9) 


(10) 


(11) 


(12) 
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The operator of orbital angular momentum Г (9, р) (Sec. 2.2) may be regarded as a special case of J(o, В, ), 
viz. аба = р, В = 9,7 = 0 
Î (o, 9,0) = Z. (o, o), „ 1, O, 1, 
(е, 9,0) = L. (o, Ф), t= 2,5,2, (13) 


аа = 0,8 = 9,7 = р 


Ju (o, o, p) = 2" (9,0), v= –1,0,1, 
Alo, 9, e) = PACA Ф), $ = 1,у,2. (14) 
(c) Equations (2) define Рим, (a, B, )) only within normalization and phase factors. To fix these factors 


some additional conditions are required. In.the case of diagonal elements of the rotation matrix these factors 
are completely determined by the boundary condition 


D}, m (0,0, 0) = 6мм.. (15) 


As for non-diagonal elements, they are determined by Eqs. (4) and (5) which relate the Рум of different М 
and M'. This phase convention corresponds to the condition 


Рум (0, x, o) = (-1)7+6м, м, = (717 7M 6 N. (16) 


4.3. EXPLICIT FORMS OF THE WIGNER D-FUNCTIONS 


Di (o; P, ) may be represented as a product of three functions, each of which depends only on one 
argument a, В ог 7, 


Рум (a, f. ) = е "Ма им (Be, (1) 


where d}; м, (8) is a real function whose explicit forms are given below. 


4.8.1. Expressions for dj,,,,(8) Involving Trigonometric Functions 


dLw (В) = (-i) -M'(J + МОЈ - My(J + M')(J – М 
py Modes in 5 
2 2 


(cos si 
x 2C gg M AO M ME x 


diy ne: (8) = (71) *M(U + M - M){J + M')(J – м7) 
(cos py ge (sin имя 


< OOD AM СЕҢЛЕМ EM ay (3) 


dije (8) = 07 + M)(J - М) + МОЈ – м] 
(cos йаша 4% (ein 3 
«ООС EM ER Mr - M FEE (4) 
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dye (В) = (71) CD + MIU – M)IU M) – М’ 
ыы pyn- -2k- TM ls i екін -M' 


„> ЕШТЕ M - kJ + M! - EM — M' + BU (5) 


In Eqs. (2)-(5) К runs over all integer values for which the factorial arguments are non-negative. Each of these 

sums contains (М + 1) terms, where М is the minimum of J + M, J- M, J M' and J- M'. Equations 

(2)-(5) are not independent, but may be transformed into one another by changing summation variables. 
Equations (2)-(5) may be regarded as special cases of the more general expression 


Ji ＋ Ja J+ Кл + J2- Ли 
doute = [таа 


Jic Jad4mi-ma,. Л +72-—-т1+тз 
(cos 5) (sin 2) 


(6) 


7 jtm CIM n, 
p» p лута Јата (Us + та (Л — та); + ma) (Ja — то) ' 
(ті--та- М) 


where J; and Jz are arbitrary integer or half-integer numbers which satisfy the conditions J; — Jz = М” and 
Ji — Ja € J € Jı + Ja. The sum in Eq. (6) is over all possible (positive and negative) values of m, and 
тә which correspond to nonzero Clebsch-Gordan coefficients. In particular, Eq. (6) reduces to Eq. (2), when 
Jı = (J + М')/2, Je = (J – M')/2, ти = M+k- (7- M')/2 and mo = -k+ (J- M')/2. 


4.3.2. Differential Representations of dj,,,,() 


дим (8) = C07 S er у] l- cos В) ^7 (1 + cos g) EX vm 
в — - cos В) - M' (1 + cos prey (7) 


х (4 cos ) T M к= 


дим'(8) = (Cmm [acsi ЕМУР l ae — cos g) (1 + cos д) £5 
"aas TAT lt -/- совм 5 
dum (В) (-U) * | Ом (1 — cos В) “FE * (1 + сов)” гна 
5 (а = cos 7^ (1 + cos p), () 
амм'(8) = (71) * M = [ен T (1 — cos В) “Т (1 + сов 2) МС 
a (1 - cos В) *M (1 + cos В)7-М], (10) 


In practice it is convenient to use such equation from шысы (7)-(10) in which the order of derivative is the 
lowest. 
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4.3.3. Integral Representations of dł; m: () 


м-м' Lt (J+ M)I( М)! 14 
duae (В) = 77 ac ем = м 


zu an А J-M', _, м”. 
х І (ef cos E Tie-“? sin P) (еч cos E 546% sin а) eM de. (11) 
0 


Equation (11) сап be rewritten as а contour integral 


В,Ј-м' 
2 


1 
jM-M'-1 (J-M)! |* 
X [can (J ) | (a cos + iin 


du (В) = — 27 (J+ M')(J – М”)! ы 
2|=1 


х (iz sin E + сов Р) JHM „м-1-1 dg, (12) 
The integration contour in Eq. (12) is a circle of unit radius about the origin of the z-plane. 


4.3.4. Relation Between dj,,,,(@) and the Jacobi Polynomials 


The functions dj, м, (f) can be expressed in terms of the Jacobi polynomials 


1 
г ву = Gne | “ИУ (iin £)" (cos PY" ps 

die (B) = емм' г 1 (sin 7 (cos =) Pa i (cos В), (13) 

where u,v and s are related to M, M' and J by 

1 
u M- M“, v=|M+M'|, з=Ј- (иу). (14) 
and 

е _ { 1 if M 2 M, 15 
MM' (умом if M'«M. (15) 


4.3.5. Relations Between dj,,,,(8) and Hypergeometric Functions 


1 
р ! р v 
дим 8) = v БЕ (sin =)“ (cos 2) F(-5s +и+>+1;и+ 1; sin? E), (16) 


1 
р ! BE -v 
fine) = rur Ed (ein g). (og) (еи ue nen- g), (и) 


v . 
д ЕТЕТ cos >.) F(-s,s+u+v+ ћу + 1; cos? P). (18) 


aue) = item EL Hl + a “(sin £)" (cos 2 
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dw (8) = Cium ud (sin 4 (eos Ey” F(s+ у + 1; - — u; у + 1; cos? P). (19) 


1 
Emm |(з+и + иј (а +)! |“ у. Вуку Bet В 
dct = ae [ese ah] qa Dye ЕГЕ 


n 
dl w (B) = ee je eget (sin P) "(cos P) F(-s, —s — uiv + 1; — cot? 8), (21) 


- (-1)° мм, (25 + и + и)! АСАР ҒАС | 1 
аим (8) = Мории е ија ОЕ (sin 5) (cos 5) F (^. —s—pu;—28—u—wj 213 z) ‚ (22) 


SMM. (2s фр + У)! 


J % / pap 
їмм'(В) = [s!(s + u + и)! (+ и) (з + v)t] (sin 2) (cos 2) қ „ cos? У | 
(23) 
Parameters I, и, s and a phase factor “мм” in Eqs. (16)-(23) are defined by Eqs. (14) and (15). 
1.4. SYMMETRIES OF dL, (e) AND Di, (o, 8,7) 
(a) In accordance with Eqs. 4.3(2)-(5) the functions di , (8) are real and satisfy the relations 
dum (В) = (71 7M 42 ye (8) = (73) 7 deu (В) = de, 
дим (-g) E {= еМ dum’ (P) = dye м (8), 
ами (п – В) = (71) 7M d) = (71) * ay, x, ), 
J — 3 152747 
ding ui (В + 2тт) = (-1)°`"амм, (9), ЕЕ 
dum (В + (2n + I)) = (-1) "+0 7-М ay, ,, (8), (1) 
(b) Equations (1) imply the following symmetry properties of Рў, м, (o, 8,3) 
Di (a, B, ) SDI, la, P, y) Nu, (a, 8,1) = €D7*5, (es f, 7) 
e DNN (m В, a) DIMM, В, а) = enDitu (7, В, a) = Речи м(ћ В, a) 
= eD} m (a, , ) = nD7 4. (o, Bf, ) = ептр им (2, , q) = Рм an (a, Bl, ) 
= Dip Mn g, а) = enD? мм (7, , a) = 7р} м (7, S, a) РРО , q) 2 
= eD? m-m (a, B, —7) == пру м. (a, В, —7) = en DIM, Ca, В, —7) = Du, (a, B, =) 
= DJ w-m( -1 B. -a) SD. -, 8, -a) = „DIN (-. В, a) = DN. (-, 6, —a) 
= Рі м_м‚(-а, g, - = en DMM. (-а, B, -= DIM, (Ca, f, ) = «ОМ м(-о,-0,-1) 
= єр!) м, -м(-7, B, -а)ш при, м (–7, ~B, —a) = en DTI M-, —B, -а)- Рм (-1; B, -а), 
ућеге 
Re (ММ, п= e 2Ma-2M'3 : (3) 
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The periodicity conditions for Dj, м, (a, B, Y аге 
рім (а, В + 2пт, q) = (-1)2"7 Юм! (а, H, J), 
Digu (a, 8 + (2n + 1)r, я) = (-1)20”%4-м Рӯ м'(о, В, 7), 


Dieu (a + n7, P,4) = (i) Рим, (a, В, л), 
Вим. (os 5B. 1 + пт) = (—:)#2°М' Dim (a, В, ч) 


(4) 


where п is integer. Note also that 
Рум (S. 8,5) = 6 979 Di (us By Mer 079. (5) 


Some properties of ум, (а, G, J) follow from the addition theorem (Sec. 1.4.7). Let us consider some 
specia] cases. 

(i) The matrix of the transformation S(z,y, z} — S" (z', -, —2') may be obtained from the matrix of the 
transformation 8 (2, y, z} — S'(z', y, z') by substituting (a + r, r — В, ) for (а, B, ). On the other hand, 
this substitution corresponds to an additional rotation R, about the z'-axis through an angle -т. Hence, 


Dia: (a + N, N — В, -ә) = Ry Рум (a, В, 4) = У Рим. (а, В, D. (2 F, 2) 
м" 


= (-1) Di, we (a, В, л). (6) 


(ii) The matrix of the transformation S{z,y,z} — 5"{-2,у,-#} may be obtained from the matrix of 
the transformation S(z, y, z} — S'(z', у’, z') by substituting (а-т,т-Й,т-1) for (a, В, Y). This substitution 
corresponds to an additional rotation Ry about y'-axis through an angle - x. Hence, 


Diu (o — N, N — B, r — ч) = Ry Diu (a, В, ) = У Рим“ (а, By) Dione (0, -т,0) 
м" 


= (71) * DI, m la, f. A). (7) 


(iii) The matrix of the transformation S(z,y,z) — 5""(—2', —y',2') may be derived from the matrix of 
the transformation S(z,y,z) — S'(z', у’, z') by replacing (a, B, )) — (a, f, — т). This corresponds to an 
additional rotation R, about the 2-axis through an angle -т. Thus, 


Римеа, B, n — T) = Ry Diu (a, B. ) = У Dias (а, By л) Dee (0,0, -T) = (-1)М Рима, 8,1). (8) 
м" 


Note that three successive rotations through angles -т about the axes z', y' and 2” return the coordinate 
system to its initial position. 


4.5. ROTATION MATRIX Им, IN TERMS OF ANGLES w, O, & 
4.5.1. Definition 


In some cases the description of rotations in terms of o, O, & (where w із the angle of rotation and O, G 
are the angles which determine the rotation axis, see Sec. 1.4) is more convenient than that in terms of the 
Euler angles а, 8, у. Matrix elements of the rotation operator in terms of variables w, Ө, & will be denoted by 
Uj, m (o: O, &): 

0) u (w; 9,0) = (ЈМ|е “У Ум’). (1) 
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Therefore, under a rotation specified by w, Ө,Ф the components of an irreducible tensor of rank J transform 


as 


M. (9*9) M, D- (o; 9,9) . (2) 
M 


The polar angles 9,« and 9', ' which specify a direction of an arbitrary vector in the initial and rotated 
coordinate systems in terms w, 9, Ф are related by Eqs. 1.4(5) and 1.4(6). 


4.5.2. Explicit form 


(a) An arbitrary rotation specified by angles ш, Ө,Ф may be considered as а result of three successive 
rotations of coordinate system: 

(i) Е (а, = 9,8; = Ө, 1 = ), i.e., the rotation which turns the z-axis to the direction of n(®, Ф); 

(ii) Ra (м2 = w, f; = 0,72 = 0), i.e., the rotation about п(Ө,Ф) through an angle w; 

(ш) R (as = Ф, дз = -Ө,13 = ), i.e., the rotation which is inverse to Ri. The result of these three 
rotations yields the relation between Uj, м, (w; ©, Ф) and the Wigner D-functions 


Им, (ш; Ө, Ф) = У Юм» (Ф, 6, Фе М" Рим, (Ф, –е, -c). 3) 
M" 
Equation (3) enables one to find an explicit form for ОУ, м, (w; ©, $) for particular J, M and М”. 
(b) According to Eq. 4.6(10) the functions ИД м, (м; ©, $) may be directly constructed from the matrix 
elements Un, which represent the Cayley-Klein parameters (see Eqs. 4.6(12)). This gives the expression 
| (М+М') . J+M)!(J—M)\(J+M)J—M')t - 
er- ore у, (ЗЕ ата ue. 
M - M' 20, 


(J-EMM(J—MYyI(J4-M!)(J-M!) 
s st(s—-M—M')'\(J+M—s)!(J+M'—s)! 


M 4 M' So, 


(4) 


-4м-м?) Y 


Ui: (м; 9,9) = -(м-м! 
) е (1– 273), 


(Au (+5 
In this case Eqs. 1.4(26) have been used, and the following notations are introduced 


v = sin 7 sin S, u = cos 2 — isin г cos S. (5) 


In Eqs. (4) the summation index s runs over all integer values which do not lead to negative factorial arguments. 
(c) Another explicit form of Им, (o; O, $) сап be obtained directly from Dy, м, (a, 8, )) by changing 
variables (w, O, &) — (o, 8, )) with the aid of Eqs. 1.4(16) and 1.4(17) 


M+M' 
+ H t — [t e o 
Uzi u (o; O, G) = iM-M' eo M- M9 ке de, (£). (6) 


\/ 1 + tan? © cos? Ө 


The functions dix: (E) are defined in Sec. 4.3, and the angle & is determined by 


24-449. 
sin 2 = sin 5 sin O. (7) 


(d) The function Оў, м. (w; ©, &) may be expanded in a series of the spherical harmonics which depend on 
polar angles Ө and 9, 


. 2A + 1 , 4л 
v. lo e, o) = Y CS рухо Vi Ble, o, (8) 


Ар 
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where x} (v) is a generalized character (of order А) of the irreducible representation of rank J. Explicit forms 
and properties of х} (ш) will be given below in Sec. 4.15. 
Equation (8) shows that Uj; м, (ш; O, &) depends on М and М” only through the Clebsch-Gordan coefficients 


с), Џ 
4.5.3. Differential Equations 


О m: (w; Ө, 9) are eigenfunctions of three operators J., Л and J? whose eigenvalues equal ~ М, -M and 
J(J + 1), respectively. In terms of и, O, Ф these operators have the forms 


^ . à 1 6 д 1 8 

; = —i [cos e – 2 cot 2 71958 + 5 зе! (9) 
Р = [ese . 4 cot tuno. -1.2 

Л: = i[cos S = z cot 2 in 0 56 5 =|; (10) 
~ 92 о à 1 д? 1 32 

2 [9 22 4 „E 

J^- Ек + cot "ET + ten? = (867 Teste gg =76 505) (11) 


Thus, ИЖ м, (o; O, Ф) is a solution of the differential equations 


|32 ш J(J + DUN, lo: e, $) = 0, 
I. + МОм. (o; &, 9) = 0, (12) 
[Л + М' мм; е, %) - 0, 


with the boundary conditions 
Шм, (0; Ө, Ф) = мм, 


ð 


13 


4.5.4. Orthogonality and Completeness 


A collection of the functions Uj; м, (v; &, &) with all possible integer and half. integer J > 0 constitutes а 
complete set of orthogonal functions of three variables w, ©, Ф defined in the domain 


o S < т, 0< Ф < 2т, 0<ш<2т, (14) 
whose total volume is equal to 1672. 
(a) Orthogonality and Normalization 


1672 


an т 2r 
. 29 . к 
Ji dw sin 7 dene dð Uih m: (ш; Ө, G) D м, (9; O, $) = әлігі 


бл ,бм,мзбмімі . (15) 


(b) Completeness 


2Ј +1 
16x? 


6(Ф — Ф)6(0 — ele e) 
4sin O sin? 2 


U (o. &, 0 м (5; 6,9) = (16) 
мм! 


7-0,1/2,1... 
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4.5.5. Principal Properties 


(a) Inverse transformation 
[U (w; ©, M. = UC ©, ©) = Ом N= 0,79). (17) 
(b) Complez conjugation 
Ulmu (o; &, $) = Оу, u(w;v — O, r ＋ 9) = Ue (70; 0,4). (18) 
(c) Reversal of argument signs 


DM, (L- Ө, Ф) = (UN =* Џим (0; e, Ф) , 
Пуме (wi -©, ®) = (71) 7 Unm (o Ө,Ф), (19) 
Uk м (о; O, Ф) = Ом (0; Ө, Ф). 
(d) Periodicity 
Uu (o + 47;0,9) = ОЈ, (о; 0, $), 
Uj m (o: Ө + 2x, Ф) = U (о; Ө, $), (20) 
ОЛ uo; 6, Ф + 27) = 0) рме (o; Ө, Ф) , 
Half-period Shift of Arguments 


Uu, (o + 27;0,9) = (71)? ШЖ (e; &, G), Uğ m (25 - -&, &) = (21M (o; &, $). 
Ula: (w; Ө + т, Ф) = (MM ELS elus Ө, Ф) , Ом, (w; т – Ө, Ф) == U! мм (=; Ө, Ф) р 
Ом, (o: 9,9 + т) = (-1) М-М -, c), U- и; 9,7 Ф) = (UM Ulm (w; &, & 
(21) 


(e) Permutation MM and reversal of signs of М and M 


Ом (м; 9, 9) = Use m (w; 0, -&) = Ом (w; v , A Ф), 
U! m-m (oi &, G) = (VHM , (o; * O, x + 9), (22) 
Uu, (w; &, $) = (-) U] ym (wi 91, 91) (-) 7 MU, (o; Өз, Фу), 
where angles w1, 01, 0, and w, O, Ф are related by the equations 
cos - sin 2 sin & sin Ф, 
2 2 
sin = cos Ө, = — sin 2 sin O cos G, (23) 


w 
cot Ф, Stan 2 cos 0; 


шу 241. . 
cos — = sin 2 sin О, sin 4, 
00 . Wi a 
sin 2 cos Ө = —sin 2 sin Ө, соѕФ;, (24) 


ш 
cot Ф = — tan 7^ соз Өз, 
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2.2091. 2.29. 
sin? — sin? Ө, +sin? узш Ө =1. 


(25) 


Some relations which are valid for Ом, (а, В, J) remain valid for Nix. (o; &, G). In particular, the 


Clebsch-Gordan expansion 


UNM (j O, ФО, м, (ә; Ө,Ф) = LC. IM, LILA (o; & ФС м: 
JM 


is equivalent to Eq. 4.6(1), and the addition theorem 


970% м (w2; Өз, 92) Прим (21; Өз, 91) = Ким, (o; Ө, $) 
M" 


is equivalent to Eq. 4.7(1). The angles w1, O1, Фи, w2, O2, Ф and w, O, & are related by Eqs. 1.4(76). 


4.5.6. Special Cases 


(a) The rotation azis n(O, Ф) coincides with one of the coordinate azes: 
(i) The z-axis (Ө = £,9 = 0) 


Uum (o; 2,0) = Рим (5,0-5) = ( dum (o), 


тт 
Du (o; =; 2) = Di (O, v, 0) = dii (o), 


(iii) The z-axis (Ө = 0) 
Ий ag: (o; O, $) = бмме MY . 


(b) Rotation about п(Ө,Ф) through а small angle w «& т/2. 


Uum (259,8) = . i iwM cos ©) — e sin V= М')( + M) ма 
= T e /(J - М)(Ј + М)бмм'-1 · 


(c) Explicit forms of Џим (o; O, &) at M = +Ј and/or M = +Ј 


2J 2J 
UJ (и; 0,9) = (cos 5 -isin Z cos S) ‚ UI, O, G) = (cos > + isin = cos @) ; 


2 
(d) Explicit forms of NH- (o; 9, &) for J = 1,1,2,2 are given below in Tables 4.23-4.26. 


ET EV 
DJ; e, G) = (^ sin 2 sin Oe) ‚ UF 7 G, C) = (-: sin 2 sin де“) 


4.6. SUMS INVOLVING D-FUNCTIONS 
4.6.1. The Clebsch-Gordan Series 


The product of two D-functions with the same arguments may be expanded in the following series 


лға 


J J: 
DM, м, (а, 8,7) Ом, м, (а, 8,7) = У 35 03s nm Dieu (o5 8, CIN, м, , 
јејл—јљј MN 


(26) 


(27) 


(28) 


(29) 


(30) 


(81) 


(32) 
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Неге СУМ им, is а Clebsch-Gordan coefficient (Chap. 8). The sum in Eq. (1) has 27 + 1 terms, where 
j = min (JI, J2). Equation (1) may be regarded as a particular case of the expansion of an arbitrary function 
in a series of the D-functions (Sec. 4.10). 


4.6.2. Some Applications of the Clebsch-Gordan Expansion 


The Clebsch-Gordan expansion, Eq. (1), together with the orthogonality condition of the Clebsch-Gordan 
coefficients, Eq. 8.1(8), enable one to calculate sums of products of the D-functions with identical arguments. 
Hereafter we introduce the 37-symbol (717275) defined by 


te d 1 if 91+ 22 + Js is integer and |j - 2| < J3 S A +2, 
{919293} = . - (2) 
0 otherwise, 


(717273) is invariant with respect to permutations of 11, 22, 75. Using Eqs. 4.6(1) and 8.1(8), one obtains 


У СУМ, рм DIS. (a, f. Y DI, x, (a, 2 POLMAN = 6r p JI Y] Dx (a, В, ЛЕ (3) 
MN 
Jic Ja 
у, см. љм, Did м, (a, В, 1) Di (а, 8, 3) C Ni зм, m бим DIA, v, (a, B, 7) , (4) 
Jz|J1i — Ja] MiM 
У DN, (о, 8,7) ОМ, м, (a, , ) C лм, = СІМ лм, Dian (о, В, 7) , (5) 
NI № 
у, Diin (o, f. ) Dy, м, (а, f. ) Ом, м, (СА, зм, = СМ, м, (6) 
МММ 
у? СУМ nm Dian (a, В, А) Did, м, (a, В, 3) DI v, (a, 8,3) CN, ум, = бјубим {JJJ}, (7) 
1N3 


4.6.8. Generalization of the Clebsch-Gordan Expansion 


The Clebsch-Gordan expansion can be generalized to the case of an arbitrary number of D-functions of 
identical arguments by successive use of Eq. (3). For instance, the summation of products of three D-functions 


yields 
712 M J J J: Jia N J'N 
25 Cu һмуС м, Ja Ma Рм, м, (о, В, DM. м, (о, В, DI, N, (a, В, ICIN, Јама Ст NJs Ns 
MI Ma М» 
№: NZ N, 
267767101, (J1J2J12) (J 120% U] Din (, f, 2) - (8) 
In particular, for the case when Јз = 0, Eq. (8) is reduced to Eq. (3). 
In general, the sum of products of k D-functions is given by 
k T k 
> CT уы Птн (, 5B, ) C, vnn. n Dy, v. (о, В, т) П 67. n Uia) , (9) 
mi,...,mk фші t=1 


п1,... ЊЕ 


where J (i = 1,2,... , k) is any angular momentum consistent with the vector addition rule, 


јр z J., Mi=m tmt +m, Мет tnt otn. 
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It is assumed in Eq. (9) that Jo = Л = Mo = № = 0. 
In particular, for jj = 72 =... = } = i and Jj,1 = Ji + i one has 


Уу; Рф» (о, В, 4) DÀ ла (о, B, л).. „Оф la, 8,7) 


miT. mM 


пл T. TEN 
(27)! n 
МММ NM D а, И ) 10 
TEMG МУСЕ NT oa ee (10) 
where J = J, = k/2 is either integer or half. integer. Similarly, for д = 2 =... = jk = 1 and Л: = J; + 1, 


> 


miT. mM 
nit tn =N 


k 
H 1+ mio) (1 + 65,0) Dj, in, (a, В,^)р masa (® H,) Den, (a, B,1) 


ECC МИНИ Ка 
у (J+ М){Ј – M)\(J + МЈЦЈ — Ny Dx 5B, ) 2 (11) 


where J = Jp = К is integer. 
Equations (10) and (11) are useful for evaluating the Wigner D-functions. For example, Eq. (10) gives an 
explicit form of the D-functions in terms of the Cayley-Klein parameters (Sec. 1.4.3.) defined by 


1 4 * 
Di (а, В, ) Sa, Dj (0,8,7) = Й 


1 = n 22,4 (12) 
la, 8,7) Sb, D? (a, 5,1) =a". 


The appropriate express ion for the D-functions has the form 


Dix (a, Вл) = V(J + M(J — MJ NI — N)! r (13) 


1017181 
p.. , 6 pure 
Here the summation indices p, q, r and s run over all integer values consistent with the condition 


ptqtrt+s=2J, 
p-q-rt+s=2M, (14) 
ptq-r—s=2N. 
According to Eqs. (14), only one parameter from р, 4, т and s is independent, i.e., in fact, Eq. (13) represents a 
single sum. The independent summation index may be chosen in different ways. This yields different explicit 


forms for the D-functions, Eqs. 4.3(2)-4.3(5). For example, if ғ is taken to be independent, Eq. (13) reduces 
to Eq. 4.3(2). 


4.6.4. Determinant of Matrix Di, 


The determinant || Оу, м, | of the rotation matrix is an invariant sum of products of 2J + 1 D. functions. 
According to Eq. 4.1(7), this matrix is unimodular, i.e., 


У (о DZ y, (a, Pp, DIN. (a, 8, 7) Des Руми (а, B, л) =1 , (15) 
P 
where Mi, М2,... , M27 i represent all possible permutations P of J, J- 1, J —2,... , J. The phase factor 


(-1)” equals +1 for even permutations, and -1 for odd ones. 
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4.7. ADDITION OF ROTATIONS 
4.7.1. The Addition Theorem for Ом, (а, f, ) 


Let two successive rotations of the coordinate system, S{z,y,z} — S, ,] and S'{z',y,2'} — 
S" (z" , y", z"), be described by the Euler angles a1, GI, Ji and a2, 02,72, respectively, and the resultant rota- 
tion S(z,y, z} — S"(z", у", ="} be described by the angles а, f, J. In accordance with Sec. 1.4.7, there are 
two alternative forms of the rotation addition. 

(a) The operator of the resultant rotation, D(a, В, т), is given by Ед. 1.4(64), if all rotations are performed 
according to scheme B (Sec. 1.4.1) and the Euler angles a2, 62, 72; 01, Hi, Ii and а, В, y are defined with respect 
to the initial system S(z,y,z). Then the addition theorem reads 


J 
y Dim (az Ва, J2) DI, N. (ал, 61,11) = Dm (a, В, ғ) 1 (1) 
M'z-J 


where o, HB, are related to ai, Hi, 31 and аз, Ва, 72 by Eqs. 1.4(66)-1.4(70). 

(b) The operator of the resultant rotation D(a, 5, )) is given by Eq. 1.4(73), if a1, 61,71 and a, B, 7 аге 
defined with respect to the initial system S(z, y, 2), but ag, 52, уг are defined with respect to the intermediate 
system S'(z', y!, 2') (scheme B), or if successive rotations are performed according to scheme A. In these cases 


the addition theorem reads 
J 
D- (al, BI, AI) DI. (aa, 82,72) = Рим (a, f. 2) 
M = — 
and a, P, are related to ai, 01,71 and оз, Ва, 12 by the equations which may be obtained from Eqs. 1.4(66)- 


1.4(70) by replacing (o1, 61, 71) = (a2, Bz, 72). 
In particular, 


J 
Ж Dien (es Bi; o) Du«w (7v £5, 1) = Рим (a, fi se 62, )), (3) 
м"=-Ј 
where ф is arbitrary, and 


3 Рим" (а, В, DM. м" (а, 8,7) = y Dy y» (а, Bo) Dew U- „, a) 
м"==Ј м"=-Ј 


= Рим (0, O, o) = бим' · (4) 


4.7.2. The Addition Theorem for d}, (£) 


Equation (2) may be rewritten as 


J 
$5 Чим" (Fi) dee (BaT У = ар ngs (Se (5) 
= 
Here ing 
sin 
cot а = cos {у cot p + cot 335 
sin о 
cos В = cos д; cos Во — sin В; sin Во совр, (6) 
sin f. 


cot у = cos Во cot ф + cot 6¹ 81 mos 
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Equation (5) is simplified in the following particular cases. If p = 0 and 8; + f; < т, then a = O, В = В + 52 
and 4 = 0, 


У амм" (deae (82) = дим (В! + Вз). (7) 


M'=-J 
If p — 0 and fı + f2 > т, then a = x, = 2x — В: — В2 and y= т, 


J 
У) арм» BI) аким (12) = (—1)M * M alae (27 — В. — Ва). (8) 


M'z-J 


If p x and fi > f2, then a = 0,8 = В, — f2 and 4 = т, 


J 
У (71) 7M dism (Bs) dA, r. (02) = dism (81 — 82). (9) 
М"=-] 
In particular, for £1 = f2, 
У a + 
У (-1M TM dj uv () dl, (8) = ÊMM' . (10) 
м"=-Ј 
If o = r/2, then 
J 
У, СМ dius d m (Ba) eG,) e-, (11) 
M 
where 


cot а = cot Во sin £i, 
cos В = cos В; cos Во, (12) 
cot = cot Bi sin 02. 


4.7.8. Addition of Two Identical Rotations 


When ai = аз, fi = 6; and yı = 72 the addition theorem, Eq. (1), together with the Clebsch-Gordan 
expansion, Eq. 4.6(1), yield 


5 Сото: FC 25 zum (& В, 3); (13) 
7=0,1,... m" 
where Е 
cos B = cos? В — sin? В cos(a + 4) , 
tan 21 (14) 
tan(@ — o) = tan(3— 4) = =. à 
In particular, Ка = 4 — 0, 
у 20m d on "m +ти (В отне m Du (28) : (15) 


Jz0,1,.. m" 
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4.7.4. The Multiplication Theorem for 4 м' (8) 


Equation (5) leads to a representation of products of two dj, м, (f) functions 


VVV 
dum" (81) di, e (08) = + || у eM N 0 им (Pde . (16) 
— 21 
Here a, 8, у are related to Ву, % and p by means of Eq. (6). 


4.7.5. Sums Involving the D- Functions of Different Arguments 


In addition to Eqs. (1) or (2) one can derive the following invariant sums which are equivalent to the 
characters of irreducible representations of rotation group for two rotations (Sec. 4.14): 


(a) 
sin[(2J + 1) 


35 Diae (ar, Hi, A1) D. 1 (az, Basta) = х (Ri Re) = x7(R2R1) = Sue i d (17) 
MM! 2 
where 
и _ ^ 52 015115025722 Ро. 62 a1 Ji 022+72 
cos = = cos ^ cos 2 cos 2 sin 2 sin 2 cos = 
= bi + Bs a1 +72 "m to2 _ ов 1 ба 02. «+з. J . 02 
= cos 2 cos === cos 2 2 ein 2 sin 2 (18) 
(b) 
. w! 
Е T 2 _ sin 2J +1)– 
У) Dis (an Bom) Ори (ва Basta) = x (az!) = x (iR) = ll, (19 
MM! sin € 
where 
t ты — - 
cos — = cos ^ cos == 2 сов L in Шы sin — Ba cos SLT. 92% 
2 2 2 2 2 
23 а, — 82 ај — a лї — 72 AN un В. 
= cos — сов == сов === cos — ein — 2 (20) 


Equation (20) may be obtained from Eq. (18) by replacing (a2, 82, 42) — (—72, — Ва, a). 
Similarly, one can arrive at invariant sums which may be reduced to the characters involving three and 
more rotations, i. e., x" (Ri N Ез) etc. 


4.7.6. The Ponzano-Regge sum 


Note the following sum involving products of three d3,,,.(8) functions with the same J but different 
arguments (Ref. [89]) 


Y (8714 ns a) esa (Ba) = 2209) с oe (ма). (21) 


J=Jmin #=1 


Here the summation index J runs from Jmin = max(|Mi|, | М» |, | Мз |} to infinity, Мі, Ma, Ms being fixed, and 


1 cos дз соз 82 
В = cos йз 1 cos В, |, (22) 


cos 52 cos 51 1 


1 z»0 
ei = [6 z«0. (23) 
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Fig. 4.1. Geometrical interpretation of the angles in Eq. 4.7(21) 
The relations between the angles 61, 62,63 and 61, Во, f аге 


cos В; cos Pp — cos В; 
sin В; sin f 
sin В _ _ sin E 


„ @#ў#®), 
(i, J = 1,2,3). 
These relations may be easily obtained by using spherical trigonometry (see Fig. 4.1). 


4.8. RECURSION RELATIONS FOR Dia 
4.8.1. Relations between Р” and D+! 


2 — = 7 , 
cos В Рум! (a, f, q) = Ре, в) + Ju ej Dae в.) 
v ((J + 1)? - M?][(J +1)? - МУ „41 
+ ЕЈ Рум ( B, Y), 
sin Ве Dirim (a, 8,71) E YE EFE S рав) 
(J - M)(J — M + 1)|(J + 1)? – М?) 
Grates O ^ Рим (os B, Y), 
sin Be * Dy, i (а, В, ) == УУ E реда ви) 
MTM — M +1) 
+ BUM tea) 


J(J +1) 
VU + M)U +M x 1)IU +1)? – М] 


(J +1)(2J +1) Рим. (а, B, 3); 


(24) 


(25) 


(1) 


(2) 


(3) 
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RUE ыра АДЫР eC SME SD) E 


J(2J +1) гм. (а, f. 
MA/(J - M)(J- М! +1) 5 
= а PU м (а, В, 7) 
((J +1)? = M2(J — M')(J— М' + 1) қ 
me _V - M9)U - M')U - M' +1) pz- 
sin Де“ Рим! (а, В, ) = = уй м ну мүн мч) ) py. m (а, H, ) 
My/(J+M')(J— М! +1) р 
=— — ВЫ wi (а, 8,7) 
((J + 1)? — M?](J + МОЈ + М' + 1) ў 
(J+ 1)(2J + 1) рум (a, В, )), 
; V(JFM+1(J+ MJ + М + (7 +М) 5, 
(++ con) pille, p,a) = УЕ прив) 
z (J- MEM TU МОЈ + M'+1) DJ, (os Bs) 
V(J —- M)(J - M + 1)(J - M')(J - М' +1) 
+ 09674 1 Рум (а, UIS 


(1+ cos В)е—*%+7) DIN 1, B. q) = Е 9471 Mc Рим (os 8,1) 
+ VU * M)U = 70 EN M')(J — M'! +1) DES 
(J+ M')(J + M' + 1)(J - M)(J - M + 1) 
(J + 1)(2J +1) би (Bo) (7 


(1 — cos B) e , DI, 1 -i (а, В, ) = eee шш! 
F 

(1 — сов) DI, іе, la, f, ) = у ми к M —— Tuc n 
A Ұшаны малы ne ies) Dum (a, P, 1) 
" VOFEMIU Y MS UG ADU CMT pray (e 5,9) . 


(9) 
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Equations (1)-(9) may be obtained from the Clebsch-Gordan series, Eq. 4.6(1) with J, = 1. 


4.8.2. Relations Between D and D7*!/2 


J(J+M+alJtM'+4) ,, 
LL рума (e, h, ) 


27-1 


JJ - M+ 1)(7 – М' + 2) pith (a, 3. 


2J 4-1 D. 


В, 
сове "P Dic aua la, f. - 


аса МАЈ М + 1)(7 – М'+ 1) 
cin Ee! 2 Dj, pea) Wiebe g., 
(J-M+4)(J+M'+ 2) 
+ 1: PP 27+ (o, B,), 
(J— M + 1)(J - M! 4 1) 
cos 2 e SPD RP (ов) = = Ру (а, 8,1) 
J/(J+M+3)(J+M'+ 1) 
rhe Bo, 


f JU - M 1)(J  M' +1) 


. ETE 4 E 
singe Dy, ама (9,07) = уу Puula p,a) 


V M-I(U-M +1) pid 


ин мм (961). 


Equations (10)-(13) may be obtained from Eq. 4.6(1) with Л = 2. They yield 


IAN в. 7-1 
Dx, (а, В, = тм сов = e Dy, ме (% 8,1) 


J+M B. J-i 
тм sin е EN Dy, aera (a, 6, ), (М ЕЈ), 


J-M . f iaz -4 
Рум (a, f. ) = Viren зт Dy, ao (e, f. 


[J*M в | 
ТУ ум сове ру ъм'-1(9 8,71), (M' # -J). 


(10) 


(11) 


(12) 


(13) 


(14) 


(15) 
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4.8.3. Relations Between Дум, and Dj, iius 


зш ум (в, В, a ; (J + M')UJ - M' +1) Dy -i(o В, Qe 
t ; (J — M)(J + М' + 1) Юйм'+у(«, H, Me“, 


M'-M 
ag li, lo, B,) = SVU M)U- M *1) DE. ım (a, b, q) e- т 
+ УО МЛ E M 1) DI ae (e. 5. Mere , 


| J4 M) - М | 
Durim (e C. те = Ni — 7" Рмм'-1(0, 8,7) 


M sin В 7 
+ (J — M)(J+M +1) Dum (a, %, ) 


J—M'\(J+M' = . 
| л A УУ ЛЛ 


| J+ М') Ј- М' +1) 1- 
ЕТТЕ bd MH A- e Pha ab 


M' sin В 


* VUTMQU-M Рима, B, 7) 


J—M')(J+M'+1) 1 ; 
V are e Римана), 
; J+M)(J-M 


M sin В 


м+м Dy (o f. 1) 


J-M)(J+M =c 1 
i UD TM : wee ее Dy, ci (а, В, ), 


E J+M)(J-M+1) 1- T 
acte ees O MEE UP е Dj, ws Bs) 


M sin В 


Умом Рум (a, 8,3) 


(J-M)(J+M+1) 1+с088 % „7 
ШІГЕЗУГІ СЕРЛЕ 2° eee, ) 


(16) 


(17) 


(18) 


(19) 


(20) 


(21) 
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49. DIFFERENTIAL RELATIONS FOR D} w (а, f. 


Derivatives of Dj, (а, В, )) may be expressed in terms of the D-functions with different M, M' and J 


(J +1), /G? – M3? – ма) MM' 


sn Bigg Рим (ав) =- pep J(2J + 1) Dy (a, B, ) – TO Fi P la. ö. ) 


(J + 1)? - M?][(J'4- 1)? — 


M"| | 51 
(J + 1)(2J +1) Dios Вл), 


35 Phew 8,7) =- Zv (J + M)U - M + 1)е DI, ise (a, В, л) 
(J- M)(J+M+ Dela Di, I, (a, B. ), 


д 


ов Diem (a, B, т) = 5У (7+ М’) - М' + 1) е "Рим i (os f, ) 


; У(Ј – м+м + ђе DIM. (а, B, q), 


M' -ia 
2 Dim ls .) ng Рим\(в,В,лт) - VOT MY = М +їўе-'* рума ви, 


55 Piulo Bia) = -EE pj, (авл) M MY FM + De Dll. ele, ), 


sin О зш 


эр Plus lo. bi = pe ык ын + V (J+ М')(Ј – M! + 1) e Рим, (о, B. ) " 


sin f 


8 M - M' €———————— 
ap Diem: (o f. = B Асе, Я Deng: (a, B, y) — (J — М') (7 + М! + l)e 7 Рум'- (а, В, 7) , 


sin В 
Dieu (a, В, =) = -MDiw (a, B, q), 


д 
да 
KA , 
ay Dil u- (a, 5,7) = = М Dł mla В, J). 
See also Eqs. 4.2(1) and 4.2(2). 


4.10. ORTHOGONALITY AND COMPLETENESS OF THE D-FUNCTIONS 


(1) 


(3) 


(5) 


(8) 


(7) 


The functions Di, a (a, 8,7) with different J (integer and half-integer) are mutually orthogonal with respect 
to integration over a double volume of the 3-dimensional rotation group (i.e., over the volume of 50; group) 
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because the period of DZ y: (a, P, )) with half. integer J is 4x rather than 21. The double domain may ђе 
chosen in two ways: 


Vi: OS AN, 0€ f En, 0<1<2ғ; (1) 
У: О0<а<2л, OSB SN, OS Ax. 2) 


The total volume of the double domain У; or У; is equal to 1622. 
Orthogonality and normalization condition is 


4n 
| da |" ачар [^ dy Рм ( a, Скат Ена 
2n T an (3) 
= || da | df sin В dy Рум (а, B, ) D, My Mi (a, B,) = fud 36M, Ma CL M; . 


И Л and J are both either integer ог half-integer, orthogonality of the D-functions takes place at integration 
over the single volume of rotation group which corresponds to the domain 


у: 0<а<2л, OSB Ser, 0< 7 < 27. (4) 


The total volume of the domain V is equal to 872. Hence, the orthogonality condition (3) is reduced to 


2r т an J J 8x? 
. 2% = 
І da | dp чар | dy мум; (а, В, 1) Du м; (a, В, т) = 34i бл ÔM M ÔM! M; + | (5) 


In physical applications Eq. (5) is used more often than Eq. (3). 
The orthonormality of Рим, (а, %, Y) may be rewritten in terms of аў, м, (8) 


[| tsm palin, (виша) = 255 (e 


Thus, the collection of functions Дим, (а, f, q) with integer and half. integer J constitutes a complete set 
of orthonormalized functions. The completeness condition is ; 


со J J 
27-1 1 
; ; | ; | 71612 Рум (ar, Ві) DIM, (22, Ва, 12) 
J=0,4,1,.. М=-Ј M'=-J 


= é(o1 - а2)6 (сов В — cos 82)6 (у; — тг). 5 | (7) 


Any function f(a, 8, J) which is defined in the domain У, (or V2) and satisfies the condition 


|| da df sin gd] fla, f. Y < о, (8) 
Vi (Уа) 


may be expanded in a series of the D-functions 

: oo J J 

f(a, 8,17) = Ds у, у. oye Dum (a, f, q). 9 
0,2,1 J 


J= =-J M'=-J 


21 
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The expansion coefficients ај, м' are determined by 
2J 41 . в 
айм = m [f da df sin Bdyf (a, B, ) DIM, (a, B, Y) › (10) 
У, (Уз) 


and obey the relation 


ys e E > lloc = fff adh ао, l. (и) 


J=0,4,1,... Vi (Va) 


If a function f(a, 8, у) is defined in the domain V, it may be expanded in a series of the D-functions with 
only integer or only half-integer J 


J J | 
Ка, В, 1) = У У. X мм, Dye (а, В, л). (12) 
J integer м=-Ј M'z-J 
or half-integer 


The expansion coefficients b7, ,, are determined by 


x 


an 27 
І да [ ag un f /, dy f la, B. DI, (a, f. ) 13) 


b МЕ = 


for both cases of integer and half-integer J. A difference between the expansions of f(a, f, q in these two 
cases occurs if one uses the expansions outside of the domain V. The expansion coefficients in Eq. (12) satisfy 
the relation 


Y yu b ІТ [ da |" авар [^ le, b. i. 1 


J integer -J M'z-J 
or half-integer 


411. INTEGRALS INVOLVING THE D-FUNCTIONS 
4.11.1. Integration of Products of D}; y 


2n т 2т 
| da | ping | дур ум (a, f. ) = блобмобм'о8я?, (J is integer), (1) 
0 


ал BR? 
Г da f аран | dy Dy м! (a, 8.) DN, м, (a, 8,7) = (-1)0 № 277 T 1 67, аб ма м:6-м!м! з 


(Л + J is integer), 


(2) 
2х 
І da f agoing f” dy Diam: (a, Вл) Dy), м, (a, В,а)т А-г бл Sued , (8) 
(Л + Ja is integer), 


an an 
[ da f dBsing [Dii us А О us Р ДО us (259 


‚ 8x? | 
M. Js -M 1 44: 
ш(-1)Мз-М; 2, «1 n Ам, CR an „ (J: Ja Js is integer), 


(4) 
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an 2 
І да [ df sin f І dy уа (а, f. q Dx, м (a, f. Y Вы, м, (a, f. q 


Ja Mj 
== +1 м, Сум? һм; „ (Ji + Jo + Ja is integer) . (5) 


Equations (1)-(5) are valid, if the conditions in parentheses are satisfied. These conditions may be omitted, 
if the integration domain is У, ог У; instead of V; in the latter case the factor 812 on the right-hand side of 
Eqs. (1)-(5) must be replaced by 167? (see Sec. 4.10). 

Integrals involving products of four or more D-functions may be reduced to Eqs. (4)-(5) by using the 
Clebsch-Gordan expansion (Sec. 4.6.1). 


4.11.2. Integrals Involving dj, м, (8) 
From Eqs. (1)-(5) one may obtain 


І " dB зіп 842,8) = 2530; (6) 
І dp sin Bane (В). (P) = zy ry бон, (7) 


ШРК 2 лм; 
І dB sin gd, м, (8) 452, m; GS) dd, м; (8)5м, N., . CI = әді Сим ьм, nin: (8) 


Note also the following relation 


Ѓ ap (sin pju (cos В aae (8) 


-1 „ Вұм-мзіу By M+M'41 _ 
= и n:) (б) 0 4. 9 


Equation (9) is valid, if М > М” > 0. Other cases may be deduced from Eq. (9) using the symmetries of 
ам (В) (Ea. 4.4(1)). 


4.12. INVARIANT SUMMATION OF INTEGRALS INVOLVING Бум, (а, 8,1) 
Hereafter R will denote the Euler angles a, 8,7 and we also will set dR = sin fdgdad: 


ава = [dof авав |" алев). (1) 


Making use of this notation, опе gets 


Y ] авр (ВОТ. () = 81267, (2) 
мм . 
Y. | анрум (00 им (В) = C166». (3) 
MM' 
У / dR DI, м, (N) DI, м, () DAH м, (В) = {ЛЬ}, (4) 


MI М.М, 
Y / ара y, (R) D „(8002 м, (Ra) f аьр м, (Ra) Diy, (Ra) DIS, ы, (Ra) 


Al XT. x 
= 21 (9.2\2) Л Ja Ja 
= (-1) (8т ) {л Ja Ji ; (5) 
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Ji 
у, авы; (Ri) Di}, n; (Ri) Dy}, м, (Ri) f авар н, (R2) Рм; v; (R2) DA м, (R2) 
All M. N 


je ЛЕЛЕР 
x f arpi; IN; (Rs) Dy; у, (Rs) Di, м, (Fs) = er s Ji zi , (6) 


Y. [amis мдар (ва) | ёр м (YD, D Pa 
All 2. N 


xf RS DIN. (Ra) D м, му (Re) DX, м, (Ne) f AR Dy}, y, (Ra) Ом, v, R.) Рим, (Ra) Ом, у, (84) 


2 24.19 2] Ју Ja J | Ју Ja ЈУ | f ДЈ; J 
= (-1)^* (87^) ү Jo J Ја J J! Js J4 JUS? (7) 


у; f am Dios (Ra) Die (Ra) Df, (Ra) | «варам (Ra) Dc Ra) D, (Ra) 


AILM,N 
JIN 
x / р s (Df RODD (e^ 2 J 2). (8) 
Jy J Js 


> / dR Dy}, м, (Ri) Р, v, (RI) Dus, ma (Ri) / dRa D3}, v, (Ко) DI. м, (Ra) DI, ма (Ra) 


All M. N 
x [ ase pit uu (ва) pff: e, Ra) p) | авар, м (ва Обим, D, (Ra) 
; Jy Ja Ла 
ae, (Re) ИКЕ D, (Во) = (62) Jo J. Ји | (9) 
13 У24 


The left-hand sides of Eqs. (5)-(9) include integrations as well as summations. If the integrations are carried 
out before the summations (with the aid of Eqs. 4.11(4)-4.11(5)), then Eqs. (5)-(9) are reduced to sums of 
the Clebsch-Gordan coefficients (Sec. 8.7). On the other hand, if the summations are preformed before the 
integrations, one obtains the integral representations of 67- and 97-symbols (see Secs. 9.3 and 10.3). 


4.18. GENERATING FUNCTIONS FOR di. (5) 


The functions dj, м' (8) may be defined as coefficients of expansions of various generating functions. 
(a) If J and M’ are fixed, then 


J4 M' J- M' 
(cos E gen +tsin — B . % (: sin Egen + cos — B 3. % 


J ' , ЕЗ 
= E N tray C" dt) 0 
M=-J 
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In particular, for p = 0 


J П , , 
en- e CY oet a) 


and for p= x 


=) _ [(J — M'(J + M)! , 
е "y Ему Mj М)(Л+ М) {М-М dism (B). (3) 


(b) If M and М” are fixed, one can obtain several expressions in which s, р, У are related to J, M, M' by 
Eqs. 4.3(14), CTM, is defined by Eq. 4.3(15); and R denotes 


1 - 2t cos p +2, |4 « 1. (4) 
ЭРА ( 2528 V (2:98 . [let ula t оне 
R (12 53 > Қазы! dum’ (В). (5) 
мм (in £)" (cos Ey oFi(; 1+ Ait sin? HG L v tcor? E) 
Е со ИГА г d.. * 
Зул слу еттт si(s + и)! тентер" амм! (8), (6) 


Eu: (1 – t)1 7^7" (sin 2)" (cos 2 2 , 2 


=È OY pe мм! М: (0), (7) 


l-t- t- В 
мм! (sin P)" (cos 220.42 и+1-Л;1+ 8; IETA (A u+ У+1—%1+и; шеті) 


2 2 
By Е (шары 2 2 1 Stein 5 


~ (и+и+1- А), (А), "m 
2? т a, (8). (8) 


In Eq. (8) A is an arbitrary integer. 
4.14. CHARACTERS х”(Е) OF IRREDUCIBLE 


REPRESENTATIONS OF ROTATION GROUP 
4.14.1. Definition 


The trace of the finite rotation matrix in the JM- representation 


р | 
x7(R)= у, Du | (1) 


М=-7 


is called the characteristic function, ог simply, the character of the irreducible representation of rank J. 
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In contrast to Dj, м, (N), the function x” (В) is invariant under rotations of the coordinate systems. Explicit 
forms of x" (R) are simpler when R is specified by и, O, & rather than by a, f, J (Sec. 1.4.2). With variables 
w, Ө, & in use, X() is entirely determined by the rotation angles w and is independent of the rotation axis 


ne, Ф): 


x" (R) = х? (ш). 


4.14.2. Explicit Forms 


X (wv) = 
x (o) = 
x'(») = 


x' (v) = 
x7 (в) = 


x7 (w) = 


(a) Trigonometric formulas 


sin[(2J + 1)2] 


+ Ww , 
am 2 


J 


J 
> eMo = X cos Mw , 


M=z-J M=-J 


ІЛ р 8 
-a s 2 a (о) 7, 


n=0 
ІЛ 
~. (2J + 1)! 
-1 
24 ) 
E 7 cos[(2J + 1) 21 қ 
(2.7--1)!227 047771 
(4J + 1)!sin $ [- rere (sin 2) i 


(b) Relations to hypergeometric functions 


x! (ш) = (27  1)F(—J, J + 1;3/2; віп? 2) 


x (w) = (2Ј + 1) F(—-2J, 2(J + 1); 3/2;sin? 2) | 


27-2п 
л+л 27) 2) in 2 


(с) Relation to the Chebyshev polynomials of the second kind 


x! (о) = Оз. (cos 2) 5 
(d) Relation to the Gegenbauer polynomials 
ш 
x! (w) = СА (con). 


(е) Relation to the Jacobi polynomials 


(47 + 2)! 


ED (cog ® 
x (o) = aT I 7 (сө). 


(2) 


(9) 
(10) 


(11) 


(12) 


(13) 
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(f) Integral representation 


2J+1 f? 
x? (и) = - | (cos г +izsin 2) ds. (14) 
-і 


To express x" (К) in terms of the Euler angles а, f, у one сап use the relation 


cos = cos б cos 21 Е (15) 


4.14.3. Principal Properties 


In contrast to Р], x, (R), the characters x" (В) are real. 
(x7(R))* = x7(R). (16) 
The characters which correspond to direct and inverse rotations, R and RI, are equal 
x' (R7) = x” (В). (17) 
x7(R) is invariant with respect to coordinate rotation and inversion 
x” (URU~) X, (18) 


where U is any orthogonal transformation of the coordinate system. 
The characters which depend on the combined rotations RI Rz. . В» do not change under cyclic permuta- 


tions of the rotations 
x7 (Bike... Rn) zx" (R5... N. RI). (19) 


In particular, 


х (R3 RZ) = х'(В.Е;), (20) 


inspite of the non-commutativity of Ri and Ra. 
Products of the characters may be expanded in a Clebsch-Gordan series 


x^ (R)x^(R) CTX), (21) 
J 
where 1.1.2.3) = 1, if the triangle inequality (Sec. 4.6.2) is satisfied, and {J;J2J3} = 0 otherwise. 
The transformation J = J = —J — 1 reverses the character sign 
x! (R) = -x7(R). (22) 


The function x" (ш) is even and periodic 


x! (-w) = х (о), 
x7 (о + 47) = х (и), (23) 
x! (w + 2) = (-U) ). 
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The addition theorem 


The character which depends on the combined rotation RI RZ may be represented as a superposition of 
products of the generalized characters which depend on R; and В» (Sec. 4.15): 


27 
х (0) = 3 C Zo pd ted (wa) Pa (eos Өш), (24) 
A=0 


where o, 2 and w are the rotation angles corresponding to Ri, Ra and R = В, Ra, respectively. These angles 
are mutually related by means of Eqs. 1.4(75); O12 is the angle between the rotation axes of RI and Na 


cos 912 = (n; nz) = cos Ө, cos Өз + sin Oi sin O соз(Ф, — Ф,). (25) 


4.14.4. Differential Equation 


The character x? (и) satisfies the equation 


a x7 (w) + cot 2 . i x! (w)  J(J + 1)x7(w) = 0 (26) 


and the boundary conditions 


x7 (0) 2 2J +1, 


27 
x! (и + 4хп) = x" (v), where n is integer. (27) 


4.14.5. Differential Relations 


по ко) = -VIT FA xlo); (28) 


d TE НЕР [QJ t k* 1t 40) 
(кү) х (е) уі (2J – k)! ae gE? е 


where xz (ш) is the generalized character (бес. 4.15): 


sin dox (и) = J сов Sx (w) - (J+ Z) E) = (J+ ee. (0) 


4.14.6. Algebraic Relations 


x7*# (w) = 2008 7 D 0) - x^ T), (31) 
x7! (v) – x”? (w) = 2R = 522. + Ј; +1)— =], (32) 
* ο = 2195 (и) св = Ј) Ë]. (83) 


Equations (32) and (33) are valid, if Jı + J2 is integer. 


XII (o) 2 cos еш) Е (34) 
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where J is integer and positive. 


—2sin? 2 (w)x” (w) = cos[(Jy + Ј + 1)u] — cos((J1 J) o]. 


In particular, 


2sin? 2b 00 = 1 — cos (2 J + Iw]. 


21 ш Ет 
IU.) — 923 -(9 
x! (v) = 2 Шы + KESLA 


4.14.7. Orthogonality and Completeness 
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(35) 


(36) 


(37) 


The collection of characters x" (о) with different J constitute a complete set of orthogonal functions of 


argument w in the domain 0 € w < 27. 
The orthogonality and normalization condition for these functions reads 


2n 2 0 
f x” (w)x^ (v) sin 2% = ябу Ј,. 


The completeness condition has the form 


2 пб (ш1 — we) 
У, X (e)x' (оз) = 2 
sin 
Jz0,1,1,... 2 


4.14.8. Integrals Involving х/ (о) 


21 w 
І dw sin? ;X ( = Тб, 
о 
2n w 
І dw sin? ;X (20 = 1(–1)27, 


2 in? 2 
| b х (и) Ges +15]. 
0 cos 2 — cos > | 


In Eq. (42) the Cauchy principal value of the integral is assumed. 
2 ш 
І dw sin? ak (о)х (w) = v6, 7, , 
0 


2т 
[| desi o ch oh (o) = nU) . 
0 


(38) 


(39) 


(40) 


(41) 


(42) 


(43) 


(44) 
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4.14.9. Sums Involving x (0) 


(a) Finite sums 


J2 : w 
E х (о) = эшнен = x (u)x ^37 2 (и), (45) 
Ј=л,ј+1.... 2 
Ко. тара (2Jo + 3) sin[(2Jo + 1)2 il- Ex + 1)sin[(2Jo +3) | (46) 


The summation index in Eq. (45) runs over integer values, if J; and J2 are integers, or half-integer values, if 
Л and J are half-integers. 
In the equations given below the summation indices run over both integer and half-integer values: 


J. 
ПЕРА, 2 7141 E. x sin n ry i а d (47) 
Jo М 
d. НА 4ein 5 = T g , (48) 
1 
^ ушур = dot Sein ein . | 
2 К (Qr = 4sin? © (49) 
Z Jot (шуу? љ+ (uy 
тылуу = X 33 Goes ы) = x= (u^) 
e x (w)x (o = 2 (cos & — cos 5) ; (50) 
% | 
>D x! (wv) cos[(2J + 05] 
Ј=0,4,1.... 
E sin 5 — cos[(2Jo + DES sin[(Jo + 1)w] + sin[(2Jo + 1) f соз[(Јо + I) 
2sin % (сов 5° — сов%) ; (51) 
(b) Infinite series 
со У У 1 
АА, x (o) = denz (ш #0), (52) 
D (2J + 1)x" (v) = = 3 б(ш). (53) 


sin 


NJE 


J=0,3,1,... 
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Let us introduce the notation 


Е? = 1 - 2t cos > +t?, where || < 1: 


со 
у, tex (w) = R2 5 
J=0,3,1,... 
= 1— 2 
У) (@Ш+ Цој = ==, 
Jz0,1,1,... 
ы (4J +1)! 5; жоу 1 
2. argit ХЕ, 
1=0,$,1,... Ry/2(1— t cos = + R) 
Y 1 2741 (o) = ein (e sin 2 t cos € 
| in 2 , 
J=0,4,1... (2J + 1)! am 2 


со 


со 
T(2J + v) tz (и) ( Wy =v и v+1 3 
У ——— —— = (1 -t cos ) 8 |=, init 
! 
т. Ги) (27-1)! 2 2 2 2 
= 1 1 3 w 3 w 
— — 2J.,J = =o F. t 1 2“ Ғ cat 2” 
> (24149 x (v) 2° TET sin 479 1625 cos 4): 
=0,4,1,... 
со 
1-2 
#27 Ty Ty! = И . 
122 x (wx (w) 1 + t? — 4t cos $ cos %- + 2t?(cosw + соза!) 


4.14.10. х”(ш) for Particular Values of ш 


x7(0) = 2J +1, 
xX (27) = (-1)?7 (2J +1), 


J 0 if J is half. integer 
x (т) = „ „ „ 
(-1)! if Ji integer 
мМ J-1/2,9/2,11/2,... 
1 J=0,1,4,5,8,9,... 


x7(=) = ¢ 0 J = 3/2,7/2,11/2, 15/2,... 


-1 J=2,3,6,7,10,11,... 
-У2 J=5/2,13/2,21/2,... 


t = on - 
> 2J 41 x (w) 2itsin $ " | 1-Е% 
=0,4,1,... 


105 


(54) 


(55) 


(56) 


(57) 


(58) 


(59) 


(60) 


(61) 


(62) 


(63) 


(64) 


(65) 


(66) 
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4.14.11. Special Cases of х”(ш) 


x°(w) =1, (67) 
x^ (ш) = 2cos 2 j (68) 
x! (w) = 4cos? 2 i (69) 
x? (w) = 8cos? > — 4cos 7, (70) 
х (v) = 16cos* 2 ~ 12 cos? 2 +1, (71) 
x3 (и) = 32cos® = —32cos? = + 6 cos =. (72) 
2 2 2 
4.15. GENERALIZED CHARACTERS, x/(R), OF IRREDUCIBLE 
REPRESENTATIONS OF THE ROTATION GROUP 
4.15.1. Definition 
Let us introduce the function xj (o) associated with х“ (о) by the differential relation 
à 
у (27-A)! |. wya d J 
xi) = JF n 7) (жол) X ©), (1) 


where А is integer, O < А < 2J, and х”(ш) is the character of the irreducible representation of rank J 
(Eq. 4.14(1)). 

The function xj (w) will be called the „„ character (of order A) of the irreducible representation of 
rank J. Note that the relations between xj (о) and x (м) are similar to those between the associated Legendre 
functions P? (z) and the Legendre polynomials N (2). 

At Л = one has xj (ш) = x? (v). 


4.15.2. Explicit Forms 


(a) Trigonometric series 


ха (= e Oo, (2) 
м 
a = N (је (27 — 8)! 6 12J—A—25 
х} (о) = ( віп 2) VAY 1 Уи” 2 (ecos 2)* 57) ’ (3) 
sin 17. 8 
хх (2) = E та d >. % col 27/-А-24)- 21: (4) 


(b) Differential form 


" 1 (2J — А)! w d AFI w 
х) тат 27 TJ ај ben =) (=) cos[(2J + 1) >], (5) 


See also Eq. (1). 


J 
А 
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(c) Relation between у] (о) and the Gegenbauer polynomials 


xj (w) = (22)! У2Ј + 1 . (sin 


(2J - A 1)! x c; 1 (cos 2): 


(d) Relations of х} (o) to the Jacobi polynomials 


1 У2Ј + 1У(2Ј – А)! V2J +1 (27 ~ ХУ +à + 1)! „у, 


i о 
(4.7 T 10% "Qin 2) PTT Ta) » 


aac IIZ L All 


; à p(4*1,-1) 
ш 2.2 
2J4X41)11(2J-A- 1)! пат (ein 2) Ру a (созш), 


2J — Aiseven 
Ху (2) = 


ха (2) = 


У2Ј +1,/ a Aere ( ARA cos 2 (sin % P Pil (сова), 


2J — A is odd 


(e) Relations of x7 (o) to the Hypergeometric functions 


Jf ! 
Е ү 667 % (en 2) F(- -27-2,27--Х-2; eo 256in 22). 


J (7-107 (22)/2J +1 |(2Ј+А+1)! 
Xx EE пи 


2% 
(23 4 1)! 2) (m 7 ATEU +А + 52 + 5 25 т), 


(717 ^V2J 1217 ^ (2J)! Main | та 
хе) = == рул (^ (із 2) 


(Ci B= 55 ). 
2 біп” 2 


o У2/+ Цай _ (со 70 0 reo 
(2J — NU +A + 1)! 2 


xr(-r i, 238, hoe), 


2 i> , 


гы) _ У2Ј+1 5 (sin 5 405 -2A 
Xa АИ J-A 


-2J + A, -2 – 5; ТЕЙ 


2 tan 22). 


(9) 


(10) 


(12) 


(13) 
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M {А * 
Ху (о) = UE ш. -е +) е+#(27-А) P(_2T A, A + 1) —2Ј ЕР), 
М(2Ј — Х)(2Ј +А + 1)! 
—A—1M E A 
(-17** V27 + iy Ea (sin ?) F(-J + 3,7 1 3; dicos? £), 
if2J — Aiseven 
J Д 2281 27А)! IASON 1)!! ш for, шу% 
xi(w) = 4 (7-1) * 9 J2J + Ц/ 5752 D A IG cos 2 (sin 2) 
xF(- J+ MÀ, J+1+ èH; 3; cos? 9 я 
if2J A is odd 


/ eL (sin € yr(- J+A, J414+A4;A4 8; віп? g), 


if 2J — Aiseven 


J 
ХА (w) = 
RO y РН Catat! cos € (sin £)* F(-J + А, t 1 33352 + рал 2), 


if 2J — A is odd 


(f) Integral representations 


J ail ые асы у У — — — 

xiv) = 23 (27-2) (s yu , SIBI + 1) (ов 2 cos =) dy, 
pv + А+! ! e 

ха (2) = ы уйт шекел әй ХЕР (=) [сов 5 + izsin =]? 42. 


4.15.3. Principal Properties 


(a) Symmetries 


хә) = xx(w) = (-1)*xx(-w), 


XX (о + 2тп) = (DHM, хі(2-ш)-(-1) А) (ш). 


(b) Particular values of w 
ху (0) = (27 + 1)60, х3 (2т) = (-1)?7(2 + 16, 


= 27+Х!(27—Х4-1)!(27+1) . А 
xi (я) -ft (-1)7$ Eb if2J — Aiseven, 


if2J — Aisodd. 


(c) Recursion relations 


24 (а) = z zx У@ + аў (о) - ЕЕ VOII T (А + xat), 
(2А + 1) cot 2 A % = У(2Ј + 1)? — А xj. (w) + У(2Ј + 1)? — (A + 1)? х), (о). 


(14) 


(15) 


(16) 


(17) 


(18) 


(19) 
(20) 


(21) 


(22) 


(23) 


Wigner D-Functions 109 
(d) Asymptotics 


If w — 0 and J oo, while Jw = z < оо, then 


jim alle) = ale), (24) 


where 7 (z) is a spherical Bessel function. If w — 0 and J is fixed, then 
n vy 1 (2J +А+1)! 
xilo) = (5) па пи / ary (25) 


4.15.4. Differential Equation 


The functions xj (w) are solutions of the linear differential equation 


odo) + соб 9 du) + и +) – Tre A0 =0 (2) 


with the boundary conditions 


x3 (0) = (27 De, xX (2m) = (C1) QJ o. (27) 


4.15.5. Orthogonality and Completeness 


The collection of functions x7 (w) with different J > А/2 and fixed А constitutes a complete set of orthogonal 
functions of argument w defined in the domain 0 < о < 2л. 
These functions are orthogonal, 


27 
І dw sin? ох) хэ? (o) = NJ Ji o (28) 
0 


and the completeness condition reads 


| (29) 


2 шу 
sin 
Jz0,1,1,... 2 


4.15.6. The Addition Theorem for x7 (ш) 


The generalized character x7 (ш) for the rotation R(w; ©, Ф), which resulted from two successive rotations 
Еј (oi; 91,91) and R2(w2; Oz, Sa) may be expanded in terms of xj У (Е1) and XÀ ТВ.) as 


4 С (REL 3 1)' (21 + 1)Р, 30) 
ха (2) = (23. A € IQQ 4 1) (In Sain r ein x 24? J (21+ 1) P (cos x)xi (w1)xi (22), ( 


where P;\(cos x) is an associated Legendre function, x is an angle between the rotation axes n;(0,, Фу) and 


п2(Ө:, Oz) 
cos X = (пі nz) = cos Ө, cos O2 + sin Ө, sin O cos(®, — G2). (31) 
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The angle of the resulting rotation, w, is determined in terms of 1,02 and x by 


© = cos 21 сов 22 sin = sin 22 со 
сов 2 = соз = 2 5m 2 <08Х. 
4.15.7. Sums and Infinite Series Involving х} (ш) 


(a) Summation over А 


2A +1 iMw 

Ep 11Х С ) Сумло = еМ , (|M|<J), 
A=0 

<2J 

x 2A +1 

терь = се Mw, (h S J), 
А=0,2, 
<2Ј 


224-1 
(-:)^- 27715 ) C = sin Ме, (|М|< J). 


In Eqs. (33) -(35) J > |М | is an arbitrary integer or half. integer. 


«2i 


2141 (А – пи 
24 Gad 230141 AM — ха (9) Сюло = Р(сов 9), 


(А + m is even), 


У CR aiu Ma В. 
27-1 (+ М' 


A-|M'- M] 
(A + М’ — M is even). 


(b) Summation over J 


У (2Ј v-c1) хо) ree сын 50, 
Жау @7-ь Verri R241) 


МА M' + М)! (OCH re 


eT > т D XA ) СЗ = = \/ 27 1 Vm (, O), 


м- дим'(8), 


Y (4J + 1)ttx7 0 Gb)  —— г? ET (Stsin =)” | 


7872 (2J +1)(2J — v) (2J фи + 1)! R(1 t cos є + R)'* 


where R? = 1 — 2t cos(w /2) + t?. 


= (2J +v+1)! 
Y £779 % % T 1) RM x2(u)Jana(v) = У (y sin er 2 


(2J — v)! 2 


Ј=и/2 


(32) 


(33) 


(34) 


(35) 


(36) 


(37) 


(38) 


(39) 


(40) 


(а) 
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се 1757729 
e sni, (42) 
Жиз NJ I) – УЈЦ2Ј + v 1)! 2 


Y T(k--2J – и) x2 (w) t?7 


Жа ТӨ QJ + 1)(2J – v) (2J и + 1)! 


. v tan W 2 
1 (t sin ©) ЈЕ 3 1 ee ) | (43) 


= (20+ и (1-ісов g)” 2' 2 2 Д1-ісоз% 


Here k is an arbitrary integer. 


= xz (o) (2:)27 


J-v[2 (47  1)14/(2J + 1)(2J — v) (27 фи + 1)! 
_ (2t sin wy" 3. 29 
= 27 + juge G у + 25 t sin? =)оЁ\(; +5 t cos 2: (44) 


The right-hand sides of Eqs. (39)-(44) may be treated as generating functions of x7 (ш). 


4.15.8. Special Cases of у] (o) for Particular А 


(a) For А = 2J,2J — 1,2J — 2,2J — 3 the function x7 (ш) is given by 


(AJ) wyas 
Trr m = 45 
xij(w) = 2771 (45 + 1)! (sin 2) H ( ) 
! - 
XZ -I (0) = V2J I ee (ви 2)27 1 сов = , (46) 
(47 — 1)! 2 2 
—2)H _ 
xl alo) = УЗ 14510. (cin 2) 73 [ал сова ® — 1], (47) 
(47-2)! ,. 2J-3 3% w 
Хај _з lo 2Ј+1 7 90 2) [4J cos z 355]. (48) 
(b) When A = 0,1,2 one has 
sin(2J+1)2 cos Jw — cos(J + I) 
хабы) = ЗА +) „ сова — сову + Па (49) 
sin 2 1 — cos 
(о) = 21 2J cos (2 ] + 1) $ sin — sin Jo -1 Jsin(J + 1)w - (J + 1)sin Jw 
xi V J(J + 1) 2sin? 2 J(J +1) 1—cosw (50) 
Jw) 1 [3 — 2J (2J — 1) sin? €] sin(2J + 1) 30; а еј 
w) шеф LS . 
Ха J(J + 1)(27 – 1)(27 + 3) 2 sin? @ 2 sin? = (51) 
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(с) х} (ш) may be expressed in terms of derivatives of x (v) 


Хо (о) = P 
xii dx” (v) 
NES) d) ^ 


1 
JU +1)(2J — 1)(2J + 3) 


CV (раја +) – 18 в), 


Фу! 2 


[J(+ 1)x7(w) +3 405 


ха ( = 


(2J 4- 4)! dw? 
ха (о) -2У27-1 67791 55 is -1J( + 1)(J + 2)x7 (v) 
+516J(J + 1) -5 PW) 5. 


4.15.9. Special Cases of у] (o) for Particular J 


J=0 (ш) =1; 
1 
J=1/2 xò (o) = 2 cos 2, 
7 2 
xi (ш) = J sing; 
J=1 xo (o) =1+ 2cosw, 
xi(w) = V2sinw, 
ха) = VE (1 - сов); 
Ј = 3/2 xl (о) = 4 со созш cos # = 4 cos 8 (2022 % 77 Jj: 
x} (w) = he (2 + 3cosu) sin п = ла sin 2 g (6cos? g 4-1), 
3 8 in L 2 
х2 (o) = 5 Ei ng) cos $ = dg ein 2 sinw, 
2 . 
х2 (ш) = Ji; sin $(1—cosw) = By (sin 4) ; 
Ј=2 хош) = 4соз2ш + 2cosw — 1, 
x?(w) = "E sinw(1+4cosw), 
Х2 (&) = ҮЙЕ + cos — 4cos?w), 
xa (o) = 24/2 sino(1 — сове), 
2( = 2 m 2 
xi(w) = 2 2/2 cosw)? . 


4.16. Di u- (a, P, J) FOR PARTICULAR VALUES OF THE ARGUMENTS 


Here k,l and n are integers. 
Dy rng (0, 0, 0) = CMA. " 


Dia la, o, л) тбммее Mlata) 


Di (a, +2пт, q) = mm (- 1) 2 , MGE) , 


(52) 


(53) 


(1) 
(2) 
(3) 
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Di, (a, (2% + 1)т, ) = мы (1) Fee FD EM elena) (4) 


Dium’ (o. 2,4) = (71)M-M e Ъ Рс e 2 2 FU ele ae) 


Some particular cases of Eq. (5) are given by 


ОРО ОЈ бо (lam 
» (sm) (5): қ 


Dim (a, 2,1) = (21) 38 8 an 2 (5) (ңа)! е ; 


т 1—1) 

Dis (а, 5,5) = ВИ) = as (7? AE, (7 
(l= т)(1+ m)! "(—1)'5° 
Da im (a, 7 б m. 24 
( 2 (L 1) ()) 

V таша cu T 

gi (ein) 

Squares of the D-functions for В = 2 may be written as 


2 
ж -а2Моа-2М! ШҮУ — — 1 
27 6206 e e -i) У (71/7 — == | 1 Сумз-м CI-. (9) 


1=0,2,4,... 
Using dj, м' (п/2), one can evaluate Dj, м, (а, B, т) for arbitrary arguments from the relation 


Dum (es 5, ) 
= Dis. a, 0, 0 )22, (0 I 0) „ орз... (0 (2:0) D. . lo, o, ) 


e; - N м! 
zy Ma d.) e img 4м (5) e * 
m 


Numerical Tables of DZI м, (0, 1/2, o) = дим (л/2) for J = 1/2, 1, 3/2, 2, 5/2, 3, 7/2, 4, 9/2, 5 are given in 
Sec. 4.21. 


(10) 


4.17. SPECIAL CASES ОЕ D}, u, FOR PARTICULAR М OR M' 
(а) М = 0 and/or М' 20 


Dhola f.) = (CJ ==> nh. = ү = V.. leo, Т 


4 
Dimlab) = ү NC = CUT V сү Vin (Bs) 
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In particular, 


Dio(o, 8,7) N (eos В), 


Di iola, 8,1) = Feria T 1) Pi (cos В), 
l ei sin В t 
Dhala B) = te AE со), | 


(l+ 1) 


Dhala, Br) = erte с п ра) + 


(L— 1)1+ 1)(1+ 2) 


Р, (cos в , 


| = 242. _ {+1 _ cos „ eee | (cos 
Поља, В, ) = е? | (-1)(1--2) i ae Mir DHT n ЈЕ 


(b) М = +1/2 and/or М” = +1/2 


1 алза ут [J+M'+1 
Рам la, 8,7) = е 2 N isin? р NE SMS У. +1 -N, (В, 7) 


J М! 
2 ЖЕБЕСІ П 


3 
ра (eb. M = (“184M үзе mei (у у i-us) : 
CM ЖЕН) . 
In particular 
NOTE jet PE, p (cos 2) — Р;_ (сов), 
Dj (, E. ) = -e 5 Р, (сов A) + Р, (cos A)}, 
D! 4, (08,1) e m (Ру 4 (cos 8) + Р, (сов), E 
D, аб) = P "M Pj. (сов0))- 
(c) M = +1 and/or М! = 
D. us ы = 6 reg ( ткт +1) ESE yug an 
mem Yi (5,5) £ Укту т) 2 Ys) a), 
(5) 


4т 
(l+ 1)(20 + 1) 


+msin BY (Ва) + УЙГЕ m) m 1) — myl, "m ; 


Di (o fh, h) ы {+ т Py, (Bae 
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In particular, 
10 1 eE 
Ру (о) 8,7) = EM ЦІ Uke В) F (1 cos p) Pt (cos 8), 


22 (6) 
Dl, _1(а, B, )) = e*t i {io + (1 + cos g) N (cos 8)) . 
(d) M = +(Ј — 1) and/or М' = +(J - 1) 
J EN —m-1 ,-i(J—-1)a—im (2J – 1)! B Jtm-1y | B J-m-1 
D3 A la, 8,7) -(-1)” ыы i UE S» (cos =) (sin =) 
x |J cos 8 — m], 
dg cdm (2J — 1)! Вұі-т-іу., By J+m-1 
Dz ав) тут be), (i) 
x [J cos B+ m], (7) 
-4(7-1)4-іта (2J — 1)! B\Jtm-17; ByJ-m- 
Қ ТАМАН uem) (sing) 
x [J cos 8 — m], 
= т- 4(/-1)1-%та (27 = 1)! В J-m-1,;. 8 1+т—1 
Da (a, B, N) zT (-1)7+ let (7-07 (J+ m)(J т)! (cos 5) (sin 5) 
x [J cos В + т]. 
(e) М = +. and/or М! = +Ј 
2J)! J+M;  B\I-M „ 
Рум (a, В, y) = Oe (cos 8) (- sin 4 eg aM ; 
ps (2J)! B\I-M7 | B\I+M iJa—i 
Р”! ум (a, В, л) = (7+ My -M i (cos 2) (sin 5) eia iM r 
J)! лм). J-M „ 
Ри (a, 8,3) = киы (= >) (на 5 e iMa-iJ4 


2J)! J-M лм. А 
Ру (о. В, 7) = им (cos 2) (- біп =) e Mat 


Explicit forms of dz м, (8) for particular values of J (J = 1/2, 1,3/2, 2, 5/2, 3, 7/2, 4, 9/2, 5) are presented іп 
Sec. 4.20. 


4.18. ASYMPTOTICS OF D m (a, 6,7) 
4.18.1. Large Angular Momentum 


If J > 1, one has 
ss - uv)! 


Dit (a, P. N e EMM! ( + uy (s + и)! 
кн 1754) — (ди + 1)| 1 
“уж ГҮ] SrO (1) 
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where s, p, v are related to J, M, M' through Eqs. 4.3(14), and Смм' is defined by Eq. 4.3(15). 
If J — co and В — 0, while Jf < oo, then 


Рум (o, By) м e7M97M Ju, aes (JB). 
Here In (z) is the Bessel function. 
4.18.2. Small Variation of Rotation Axis 


If 8 — 0, we have 


-iMa-iM'4 MM. |(з+и+иј( tu 
Dila, p,n) e c cte Be [pti T ЕЙ 


ш 8! (8 + и)! 
TORU и и(џ + 1) (B +...) | 


If x — 8 O, we have 


a E i | ! ! 
Рум (а, B, 7) Se У 07M т SMM" (). (s+utv)i(s+v)! 


и! s!(s + и)! 
(EJA [teaser есе, у 


4.18.3. Infinitesimal Rotations 
(a) Rotation = about the z-Axis 
in ne 142) - oe] = емо 

-- ioca VU- MJ FMI) I. V MU -M 1). 

(b) Rotation = about the y-Axis 
lim = (Dre (06,0) – Ge] = -4UM|JM) 

= -tums VU 7 MU E M'Y) + 5 ona VU MY - М" +1). 

(c) Rotation = about the 2-Axis 
lim =Рмы (s, 0,0) – бим') = -(ЈМ|ЈДЈМ') = —Мбмм' · 


(d) Rotation є about an Arbitrary Axis п(0,Ф) 


. 1 ; 4 . 
lim Dla, 8,7) — 6мм'| iM n| JM’) = М cos Ofm m’ 


2 sin Se Ф (J — МОЈ + M! + 1) Daunen 5 sin Se- V(J + M')(J - М'+1)&мм'-1. 


In Eqs. (5)-(8) J is the operator of angular momentum defined in Sec. 2.1. 


(2) 


(3) 


(4) 


(5) 


(7) 


(8) 
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4.19. DEFINITIONS ОЕ Dj,,,,(a,6,7) BY OTHER AUTHORS 


Different authors use somewhat different definitions of the rotation matrix. The main differences are in the 
following: 
a) in using right- or left-handed coordinate system; 
g 
b) in rotating either coordinate system or physical body; 
g y 
(c) in using various definitions of the Euler angles a, B, I, namely, 
(i) choosing different rotation axes, 
(ii) choosing a different order of rotations, and 
(iii) defining rotation either in a right-handed or left-handed sense; 
(d) in considering transformations either of covariant or of contravariant components; 
(e) in choosing various transformation rules for irreducible tensors; 
(f) in accepting different phases of non-diagonal elements in Eqs. 4.2(4) and 4.2(5). 
The Wigner D-functions used in this book coincide with those defined by Edmonds (Ref. [64]), Rose 
(Ref. [30]), Newton (Ref. [28]) and some other authors. The relations between these D-functions and согте- 
sponding functions of other authors are listed in Table 4.2. 


4.00. SPECIAL CASES OF dj,,,,(f) FOR PARTICULAR J, М AND M 


General expressions for the D-functions, Eqs. 4.3(2)-(5), may be reduced to simple closed forms for particular 
values of J. Explicit forms of Фу м. (В) for J < 5 are presented in Tables 4.34.12. dj, x, (B) are given in 
terms of either cos В and sin В (if J is integer), or cos(8/2) and віп(0/2) (if J is half. integer). Expressions for 
di, (8) for J > 5/2 are presented for M > бала |M'| < M only. For М < 0 and |M'| > M one can obtain 
di, m (8) using the symmetry properties (Sec. 4.4). 

Explicit forms of dz, м, (8) with J < 6 are also given by Buckmaster (Ref. [116]), and Wolters (Ref. [129]). 

Extensive numerical tables of д], м'(8) for J < 13 (integer and half. integer) may be found in Behkami 
(Ref. |114)). 


4.21. TABLES OF 41, м (8) FOR £ = 1/2 | 

Values of the d], м. (8)-functions for В = 1/2 and J = 1/2, 1, 3/2, 2, 5/2, 3, 7/2, 4, 9/2, 5 are given in 
Tables 4.13-4.22. 

4.22. SPECIAL CASES OF b y (w; &, G) 

Explicit forms of Uj, м, (w; Ө, &) for J = 1/2,1,3/2,2 are given in Tables 4.23-4.26. 
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Reference 


Edmonds [16] 


Rose [31] 


Brink and 
Satcher |91 


Messiah |25 | 
Tinkham |39) 


Newton [28] 
Baldin et al 
B] 
De-Shalit and 
Talmi |32) 
Dolginov [14] 


Davydov [12] 


Bohr and 
Mottelson |8) 


Wigner [43] 
Rose [39] 
Edmonds [$4] 
Fano and 


Racah |18 | 


Berestetskii 
et al. |6) 


Gel’ fand 
et al. |20) 


Lubarskii [26 | 
Vilenkin [4! | 


Yutsis and 
Bandzaitis 


[45] 


Rotation 
Operator 


cp e . 


The same 


» » 


АА е, еба 


The same 


стаје DP 


The same 
» » 
» „ 


e 5I eige-. 


The same 
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Table 4.2. 


Definitions of the Rotation Matrix by Other Authors. 


Transformation Form 


V 1, (9, Ф) = > Vy (8, 9) Бум, (а, 8, 1) 
И 


The same 


» >» 


Voy (9, $) = > рхи (а, В, 1) Vp (У, Ф) 
М’ 


The same 


Vu (d, p“) = У ли (8, Ф) Dy y (а, 8, 1) 


W. , G“, еј и (9, ж) DG, (а, В, 1) 
The same 


» » 


ICA )-2U, „G“, Ф') 0 (a, В, 1) 


Тун (8“, Ф) => 2%, (а, В, т) V м (9, 9) 
M 


Relation between Referred Function (left) 
and Function of this Book (right} 


DO, (а, В, D = Dey (а, В, 1) 


The same 
» » 


Рим, (а, В, 1) = Рум (-a, —8, —1) 
The same 
Рун, (а, В, ү) = хи, (а, В, 1) 
DY ((а, В, 1))ым, = Рим, (—% —8 —1) 
Du (а, 8, т) = Dice U-, f. —1) 
The same 


» >» 


ОФ (а, В, 1) = Die (-1, —8, —а) 


Te (а, В, 1) == (17070 РЈ и, (а, 8, 1) 


D - (а, В, 1) = (— рі у, а, 8, Y 
tre (а, В, т) =( DIL (а, В, 1) 


ОФ, (а, В, ) = руу, (а, В, ү) 
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2. J 
Tables 4.3. — 4.12. Explicit forms of dym (8). 


Table 4.3. Table 4.4. 
и 1 
ам м’ (8) dum’ (8) 
EM 
M 1/2 | — í; 


В 8 

1/2 cos ~5 — sin 5 
В 

— 1/2 Sin -2 с05 -2 


Table 4.5. 
3/2 
402, (8) 


8 8 Я 
3/2 cos? £ — УЗ sin <у- cos? £ V3 sin? £ cos -5- —sin? £ 
— B g B 8 8 8 
1/2 УЗ sin T co -. | соз 5 ЖЕ cos? -7 -2) sin 3 (asin? = — 2) УЗ sin? + cos + 
8 8 8 
— 1/2 УЗ ein- cos — sin (з sin? в — 2) cos 26 cos? — ) —V3 sin t cos? -2- 
P 8 — 2 
— 3/2 sin’ = УЗ sin? > соз - УЗ sin i cos? Б. cos? т 
Table 4.6. 
dy (в) 
M/ 
2 1 0 —1 —2 
M 
2 (1 + cos В)? sin В (1 + cos В) "3. sin? В sin В (1 — cos 8) | (1 — cos 8)? 
= nnm T * — 3 А 
4 sin # (1 + cos e 2cos* B -+ cos В — 1 M sin 8 cos 8 — — — 1980—0088) 
0 iV sin? 8 y = sin B cos oe -V 4 sin B соз В 1 iyi sin? В 
—1 sin 8 (1 — cos) . үз sin 8 cos 8 Zeth p cos Pm _ snp cos 8) 


—2 а- соз 8)? sin 8 (1 = cos 8) Ly + ein ⸗ 5 sin В (1 + cos 8) a+ cos 8)? 
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Table 4.7. 


5/2 
4% (8) 


M' М = 5/2 | м' | М = 3/2 
5/2 6058 са 3/2 cos? Е (1 — 5 sin? 4) 
3/2 —VY5 sin 5. cost 4 1/2 —V2 sin $ cos? Е (2 —5 ѕіп? 5) 
4/2 V10 sin? 5 cost -1/2 — V2 sin? 5 cbs га (2 — 5 cos? 5 
3 
—1/2 — V 10 sin? 5. cos: —3/2 sins T (1 — вов) 
—3/2 V5 sin“ + cos 5 М! М-- 1/2 
—5/2 --біп% £ 
$ В В 9 
112 cos +(3 — 12 cos: + 10 cost +) 
—1/2 — sin $ (3-12 sin? m + 10 sin* 5) 
Table 4.8. 
3 
dym (8) 
М" M=3 | M' | М--2 
3 + (1 + cos $)? E sin? В cos 8 
2 — r sin В (1 + cos 8)? - -10 sin 3 (1 + 2 cos 8 — 3 cos? В) 
У 15 с: 1 
1 “== sin? (t + cos В) -T (1 cos B)*(2 ＋ 3 cos 8) 
V5 s 
? ES ді. м M=1 
ER LUN = sin? 8 (1 — cos B) 
— 1 
22 12 di: sin 8 (1 — cos 8)? 1 — y ( + cos B) (1 + 10 cos B — 15 соз? В) 
УЗ _. 
d cosy 0 i sin В (1 — 5 cos? В) 


1 
— J (1 — cos 8) (1 — 10 cos В — 15 cos? 8) 


- E: (1 + cos B)1(2 — 3 cos 8) 


1 sin В (1 — 2 cos 8 — 3 cos? В) 


| 0 | — + cos B (3 — 5 cost) 
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Table 4.9. 
7/2 
dy (8) 
м' М =7/2 | М | М--5/2 
— 8 
7/2 cos? £ —1/2 V5 cos? £ sin? <- (3 — 7 cos? £) 
— 8 — 8 8 
5/2 —V7 cos* -y sin £ —3/2 — Y3 cos £ sint 5 (2 — 1 cos? 3) 
— 8 
3/2 МЕ сов». sin? £ —5/2 sinë £ (1 — 1 cos? 5) 
1/2 — Y 35 cost £ sina 5 
8 В М | М--3/2 
—1/2 Y 35 cos? Y sint- 
PIE В. В 
—3/2 — У2ї cos! -y sin’ 3/2 cos? Е (10 — 30 cos? Б. + 21 сова 5) 
~ __В uae P — 
—5/2 v7 cos 7 sin? -y 1/2 — У соз? + sin + (2 — 8 cos? + + 7 cost 5) 
2.8 
—1/2 - sin?-5- —1/2 V15 cos t sin? $(2 — 8 sin? £ +7 sin) 
| —sin3 $ (10 — 30 sin? I 21 sin* £) 
M’ M = 1/2 
5/2 coss 206 — "Isin? $) | 
в. В 102.5. 
3/2 —УЗ cost -y sin -y (2 — Tsin? >) 4/2 —cos £ (4 — 30 сова 2. + 60 cost В. — 356058 =) 
= B _ „В vaa В 
1/2 V5 cos? -5- sin* (3 — 115) —1/2 —sin 26 — 80sin* + + 60sin¢ £ —35 sinf) 
Table 4.10. 
4 
dymy (8) 
M' M =4 | М" | М--4 
1 V 
4 4g (1 + cos B) —1 — “a sin? В (1 — cos 8) 
v2 _ = 
3 ein В (1 + cosp)? —2 УТ gin? 8 (1 — cos 8)? 
УТ. > 
2 AF sin* (t + cos $)? —3 - v2 sin f (1 — cos 8)3 
1 — 114 sint (1 + cos) — dg U — cosp) 
0 70 sint В 


16 
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Table 4.10. (Cont.) 


M’ M=3 | М! | М--2 
1 
3 — F (1 + cos B)3 (3 — 4cos 
жала. 0 — 0 алав (1—7 cost) 
2 ү sin 8 (1 + соз В)? (1 — 2соз 8) VY ў 
8 | 219 5 sin В (1 — cos B) (1 — 7 cos В — 14 cos? 8) 
ERE E 
| p ^ Fs vas nha Pos) —2 (1 ооз Bj (1 4-7 cos 8 + 7 cos? B) 
0 eins cosp 
VT * os 
—1 р sin? (1 — cos p) (1 + 4cos 8) 
1 
—2 = I da 8 (1 — соз B)? (1 + 26038) 1 F (1 + cos B) (8 — 6 cos В —21 cos? 8 -+ 28 cos? 8) 
Y5 . 
—3 + (1 — cos $)? (3 + # cos f) 0 i sin В cos В (3 — 7 cos? В) 


— 4 (1 — cos В) (3 + 6cos 8 — 21 cos? В — 28 cos? В) 


G + cos 8)2 (1 — 7 cos B + 7 сова 8) 


1 
1 2 —^ sin B (1 + cos 3) (1 + 7 cos 3 — 14 cos? 8) -8 (3 — 30 cos? 8 -+ 35 сова В) 
Table 4.11. 
9/2 
dmm’ (8) 
М" М -«9/2 | М | М ==7/2 
9/2 cos? Б. 7/2 cos? a (1 — 9 sin* +) 
В. В ; 
7/2 — 30058 Б. sin Б. 5/2 --2с056-2- sin -y (2 — 9сіп? +) 
Var By coe AB 3 
5/2 6cos? B. sin? 5. 3/2 2V 21 сове -y sin? -y (1 — З sin? 4) 
“ы В 
3/2 —2V 31 cose + sin? i- 1/2 — VTA cost E sin? t — 9 sin* > 
4/2 3V 14 соѕ5 Б. sin* f —1/2 — V14 cos? = sint 26 — 9 cos? $) 
—1/2 —3V 14 cost + $108 3. — 3/2 2Y 21 cos? П sinë 20 — 3 cos? 4) 
та 68 8. 
—3j2 2V 21 cos’ + sin’ £ —5/2 — 2008 -2- sine F(2 — 9 cos? +) 
8 А 
5/2 —6cos? e sin? + —7/2 sin? 20 — cos? 4) 
7/2 3 B ing | ГА 
—7 / cos -5- sin? -7 M М-«5/2 
3 
—9/2 —sin?* -y | B 


8 
cos? —5- В 7 (21 — 56 cos? -y + 36 сова 5) 
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Table 4.11. (Cont.) 


М" M —5[2 | М" | М --3/2 
P В Ы Уб 2 В CROSS 3 3 3 
3/2| — V21 сов4- sin 26 — 166052 5- + 12005) 1/2 6 cos? -y sin > 5 5—35 cos + 70 0054-5 — 42 с058 5 
5 
12| Ум сов» Ё. sin? E 5 (5—20 bos . 18 cos: 5) —1/2 |V 6 cos sine (5— 35 sin? 54 70 sin. — 42 sin? 5) 


8 8 
—1/2 | — VIA cos? + sin3 26 — 20 sin? — В 5 +18 sin“ 5) —3/2 | —sin* HC — 105 sin? 5 + 168 sint — 84 sin) 


7 
—3/2| У cos > 5 sin 5 (5-16 ЖУ 12 sinc) M' | М--1/2 
8 
—5/2 —sin® > (21 — 56 sin? Б + 36 sin“ +) 8 8 3 
12| cos (5 — 60 cos? + 210 costy — 280 cost + 
анине 3^ 
M' | M=3/2 nae) 


“со 


--1/21 —sin Е (s- 60 sin? +210 sint 5 — 280 ine $ 3 > + 


3/2 —cos (20 20—105 TE 2 +168 cost 84 cost ＋ 126 sin?) 
Table 4.12. 
diyy (6 
М’ M=5 | м' | М--4 
s ПЕК E — + кюй Sad) 
4 E) sin В (1 + cos 9)* 5 : 32 e n 
3 зуб sin? 8 (1 + cos В} у -23 ООО 
2 = 0 sin? 8 (1 + cos В | 4 sinap а 
У 210° 0 3У70 sin* 8 cos 8 
1 33 sin*8 (1 + cos 2) 16 
0 _ 3 52 sinë 8 —1 — МЕ sin? 3 (1 — cos 8) (1 -- 5 cos 8) 
za n sint (1 — cos 8) --2 nS sin? 3 (1 — cos В)? (2 + 5cos В) 
--2 Б ы sin? (1 — cos 2)? = He 52. SER e eos e 
zs 2 sin? 2 (1 — cos g* i че (1 — cos 2)* (4 + 5 соз) 
—4 — У sin В (1 — cos 8)4 M' | М =3 


Е x — cos 3) 3 | wll + cos 9) (13 — 54 cos 8 + 45 cos? 3) 
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Table 4.12. (Cont.) 


М! M=3 | М" | М--2 


v6 үт 


2 -- sin ß ( + cos В)? (1 — 12 cos 8 + 15 cos?) —1 in 81 — cos B) (1 4-3 соз 8—9 cos 8 — 15 cos? p) 
A 1 
A sint3 (1 + соз В) (1 66058 — 15 0058) | —2 |— (1 — cos 8)* (1 — 3 058 — 18 cost 8 — 15 cos?) 
0 v35 25 = 51033 (1 — 9 cos?3) ПЕЦ М = 1 
—1 - = sin? 8 (1 — cos 8) (1 — 6 cos 8 — 15 cos?B) 
УЕ 16 (1 -+ cos 5) (1 + 28 cos B — 42 cos? В — 
—2 — YS sin 1 — cos 8)? (1 + 12 cos 15 cos? 
16 50 BEA ш P) — 84 cos? B + 105 cos‘ 8) 
—3 чу (8 — соз f) (13 + 54 cos 4-45 сов) Lim sinB (1 — 14 cos? 8 + 21 cost B) 
M' M=2 E (1 — cos В) (1 — 28 cos В — 42 cos? В + 
+ 84 cos’ B +- 105 cost 8) 
1 — 
2 7 (1 + cos В)? (1 + 3 cos В — 18 cos*3 ＋ 15 соз?3) 
УТ a з з oy EN 
1 Lx sin В(1 -+ cosg)(1 3 cos8 — 9 cos? ＋ 15 cos?) 
1 
0 _ Y 29 sin? 8 cos В (1 — 3 cos? В) -8 cos B (15 — 70 cos? В + 63 cost) 
Tables 4.13. — 4.22. Numerical Values of dd (1/2). 
Table 4.13. | Table 4.14. Table 4.15. 
ай т 1 Ай 3/2 (7 
(т) a (2) аим' (5 ) 


1/2 |102] — 2 4 | 12 |-МУ2)| 1/2 3/2 | 1/2V2|-vV3[2V 2| У3/2/ 2| —1/2У/2 
—1/2 |115 1/ 7 о | 1V2| о |-уу2 12 |V3/2V2| —1/2V2| —1/2V2] У3/2У?2 
—1 | 1/2 ЦУ2)| 1/2 —1/2 |V3/2V2|  1[2V3| —1/2V2 |- V3/2V 2 


—3/2 1/2V2| vV3/2V2| V3/2V2 1/2/32 
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Table 4.16. Table 4.17. 
dy (=) аш, (+) 


2| 41/4 |—12:V3/2V2|—1/2]| 4/4 5/2| (4У2 |-V5/AV2| У5/4 |-У5/4 V/ —1/4У5 
1 12—12 — ИДЕ И ЛЕ 4/4 чм |—3/4V3| VB/4V3 
у po 5 т. i 52 1/2 УЗЈА | аа |—1/2V2|  12V2| ам | — v5 
Е dae ee —1/2 | У5/4 14 |—1/2V2| —1/2V2| 1/4 | УБА 
—2 | 4/4 12|У3/2У2| 12| 1/4 | | / | | | р 


—3/2 |УБЈАМ 2] 3/AV2| 1/4 | —1/4 |—3/4V2|-V 5/AV 2 
—5/2| 1/4V2] V8/4V2| V5]a | V5]a |У5/4УЗ / 2 


Table 4.18. 


Ar (2 


мм” 


3 1/8 —V3/4V2| V3-5/8 —V5/4 УЗ.5/8 |--У3/4У2 1/8 
2 V3 /4V2 --1/2 У5/4У” 0 -У5/4У2 1/2 -УЗ/4У?2 
1 УЗ.5/8 |-У5/4Ұ2 —1/8 УЗ /4 —18 |—V5/4V2| У3.5/8 
0 / 0 —V 3 [4 0 V 3/4 0 -У5/4 
—1 V3-0/8 | V5/4V2 | —1/8 —V3/4 —1/8 У5/4У2 | V3-5/8 
—2 V3[aV2 1/2 V5 A 2 0 —V5/4V2} —12 |-У3/4У? 
—3 1/8 V3/4V2 | V3.5/8 Y 5/4 V3.5/[8 |V3/AV2 1/8 
Table 4.19. 
a (5) 


7/2 {ВУЗ |—vVT[s V2 | V3-7/[8V2 | —v5-7/8V2 |V5-7/8V 2 |-V3- 78V 2| V7/8V2 | —1/8V2 
5/2 ҮТІ8У2 | -5/8У2 | 3У3/8У? | -У5/8У2 |--У5/8У2 | 3V3/8v2 | —5/8У2 | V7/8V2 
3/2 |У3-Т/8У2|--3У3З/8У 1/8V2 У3.5/8У5 |-V3-5/8V2| —1/8V2 | 3V3/8V2 |—V3-7/8V2 
1/2 |V5-1/8V2|—V5/8V2| —V3-5[8V2| 3/8У2 30/8 DT |-—У3.5/8У2| —V5/8V2 | V5 -7/8V 2 
—1/2 |V5-1/8V2| У5/8У2 |—У3.5/8У2 | —3/8У2 3/8У2 | УЗ.5/8/2 | —V5/8v2 -Ұ5-7/8У2 
-3/2 |V3-7[8V2|3V 3/8 V2 М8У2 |—У3.5/8У/2 |--УҘ-5/8У2| 4|8У2 | 3V3/8V2 | V3-7/8V 2 
—5/2 У7)8У2 5/sV2 | 3У3/8У2 | У5/8У2 |-У5/8У?21|--3У3/8У2) —5/8/2 |--У7|8У2 
—772 178 2 Ут)вУ> |V3-7[8V2 | V5-7[8V2 | У5:7/84У2 |У3-7/8У2)| VT/8 YZ 118У2 
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Chapter 5 


SPHERICAL HARMONICS 


A spherical harmonic V (9, p) is a single-valued, continuous, bounded complex function of two real argu- 
ments 9, р with 0 < 9 € лапа 0 € o < 2. It is characterized by two parameters і and m, which take values 
1=0,1,2,... and m =(, I- 1, 2, . . 12, -I 1, -l. Therefore, for a given | there exist (21+ 1) functions 
corresponding to different m's. All derivatives of m (2, p) аге single-valued, continuous and finite functions. 

The spherical harmonics play an important role in quantum mechanics. They are eigenfunctions of the 
operator of orbital angular momentum and describe the angular distribution of particles which move in a 
spherically-symmetric field with the orbital angular momentum / and projection m. Strictly speaking, I specifies 
the absolute value of orbital angular momentum because l(! + 1) is the eigenvalue of the square of the orbital 
angular momentum operator, L, m is the eigen value of L. which is the projection of the orbital angular 
momentum operator on the quantization axis. 


5.1. DEFINITION 


5.1.1. Commutation Relations 


The spherical harmonics V (l, Y) are components of some irreducible tensor of rank | (Chap. 3). Owing 
to this circumstance they may be defined by the commutation relations 


и Yim (8, ) = МЕТ) Com Vim le. 0) (1) 


where 1,9, p) is a spherical component of the operator L (see Ед. 2.2(18)). 
The three commutation relations (1) (for р = 1,0, —1) generate the following three equations 


Label, o) = = ЕУ тіті1) 


Zo Vin (d, S) = MYim(9, р). 


Yimt1 (9, о) , (2) 


5.1.2. Differential Equations 


According to the commutation relations (1), V (9, p) is the eigenfunction of the operators L? and L. 


l Тула (8,2) = 1+ 1)¥im(9, 0) (3) 


L. Vin (9,9) = тУю (9, о) › 
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or in an expanded form 


1 8 д 1 д? 
[55555 Cin ) + еу 20 55 ++ 1)] ¥im(¥, e) = 0, (4 
‚д 
% v rie (o. c) = 0 
Equations (4) are invariant under the following transformations 
(a) Тә I2 -1—1; 
(b) 9 + —9(or 9 + r — 9); 


(с) m m, = =. 


5.1.3. Boundary Conditions 


The first of Eqs. (4) is of the second order. For fixed | and т it has two linearly independent solutions. 
However, only one of them is regular, i.e., satisfies the condition |У (8, ¢)|? < oo while the other solution is 
singular at 9 = O and 9 = л. For quantum mechanical applications the regular solution is of major interest. 
This solution will be considered in the present chapter. The regular solution is selected by the following 
boundary conditions 

Yi (9, p 2an) = У а (9,2), 
à д 
—Ут(8 = = =0. 
8e im 0 920 Эви" 8, e) n 0 
Below we shall consider the spherical harmonics V (h, p) with integer | and т (with |m| < 1) because the 
boundary conditions (5) are fulfilled only for such values of the parameters. 


(5) 


5.1.4. Normalization 


(a) The differential equations (4) and the boundary conditions (5) are homogeneous. Hence, they determine 
the spherical harmonics only up to some arbitrary complex factor. The absolute value of this factor can be 


fixed by the normalization. 
The normalization and orthogonality relation of the spherical harmonics is given by 


2” п 
] de | 49 sin ду (9, 2) Yim: (2, p) = bumm’ . (6) 
0 0 


(b) Sometimes instead of Ут(8,ф) it is more convenient to use the function Сіт(9,ө) (see, e.g., 
Refs. |9, 24]) which differs from Vm (d, Ф) by the normalization factor, 


Cim l, о) = V 3141 1 7 1 Vin (9, p). (7) 


The function Cin (d, p) satisfies the following relations 
УС» (8, 2) Ci-m (8, 2)(-1)" = 1, Cim(0,0) = био, 
Со(9, р) = Pi{cos 5), Cin (8,9) = Db. lO, 9,9) . 


The normalization and orthogonality relation for Cim (9, р) can be represented in the form 


2r 2+1 
І ae f" ад sin 9С,(9,о)Сет (9, р) = — À— би mm (9) 


132 Quantum Theory of Angular Momentum 


5.1.5. Choice of Phase 


(а) The phase differences of the harmonics Vim (, p) and Yim (9, р) with т = т’ + 1 are determined by 
the commutation relations (1). Using these relations, we may find relative phases of all (21 + 1) harmonics 
Уа (d, p) with different m for each |. An overall phase factor may be fixed by specifying the phase of one of 
the harmonics Vin (0, p) for some given values of arguments, for example, 


| 21-1 
In this case the following relations are valid for the complex conjugate function Ү* (9, р) 
Vim (9, p) = Yim lo, -ө) = (-1)"¥i-m(9, p) | (11) 


In particular, Eqs. (10) and (11) show that Ую(9, p) is real for 0 € 9 € т, and Fm (G, p) with m # 0 is real 
only for p = 0,т/т,2т/т,3т/т,..., etc. 

The above choice of the phase is widely used (e.g., see, Condon and Shortley [10]). 

(b) In the literature (see, e.g., Refs. [6, 18]) one can also find the spherical harmonics defined according to 
another phase convention, namely, 


Я» lo, g) = “Ил (d, o, (12) 
We shall refer to these harmonics as the modified spherical harmonics. They satisfy the phase relation 
Vs (o, ) (-U M , 9) . (13) 


Equations (4) and the relations (5), (10) and (11) completely define the harmonics Vim (9, H). Since І and 
m are integers, the function Vm (d, p) is single-valued. 


5.1.6. Zonal, Sectorial and Tesseral Harmonics 


These functions are linear combinations of the spherical harmonics for |m| € 1 


1 : 2041 (L- т)! б 
um ld, р) = 9 ¥im(¥, e) + Yi. (8, )]! = x nn ERST cos mq Pj" (cos 9) , 
(14) 
1 " 21r 1(l—m) , a 
um (2, 9) = 27 Vin lo, e) – V (8,Ф)] = Em t 7 = sin mo Pj" (cos 9) . 


The functions us (9,9) and um (9, о) are real, in contrast to Vm (&, ). The functions шо(9,о) are called 
the zonal harmonics because parallels where шо(9, о) = 0 divide a sphere of unit radius into l + 1 zones. The 
functions шу (9, p) and vn (d, p) are called the sectorial harmonics because meridians where uj(9, р) = 0 or 
vi (9,4) = 0 divide the unit sphere into 21 sectors. The functions шу (9,9) and um (9, р) for m # 0and mL 
are called the tesseral harmonics because a set of parallels and meridians where uj, (d, ) = бог v, (d, ) = 0 
divides the whole spherical surface into 2m(!—m-+1) cells. The cells, which correspond to positive and negative 
signs of any function, are arranged in checkered order. 


5.1.7. Solutions of Some Differential Equations in Terms of Vn (9, 2) 
(a) The solution of the Laplace equation 


V?f (r, ö, ) =0 (15) 
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in polar coordinates is given by 
3im(r, 9,9) = 1'¥im(8,¢) and Rim(r, 9, p) = у (8, o) 


where Jis lr, ö, р) is regular and Nin (r, 9, о) is singular at ғ = 0. These functions are called the solid 
harmonics. In the cartesian coordinate representation, a function Jim is a homogeneous harmonic polynomial 


of degree | 
21 EA —ty 
101 — — 
Vm lo, p) = =a (1+ m)t( n> aaa ) (== 5 * А (16) 


Here p, q, r are positive integers which satisfy the Кета p+tqtr=lp—-q=m. 
(b) The solutions of the Helmholtz wave equation 


[УЗ +k] f(r,8, о) =0 (17) 


in polar coordinates may be expressed in terms of the functions 27 (br) И а (9, р) where z(kr) M 2-4 (kr), 
2+: (=) being any of the Bessel functions. 

The functions Lim (7,9, р) = ij (r) Vim (9,9) and Nim(r, 9, р) = т (kr) Vim (9, p) аге celled the stand- 
ing spherical waves; Lim is regular at r = O, whereas Nim is irregular. The functions pí im Vr, 8,0) = 
ih!) (kr) Vn (G, о) and B. ( 8,2) = PAP (kr)Yim (9, е) are called the running spherical waves. The first of 
these corresponds to a spherical wave which converges to the origin, r = 0, while the second corresponds to an 
outgoing spherical wave. In the limit k — 0 Eq. (17) transforms into (15). In this case 


® т (7, 9, о) =+ Zim lr. 9, о) , N im lr, 9, о) = R lr, 9, e) . 
(с) Solutions of the equation 


[v – О 0 (18) 


in polar coordinates are expressed in terms of the functions 
fim lr, &, е) r Vim (9,0). 


For г = 0 a function Л lr, 9, p) is regular, if n > 0, but irregular if n < 0. When n = l or n = —1- 1, Eq. (18) 
transforms into (15), yielding 


fin lr, d, v) = Zim lr, 9,2), f lx, 9, p) = Rim(r, v, p). (19) 


Note that along with the above solutions, which are regular at  — 0, л, the equations under consideration 
have irregular solutions, which are not discussed here. 


5.2. EXPLICIT FORMS OF THE SPHERICAL HARMONICS AND 
THEIR RELATIONS TO OTHER FUNCTIONS 
According to Sec. 5.1.2, Vn (9, S) тау be represented by a product of two functions, one of which depends 
only on фр while the other depends on 9. The dependence of the spherical harmonics is given by the factor 
сете, Тһе -dependence is determined by the associated Legendre polynomials Р” (cos 9) |4, 27]. Taking into 
account the normalization, we get 


1+1 ( т)! 
Ат (1-- т)! 


Ут (9, ) =ет® Р" (cos $). (1) 


For the spherical harmonics with |m| < l one gets the following expressions (see Refs. |4, 22, 27]). 


134 Quantum Theory of Angular Momentum 


5.2.1. Differential Expressions for V (l, ) 


ene ыз 1 (1+ т)! qe 


Ye (8,0) = Sr yf a E (in) СТ (2) 
Yim(9,) = ES ur \ ae 0 x my ind E arena (esto qs (3) 
Yin (8,9) = й eo i (cot Ж (25) (U + сове) "(сове = 19"), (4) 
Vim (8,9) = r ии (tan 2) (s Lt 25) [(сов + 1)” (сов —1)-7]. (5) 


The spherical harmonics may be expressed in terms of mth order derivatives of the Legendre polynamials 
21+ 1 (1- т)! 


ár (Ui m)! 
(т > 0) 


(=) ) "у wef js af f(u) == (7) 


one can use Eq. (6) not only at m > 0 but also at m < 0. 


Vin (o, p)  (- 1)" ene 


(sin 9)" Pi(cos 9). (6) 


NELLE 
(d cos 9)" 


Assuming that 


5.2.2. Representations of Um (&, p) as a Power Series of Trigonometrie Functions of 9/2 


In the following equations sums are over all integer values of s so that no factorial in the denominator has 
negative argument. The quantity mo is defined as 


c tel) ifm>o0, 
. @) 


ratio= aren EE ERE a erg E, 


(= т)! EI st(s + m)! ' 


Yi (b, p) = (-I) 2l+1 (1-т)! cu "m * Dt " „(+ т+з)! (sin 2) 


Ат (i т)! (= т з)! st(s +m}! ' (10) 
x 2(1—з) 
: =: lam 1 (21—з sin 5 
Ү„(9, e) Se 2 EL ra m)! ye >)" ic 1) a d (11) 
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2i+1 (1+ т)! (c DOIE ‚(1+ з)! | (е) (12) 


4т ( Il 93 (Is)! st(s + т)! ' 


Vim (9, 2) = („ie 


Vm (9,9) = (- 1) e 231 1 (ml c dnt F У (тез)! ((+т+ в)! ула DE (cos гү" 


(1+ т)! (-т- з)! (8 + т)! , (13) 
ә 2(!—•) 
-m Ame [21+1 (1-т)! 9\т _, (21-3)! (eos 2 
Yim (o, e) = (-1) 7" e ы eh Ce) D DN (14) 


: 21-1 $42! 
ime V my my ; 9 
Yin (d, ) = һо e \/ рү (1+ m) т)! Шт| (сов 5) 
20 lm 
(1) (tan 2) 


* 2^ ое A , (5) 
Vim (ö, o) Em (71) 7" те Hti \(+т)!(- т)! Ит (ein 7) 
n' (cot 2 20 | m| 
( (е t Ј m 


5.2.8. Representations of V (0, 9) as a Power Series of Trigonometrie Functions of 9 


In the equations of this section an integer index s assumes either only even or only odd values as indicated 
under the summation symbols. Sums are over such s for which the factorial arguments are non-negative. 


2-1 
jeg | ——_. 
Lin lo, o) = e Ап (1+ т) (1 т)! 
l am 1+»)! 1+т)!!(1—т)!! .,; 
У»=|т|,.т{+а,...(71) * T TM in miji (біп 9)” (17) 
if | — m is even 
1-1 1+8)! I4 m-1)t(I-m—1)! и: oye 
cos 9 3 Im|,jm|+2,...(—1) * sm oom " ci mi- ijir (sin 9) 
if I= m is odd, 
2171 
Yim(9, 2) = e ај (sin 9)! 
i- l1im-s тј) (т)! 2!—8—–1)! 
де (=) у T+m—a)it(i—m—e)! аа (18) 


if | — т is even 
Im = 1+т—1)!!({1—-т—1)!! (21-а)! 
соб {-1) аи эти (сі) (ып 9)% 


if l m is odd, 


Vim (9, p) en 25 i ers ; (sin 9)" 2- 1) өле EE | кез 


[+ m — s is even (19) 
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Ут (9,2) = 


Yim(9, P) = em [ZLE ehe ВО (+т-— BU Таса)! 
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l 7 т 
ne Ham men Y) CY voc 


„Im], Im *2.... 


1+ т — s is even 


The quantity Vn (9, p) |? may be written in the form 


{ 
21+1 
22257174 
Vin (o. ө) -—— >) 
ml. |т) + 


1,... 


т)!! 


— з)! 


(1+ з)! (383—1)! lein 6) 


(tan 9)” 


(1– 8)! ' 


a! 


(1-4) (2)! (e = т)(з + m)!’ 


5.2.4. V (8, p) and the Hypergeometric Functions with Arguments Expressed іп 
Terms of Trigonometrie Functions of 6/2 


Yim (9, e) = 


s - | 2! JA 
Vim (, p) = (-1)! Emo e eau e (sin 2) (cot 


1 
xF (^ -l+ |ті; —2l =) j 


E ES ~ [21 + 1 (+ [т |)! (над) 
Vim (, 2) = ( 1) а.” dx (2 | | m |)! | m |1211 25 E 


* F(-1 + mj, 1 + |m| + 1; [т + 1; cos? 


zs 


2) 


Vm (d, e) = Eno me — 20 (сов 2) (tan >) m 


А zii (E Imp! 
m (t= р! 


x Е 


(tan 


Vin (d, 2) = (71) 7^ Emo е" 


(^ —1+ |т |; – -2;- са =). 


2 


€ Ct ml? (co 2) (ein 


(1 — т]! 2 


7) 


9 
x КҮ + [т], ij Im + 1; — cot? 2) . 


(= Im], 1 + m + 1; т + 1; sin? =) Е 


2) "(сеа 2) P (-1+ Iml, -6 Im] + 1; tan? 2). 


(cot 9)” 


(20) 


(21) 


(22) 


(23) 


(24) 


(25) 


(26) 


(27) 


(28) 
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5.2.5. V (G, p) and the Hypergeometric Functions with Arguments Expressed іп 
Terms of Trigonometric Functions of 9 


E 2-1 (1+ |i)! (sin 9)" 
Vm (h, 2) = тов” Ат (i — mj)! 2lml [m]! 
E jl, ты; In| +1; sin?) 


if l+ m is even, 


cos F EEA, all; ; |т + 1; sin 24) 
ifl+m is odd, 


vino. e) е | ладан ; (21 — 1)! д)! 


; 2-1; 
CD (A, - 43) (30) 
1 
hct P (-L, 5-1; 2551; g) 


if 1+ m is odd, 


x (29) 


А 24-1 
= „те 
Vin lo, тт 


(71) (1+ m— Du8è m - Dur. , ; 1 ; cos 29) 


(sin d) m 


(31) 
if l+ m is even 
(i) 237 (1 + т)! — т)! cos 8 Р(- шті 1042,3, cos? 9) 
if l+ m is odd, 
21-51 
= mime = 110 
Vm (d, 9) = (1) W 5j ы 1)!!(cos 9)'(tan 9)” 
і-т l-m zi 2-1 1 
V m 
; 21 -- 1 (1+ |т))! | (tan 8) l m| 
= ime 
Vim (G, 2) &тое "ps (Auen) t (698 в 8) БЕТТЕ 
In] І-і|т|-1. . 2 
xF(-™ OTT ди + 1; = tan 8), (33) 
; 201 te 
= „те 
Lin lo, o) Se A cr my тар Ein 9) 
() (1+ т — n= т = . 9 1 - cot? 9) (34) 


if 1+ m is even 
(71) 97^ + m) — т)! cot 9 F(- £971 -g =I jg ; со? 9) 
if | + m is odd, 
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5.2.6. V (U, p) and the Hypergeometric Functions with Arguments Expressed іп 


Terms of Exponential] Functions 


2-1 2 in 9)" 


(1+ т)! (1! т)! CESI 


Ут (9, ¢) = 


etm (а prm 1;1+ sie?) eltern –,! +" т+ 1; 1+5 =; 1620 | (35) 


224i ime 21-1 (1 — — жене 
Vim lo, o) = rm (1+ т)! т)! (20+ 1)! vain ð 


Е {torment F Б м т;1+ 2 


272 2’ 2sinó 
1 9+%) 
о) $+(2m+1) Е] ll... 3. £n 
e ^ | Е mil+ и: ||. 


5.2.7. Ут (9,2) and Other Special Functions 


(а) The relation between Vm (ö, p) and the Wigner D-function (Chap. 4) is given by 


а [21+ 1 4 
Yim(9, е) = Don (x. 9,0) -(- 1)” Ar Dom (x, , v) 


А 1771 2l ＋ 1 . 
= (-1) r P= moles o, x) = Fe Pmoles¥ x), 


where x is an arbitrary angle. 
(b) И„(9, о) can be related to the Jacobi polynomials ре? ) (a), 


2l 1 тт 
Yim (20) = о (Le mE по (cos). 


(c) Vm (9,6) can be expressed in terms of Gegenbauer polynomials C? (z), 


2151 (l-im)! 
(F Im]? 


Ү„(9, e) = тост” 


5.2.8. Ушт(9,ф) ав ап Irreducible Tensor Product 


For any position vector г specified by polar coordinates г, 9, р one has 


(21 + 1)!! 


Yim (9, p) = 471 


(тог) rs . Sri, 


(2]m| — I)nlein g) с T Inl (cos 9). 


(36) 


(37) 


(38) 


(39) 


(40) 
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5.3. INTEGRAL REPRESENTATIONS OF THE SPHERICAL HARMONICS (4, 22, 27] 


5.3.1. Vn (U, p) in the Form of Indefinite Integrals 
(a) 


сов 9 cos ó cos 9 


#41 (Lt m) f less o lues ву”, (m>0). (1 


—т)! (sin 9)" 


Vm (8, ) = ет? 


This formula represents the analytic continuation of the differential expression 5. 2(6) to the case т < 0. 
(b) The Mehler-Dirichlet formulas 


me и+ n eL _сов[(21+ 1) ау. 
Lin (d, 2) = (—1)" ЕЕ (2m — 1)! =) [ (cos  — cos 9)” (cos ф cos ) "+ ' о 
Wine |21+1 (І- т)! sin 9 * sin[(2l+1)¥]dp 
Vin lo, 9) = е ar (xm —9 (25 2 ) | (cos 9 — сов)” $ ’ "20. (3) 
(с) 
_ ут ime, |2181 (1+ m)! 1 
Yi (8,9) =(-1)* e"* (I— т)! (m — 1) (sin 9)" 
1 
x f P cos ) [сов ф — cos nd созу, (m > 0). (4) 
cos д 
5.3.2. V (d, ) in the Form of Definite Integrals 
(a) 
Vm (G, S) = E. ume 21 A 1 —— (1+ т)! (1 — т)! ПА [cos 9 + isin 9сов%)! соз(тф)Ф), (5) 
_ (= = cos ____соз(тујаф 0 
lin (o, o) = Ат(1+ т)! 1 m)! Пе ај (cos 9 F isin 9 cos iir (6) 


For ф = 0, complex conjugation does not affect the right-hand side of Eq. (6), because Vm (d, O) is real. 


(b) 
Vm (8, p) = e V — (1+ т)! т)! i ШЕ + isin 9 сов(у — H)] ет” dy, (7) 


21--1 


2 
alfi. (сов 9 F sin ¥cos(y — e) 1 en ау. (8) 


Үт (9, о) = (+) 


Equations (7) and (8) represent modifications of Eqs. (5) and (6). 


(с) 
= cu" eme 2+1. (1%т) Ein |" cos $ + isin 9 сову)!" (sin p)?™ m 
Vim (9,9) = T 4m (L— m)! (2m = 1)! f (cos 9 + 9 cos y) (sin 9)^" dp, (т > %, 
қад = 0 me S n], нен (m2. 0 09 
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Equations (9) and (10) transform to each other at replacing the integration variables according to 


cos 9 cos x + i sin 9 _ cos cos — isin 9 
я cos 9 + i sin 9 cos x cos X = сов r sin cos v (11) 


This replacing is equivalent to the transformation of “mirror” symmetry, i. e., to the replacement | by [= —1—1. 


5.3.3. V (d, p) in the Form of Improper Integrals 


(a) 
өтті; 24-1 
elo) те 
uon cosh(mt)dt _____совћ(те)а: — — 
^ fi-n o (cos? + isin 9 cosh t)! -Г (сов9-ізіп 0 cosh ti i ) ! (12) 
21+ 1 „(+ т)! +m)! (sin 9)" 
lin (o, е) = = Ш Е "ак (= т) (2m - 1)! 
У (sinh m id (sinh t) 2 qt 

^ Ч (сов 9 + isin 9 cosh t) *m*1 — [ (cos 9 - i sin 9 cosh t) m | » (m2 0). (13) 

(b) 


Un lo, e) = (Irene; / eeu Í kee o (kein G) db, (14) 


where Jm(z) is a Bessel function. 
(с) |Yim(9, 2)|2 may be represented as 


Vn (b, 9) |? = ee [2 ( — ЖЕСІ (15) 


5.4. SYMMETRY PROPERTIES 


The symmetry relations given below couple the harmonics V (d, p) with different values of b, and 
l,m. These relations permit us to extend the domain of allowed , p and generalise Ут (d, p) to the case of 
negative [. 

(a) Complex conjugation: 


Ут (9,9) = Ут (9, -ө) = ()*, e) . (1) 
(b) Sign reversal of m: 
Valo, 2) = (-1)"И (6, -5) = (-i) e те Yi, (b, p). (2) 
(c) “Mirror” symmetry (replacement ! by [= I- 1): 


Yim (9, о) = (—1)'”У (9, Ф). (3) 
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(d) Replacement 9 — r – and p = т + e: 


Vm lx -%, ф) = (1) ¥in(9, о) , (4) 
Ут (, m+ ¢) = (1) Nu, ¢) , (5) 
Vim (r- 9,7 p) = (—1)'Yim(¥, 2). (6) 
(e) Change of argument signs: 
Ут (-G, p) = (-1)^ Yi. (9,9), (7) 
Vm (, -¢) = (-1)" N= (8, e) , (8) 
Yim(-9, -e) = Ү-„(9, о) . (9) 


(f) The periodicity in 9 and p 


(-1) Yi. (8, ¢) , if n isodd , 
т(9 , = Е 
Hale + mv) { Vm (ö, ), if n is even, (19) 
(~1)"Yim(8,9), ifn is odd, 
Yim(9, = 
in lo, + пл) { Yi (9, 2) if n iseven. (1) 
Making use of the above symmetry properties, one gets 
Vim (&, 9) = (-1)"^e?meY, 4(9,9) = e (9, o) = (-1)™Y," „(9, е) 
=" (e, p) = "Y (0р) = (тети (9) = Yi (—9,е) T 
= (-1)^Yi- (9, -ф)= l, = = (~1) Pe in (0, = Vin (d. p) 
-H, = (суйе Yim (Ce, —p)= e V (CG, ) = (-1)^ Ys (-6, -. 


5.5. BEHAVIOUR OF V, (8,2) UNDER TRANSFORMATIONS OF 
COORDINATE SYSTEMS 


Any transformation of coordinate system in 3-dimensional space, which does not affect the orthogonality of 
coordinate axes, may be represented as a result of three operations: (1) rotation, (2) inversion and (3) parallel 
translation. 


5.5.1. Rotation 


The spherical harmonics Vm (d, о) are covariant components of some irreducible tensor of rank l. Hence, 
under arbitrary rotation S{z,y,z} — S'(z', , z') of the coordinate system described by the Euler angles 
а, B, у (Sec. 1.4) the spherical harmonics transform in accordance with 


D(a, B, ) Um. (5, p) = Ут, (9, e) = Ж; Vm (G, 9) Орли (а, В, я) . (1) 


Here Р! т, (q, P, ) is a Wigner D-function (Chap. 4), 9, ф and 9”, G are polar angles of the position vector in 
the original and final coordinate systems, S and S', respectively. The angles $’, о! may be expressed through 
$, p and the Euler angles according to Eqs. 1.4.(2). . 


5.5.2. Inversion 


Under inversion 542, у,2) — 5'{-т, —y, —z} the spherical harmonics transform as 


B vin (o, P) Vim (u , + 7) = (-I) Vin, 2). (2) 
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5.5.8. Parallel Translation 


At parallel displacement S(z,y,2) — S'(z', у’, z') by a vector а(а,0,%) one has r' = г — a. In this case 
the spherical harmonics transform as ; 


Pa)Yimi (80) = Попови p) I-III e 20 003 
іш0 


27-1 


а\ (70M 
E (5) 9 (vdo, е) ® Vite, Ф)ј или - (3) 
where f (a) e js the displacement operator, tva ® Yi т is the irreducible tensor product (Sec. 3.1). 
The polar coordinates of the vectors r(r, 9,4») and r'(r', 8’, o!) are related by 


r? = 73 + а? — 2ra cos w12, 


r cos 9 — cos Ө 
“+6? Zra cose (4) 
nets rsin dsid p - asin & sin G 

г ма 9 cosp — asin & cos G 


u 


cos 9! = 


where 
cos ш12 = cos 9 cos Ө +'sin 9 sin Ө cos(y ~ Ф). (5) 


5.5.4. Special Cases of Coordinate-System Transformations 


(a) Rotation about the coordinate axes through the angle я 


r; 
about the z axis 9 - d, . Vn (r - 6,27 ) = (-1! Yi 4 (s, р) (6) 
р = 2х , з | 
” = , „ x a Ts , 
about the у axis s = -, M Yin(r- 9,*— р) = (-1""У-„(9,$), (7) 
ф=я-ф, 
ror, 
about the z axis 9 = 9, Vm (o, x + p) = (-1)"У (9,2). (8) 
` e =т+р, )( | 


(b) Rotation about the z axis through an arbitrary angle x 


"= ғ, 
v= , | Vm (d, p = х) = e X N (9, e) . (9) 
WO X 


(c) Rotation about an arbitrary direction п(Ө, Ф) through a small angle w(w Є т/2) 


Prin (9,9) & У (5,9) – %ш ſ т eos S Vin lo. v] 


Eie И + 1) – тт + ПУ (9, р) + e * VIL 1) -тт- 1)Уһ-1(9, e) | (10) 
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(d) Reflection of the coordinate system with respect to the equatorial plane, 9 = т/2 


r 
d = N =, | Ут (я - G, ) = (-1)* Yin (, ). (11) 
e-v, 


(e) Reflection of the coordinate system with respect to a meridian plane, р = фо and p = r + фо 


=" 
9-89, | Vim (9, 220 – ¢) = ето (- 1)" Уа (8, о) џ (12) 
Ф'= 2ро -ф, 


5.6. EXPANSIONS IN SERIES OF THE SPHERICAL HARMONICS 
5.6.1. General Relations 


A collection of the spherical harmonics Vn (d, о) with all integer non-negative | and integer т(|т| < 1) 
constitutes a complete orthonormal set of functions of two real variables $ and p defined within 0 € 9 < т, 
0 € р < 2r. The completeness relation for the spherical harmonics is given by 


oo 1 
Luv. (G, V (, e) = б(ф — (eos cos"). (1) 


1=0 т--і 


The orthogonality and normalization relation is as follows: (Sec. 5.1.4) 


an т | 
| ap | 49 sin ду (9, 2) Yim: (d, e) = би’ бот! . (2) 
0 0 


An arbitrary function /(9, ф) which is defined in the interval O < 9 € x, 0 € р < 2r and satisfies the 
condition 


2r к 
[ae | aon o 719, ot cs, (3) 
0 0 
сап be expanded into a series of the spherical harmonics аз 
со 1 
f(9, e) = > у, ат Vm (9, e) . (4) 
1=0 ma 


The expansion coefficients ат are given by the relation 


2r Lj 
9 | de f 40 sin Y, (д, p) (9,9). (5) 


This relation may be treated as an integral transformation of f (V, p) from the continuous variables 9, p to the 
discrete variables l, m. In this case Vim (9, р) = (9, рт) plays the role of the transformation matrix 


(Im|f) = (т|де)(#е|/), | : (6) 


where 
(ті) жат, (тј, о) = Vm (, o), (, ) = f(9,0). 
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As usual, in relations of this type, summation or integration is assumed over all variables which are repeated 


twice. 
The transformation (5) is unitary, i. e., 


(ту (iml) = (£19, )(, 217). (7) 


The expansion coefficients aim satisfy the Parseval condition 
t 


X У ый = 7 де [ aon lilo, ај. (8) 
1=0 т=-! 
The expansion (4) in terms of the spherical harmonics is widely used in different branches of physics. It is 
called the multipole expansion, and the aim are called multipole moments. 


5.6.2. Expansion of Products of the Spherical Harmonics: 
(a) A direct product of two spherical harmonics of.the same arguments may be expanded in series as (the 
so-called Clebsch-Gordan series) 


2 


p + 1) (25 +1 
Үлт, (5, е), та (9, ¢) = % us 7275 CHOU OI, iama Ум (9, p) . (9) 
LM 


The inverse relation may be written as 


| 4x(2L + 1) 
(21 +12 + 1) P» CEM smi Yam, (9, o) ln, (8, е) = Сш„оУьм (9, e). (10) 


Products of three and more spherical harmonics are decomposed according to 


„ „e e ae 
Yi (8, 0) Vi, , (9, P Vir, (0,6) »P» (4x) (2L + 1) 


XCi.ot,oC ono СЕМ а СЕ isin YuM (9, о) , (11) 
Yi m (9, G) Vim, (9,2) х... x м (9, о) = № By. Yr. x (d, ), (12) 
L. 


where 


4 2 1 
27 aod 2 ІШТЕН i+ Cr voto Li ам, "n (13) 


LiL. ai іші” 
Mi Mz. . M. 1 


with Lo = Mo = 0. 
(b) Irreducible tensor products (defined in Sec. 3. 1) of the spherical harmonics may be expanded as 


(У (9,2) ® Ув, (ö, } ум = V шаа! C0, o EA (G, ), 14) 
(dun loc vi lo. ii э vlog +) сона ора, ууу (д, . lo 


C. (I (9,2) 9 Ya, (9, e), € VI, (8, ).. . ® XI. (9, L. x. 


| БЕ 4т т (2514, 
7 21,-Һ1 П | 4m chou) VI. M. (9, e) . (16) 
г $z1 ' 
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In particular, when Ц = 2 =... = 1, = 1 and Ly = k(k = 1,2,3,... „ n) one has 


{...{{Үз(#, е) 6 У (8,2); 8 ¥1(9, р)}з...® ¥1(9, 0) }am = [= Gri Helo. H (17) 


Note that when expanding the products of the spherical harmonics, the functions CIm (9, р) which contain ап 
additional factor ү 4п/(21 + 1) (Sec. 5.1.4), are more convenient. 


5.7. RECURSION RELATIONS 


Recursion relations for the spherical harmonics may be obtained, for example, from the Clebsch-Gordan 
series (see Eq. 5.6.(9)). 


2m cot i V (9, p) = VI+ 1) – m(m + 1) e^"? Y, 9) + VU(L + 1) — Mm — 1) ° Yim-1 (8,0). (1) 


= кые) = ETE Ys + qiero. O 


(MU m + 2) (1+ m — 1)(1+ m) 
(214 + 1)(21+3) + 3) PES Үшіт-1(9, о) zi (21 ра 1) (21+ 1) 


ті mt 1 d+ 
= сов 9 тт Үт-1(9, о)- "RES l aa Yı- im-1(9, о) 
2151 l-m+2 
= a EE I mae arra II Ина, её). (3) 


. ; (1+т+1)1+т+2) бст (т 
Yi 92 — Y + 21 TIF I ү 
sin 9 im(9, фје 2 ＋ I) D 1) (21 + 3) 1+1т+1(®, e) = 1) (21+ 1) 1-1т+1(®, о) 
= — cos (шз Aa : Үһ+1(9, e) + үшы далада Үй im+1(8, о) 


sin d V (&, pe? = У-1т-1(9, @) 


21+1 10 m+2 
= cos 8 LE - T Vim 1 (8, 9) – ЫЗ Imi Yi+iım+1 (9,6). (4) 
8 Е [(i +1)? – та (1+ 2)2 – та 
(21- 1)(21 + 3) cos? & Vm (, p) = (21 — 1) pom 1 NEIN 5 У+2т (8, p) 
(BI 1) – 2m? — 1]¥in(9, е) + (1+3) Ai DIL Van (8,2), (5) 


3 1+12 — та ( 2)(! 3 
(21 — 1)(21 + 3) sin 9 cos 9 e. Um (0,9) = — (2! — Jy em : Pome emt) И+т+1(9,0) 


—(2m + 1)/ (1+ 1) - m(m + 1) Yim+1(9, 2) + (21+ gyin те Сот e Yi-2m41(8, Ё | 
6 
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| ; [(1+ 1)2 - m? (| — m +2)(!— m+ 3) 
— 1 = — ње o —— 
(21 — 1) (21 + 3) sin дсовде V (0,9) = (21 — 1) 2041 264.5 Yisam-i(2, 2) 


-(2m - УИ = mim = 1) Yes -i(9, 0) – (21+ 3) NEC male, 


11 (21-3) 


(21 - 1)(21-+ 8) sin? Yin (0, p) e (тау, ale. c 


Vi + +5 |. + m)! 


(+3) t 3) Uam - n "-2т+2($, ө) -2 TERT ERA Утчз(9, p) 


ЖУ + J 3) | (17 m - 4! -т-@+т) ^ 


2- тта т+ 4)! 
Jä + 1)(21 +. i - mj (m -le, e) 


(21+ 3) (+ т)! -m+ 78 + zm 
Mr er VV m- ај rim. 97 eer] ит -h e), 


5.8. DIFFERENTIAL RELATIONS 


5.8.1. Action of the Operator of Orbital Angular Momentum on Vim (, 
Spherical components of the operator L (Eq. 2.2(18)) act on Yim (, р) according to 


LæI n l, е) = FY 7 — Yimai(9, е), 


Zo V (5, p) = mm (9, e) , 


(21 — 1)(21 + 3) sin? де“ vin (д, р) = 


or in a more compact form " | | 
Tu Vin (d, ф) = VIUF 1) C Vn ul, o). 
The action of the operator L? on Yi (8, 2) yields 


Ї?ү,„.(9,р) = (1+ 1)Yim (9, р). 
5.8.2. First and Second Order Derivatives of Vin (8, p) 


д = 
Әр Ут (9, о) 2 ту (o, v) , 


à А 
55 Lin lo, р) m cot d Hm (9, p) + VII + 1) — mlm + 1) Yi 41(9, p)? 
= —mcot 8¥im(8, 2) — VIF 1) — mim — 1) Yim-1(8, p)” 


ng VI) mim + D Yims (0, we — 2 IE 3) mim- 1) Yim- cv. 


(8) 


(9) 


(1) 


(2) 


(3) 


(4) 


(5) 
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sin 2 Vm lo, p) = — sin Eimer 3 Үт(9, e) 


= 10089 Yim (9, p) = [Fes m?) Y m (9,6) 
-( 1) cos 9 Yim (9P) р [( + 1)? — та Ила (8, е) 


= Ее Yan(9s) - ау Eee, . (6) 


2 Yim (8,0) = - [9 - a Y($,) – cot o ij Yin (9,9). (7 


92 т2 
. 2 2 
sin 9 сов 5 ӚЗ Yim(8, е) = 2 cos & 5 cg 5 Vin (d, Ф) — ІШ +1) 1115 =] V (G, ). (8) 
5.8.3. Vector Differentiation Operations 


(а) The gradient of a function f (r) Vm (9, 2), where f(r) is an arbitrary function of r = |r| can be expanded 
in terms of vector spherical harmonics (Sec. 7.3) as follows: 


vfl. е] =~ гүү (A. 70) оо) VIII (Z+ vl. 0 


or in component form 


(+ 1)2— та (ај 
Vol / li) Vin (, 2)] = теу Ge 


12 — т? df 141 
зі та аи 8 Y іт (9,6), (10) 


Улива = у SAR EE) ( - 27) Узео 


алуын (ae tf) (ћи), ш) 


: f) Ү+1т(®, 9) 


Here Vo, i are spherical components of the operator V (Sec. 1.3). 
Let us consider some special cases of Eq. (9). If f(r) = (К) is a spherical Bessel function, one has, 


4 Vlt Yim (e. el = у ikr YRO o) + ү й У өө). a) 


Putting f(r) H, one gets 


Vir Yi (d, ф)] = УК + 1) 75Ү (9,9). (13) 


If f(r) = 7-2, Eq. (9) is reduced to 


V(r! Yi (6,0)] = VOF IF 1) 77? vH, e). | (14) 
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(b) The divergence of a vector function f (r) Yi, (2, 2) vanishes for any function f(r) 
У) Yi (9, 2)] = 0. (15) 


(c) The curl of a vector function f (ЈЕ и. (9,0), where f (r) i is an arbitrary function of r, is expressible in 
terms of a gradient of the corresponding scalar function 


ух Vile. - iv (r= 2 ) nr o] - [1 z (02) - CED Луне). (i 


In particular, if f(r) = ù (kr), one gets 


curl [i (er) £i (, 9)] = Obra) - lji(kr)) Yim (8, ө) + irk? (kr)Yim (9, е). (17) 
If f(r) = 
curl [r'LYim(9, $) = ill via +1 r7! I (9,9). (18) 


and if f(r) = r7'7!, 
еше” Lin (o, о) = еседі + Jä zi p ^io. (19) 


Some additional formulas for the vector differentiation of functions which contain Ут (9,4) will be given 
in Sec. 7.3.6. | 


5.9. SOME INTEGRALS INVOLVING SPHERICAL HARMONICS 
5.9.1. Integrals over Total Solid Angle 


2* к | 
І 45 І dd sin Yim (8,90) = Ух бобо. (1) 
0 0 
2к ж 
ШКАЛА (2 
2r ж ; = 
f e [, attis toes (o. c) Cis Emm : 6) 


an т | 
5 * 4 = | (2l + 1) (26 + 1) 
[ do | d$ sin ФУ м, (9, 0 N, , (9, 72) i nis (9, ve) E 4n(2ls + 1) Со QNS ^ (4) 


2я к | 
[ae feo sin ву (8, iam lo. Yim (ol c 


(2, + 1) (26 + 1) (25 +1) /li lz ls J (i hb ds (5) 

41 4000 mi т ma 

Integrals involving products of three and more spherical harmonics can be evaluated by reducing them to 

integrals which involve products of a smaller number of harmonics. For this purpose it is convenient to use the 
Clebsch-Gordan expansion (Eq. 5.6(9)). 
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5.9.2. Fourier Transformations for Some Functions Which Contain V (9, р) 


а, (6) 


2T 
| drr? І ae f di sin Фе" (gr) Ут (9, p) = 222: 
со 2n T ке. 84-8 k) f 
/ are? | dp | 49 sin Ve Ii (r) Vm (9, )] = 22? = IA Vn (x, фк). (7) 
0 0 0 


со 2T T 
1 an | dp | 49 sin der V x LI (ier) V (, )) = 2747! я (q— "el k x Ут (де, ек). (8) 
0 0 0 


Here у (2) is a spherical Bessel function, 9, and фу are polar angles of the vector k; Гала D. are the operators 
of orbital angular momentum in the coordinate and momentum representations, respectively, 


= рх V], Ёк = ilk x Vy]. (9) 


5.9.3. Integrals with Respect to 9 


би 
[ Yi (o, c Vin lo, p) sin odo = 77 . 10) 
dó 21+1 
[ veste eee in.) = "рур бит (mm > 9). (1) 


ж/2 
/ (sin 9)" +1 (cos 9)" Yim(8, db 
0 


21-1 (UT т)! пейте 
TL E em t 1)” тети, (m,n > 0). (12) 


b m cand 
Ј [t= -g Yim, (8, ө)Мылы(9,ө)йсов0) 
a sin^ 9 


= sin? 9 [и lo, H 2:555 Мата lo, e Vio (9,6) zomg Yam (9, | 
= [cos 9(l — 42) И, њ, (9, 0) V n, (9, ф) + (l2 + та)У т, (8, 9)Yi 1m; (9, P) 


-(h * та ЈУ, -1m, (9, Ф), тз (9, ЛА * (13) 
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5.10. SUMS INVOLVING SPHERICAL HARMONICS 
5.10.1. Sums over т (with fixed l) 


t 

21-1 
2.7 - 
>; Уве = = 


mz-l 
! 


1 
У m Vim (, ey =0, 


mz-i 


1 
E рн = ЧЕЧНИ „шз, 


U 
ma-i { 8x T А 


I 2 m [ | 
2. Poe Н Yi-in(9, о) Ti, 0) = Ken (3 cos? $ — 1), 
me * Е 


LEE 


i . . 
у ` (ға) Al (cos + isin d совр)! 
N – т)!(1 + m) Yi lo. o) Vir I у 


m=-l 


5.10.2. Sums over l (with fixed m > 0) 
In the equations given below [27] we will use the notation R = VI 2tcos 9 + 12. 


ntm ут 47 
D CUT TT UC SNC у 211 Velo. 


«=> 


-(- n (2m I) in e?" [1 — 2tcos сті cos d t 
(-1) (2m +n)! | дете)" (1 – 2tcos 9 +) e ерітті: ==). (<9, 


= 4х lam 
» ү єтї — т + тј! qt (, e 


(ein бее)" 


e 9 22% 
Amp оғ ( т + 1;tcos? 7) 05. С m + 1; —tsin? 5) „ (14 < 1), 


оо (n ＋I- ту о" 4 
ТЕРІ БЫ 


т (— sin део)" п+1 n tein’ \2 
— 2mm) ПИР 2 т) }, (ІҢ < 1), 


(1) 


(2) 


(8) 


(4) 


(5) 


(8) 


(7) 


(8) 
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= Ат (Im- n) (L- mt n- 1) im _ (2m - п) (т - 1)! 
2 ү ага = тј (ге тај! | П (В, ya 


Р 1-t-R 1+t-R 
Cain dei)" F(n,2m-+ 1- aim H FG n 1 nim ===) (и <1), (9) 


2. 0 Lien (ve: lin (o, 2) 


іст 
1 — sin dee) yt (cos d — t yt? sin? 9 
un Cem р 2692 79], (jm 1; PES), (у, (10) 
4-т 4 201 1+ 14 : ie nm it cos 
“ жалт) soo, p) (t ein ge jm eit -, (11) 
= 
= 4т(21 + 1)(1 + т)! 
У тА s(t) Vin (, 2) = (—t sin de"? )™ cos(t cos 9), (12) 
l=m,m+2 (1 p, т)! 
= ! ; 
У сте Arp II TET Mene) = (—tsin 9e'*)'" sin(tcos 9), (13) 
l=m+1,m+3,... у 
eM |4л(21+1)(!+т)!. E 9 AT ‚@ 
2 а (t)z lt) Vin (9, 2) = (—tcos 5° ) 2т 2 sin 2) ; (14) 
JAN  1)(L- m)! . тузіп ve? m 
d MEAS 1 2) 27 (у) Ут 9,9) = | - а=) 2тһ(У/22 + у? - 22ус089), 
22 l- т)! ((2)а(у)Ут( ) ( СЕТ ЖЕТТІ) ( у у Pg 
oo 1 А J 
Deine lor, vi in los, ез) = Ir Jo (enin 9 sin даје evi сонета) (16) 
=" 


5.11. GENERATING FUNCTIONS FOR V (l, р) 


For fixed т one has (see Refs. |4, 22)) 
-1)” S u- (+ т 
1 2т-1)!Ңвіп )* P е a ' [ET ! Vim (d, 0), ІҢ <1, í ) 
— e 28 1 
R2m+1 уут со 1 ! 
иная 2 ағыт Va (remp Yi (G, O), || > 1, 


where 


R= VI 2:с08 8 + t? 
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In particular, for m = 0 one gets 


oo 
> t! B(cos?), t « 1, 
{=0 


> tr Neos 9), |4>1. 


СЯ пы E. 
РЗ Marce le o 11. (9 


In addition, we present the following expansions in terms of V (&, 2) [4] 


(sin 8) е (-1)™2" 59 8r (1-- т)! Ф 
(d OT ST Waa іы 9) = тс ти 2 VII (= = os [(21 + 1) 1 0), (4) 
bein )- С 12" х= Гавж 
(сов 9 — cos (cos 9 — cos y)™+ $ M dn cii 2m - jte D 21-1 qe n sin | (21 +1) Уу (д, 0), (5) 
where — 
% = (оаа an (6) 
In particular, when m = 0 one has 
G(cos % — cos 9) +; (сов 9 — сов $) _ V EL Р\сов 9). 0 
сову — сов cos 9 — cos 


5.12. ASYMPTOTIC EXPRESSIONS FOR Vn (d, 2) 


5.12.1. Vn (d, p) for Large | 
If | > 1 and | > т>0, a spherical harmonic Vm (d, p) fore 9 < x e (0 < e < 1/1) 4402-20 


сал be approximated by (see Ref. |4)) 
eme ä 1 
+0 (1) . (1) 


Yim (9, о) = \/зїп 


A more exact formula [22] is 


те 4m? — 3 9 к. 
Vm (, ) NEUEM te + =) сов [(21 + 92 + (2m m 37] у 


4m 


Y e con [(2t+3)5 + (ет - 92] } +0 (2). (2) 


The terms О(1/1) and О(1/12) depend on m and $. 
If l > 1 and | > т > O, one also obtains 


[Иа lo, ө) < bein )- (+) . (3) 
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5.12.2. Behaviour of V, (9,2) іп Neighbourhoods of 9 = 0,7 and 1/2 


For 0 € 9 < «(є < 1) one has 


пад) eG [ctt ГЕ" () H ()J. 


(4) 


For -e € 9 € v, one obtains 


me [2014-1 m () p- % 0 ( )J (5) 


Ұнды) CNN 77 


ar (1—-т)!\ 2 2 


In the case when к/2 — 2 < 9 < 1/2 + 6 


Yiem(9, p) м (-1) 37 time (6) 
if l+ т is even and 
Van li, p) ~ (-1) 9. etme 
10 ＋ 1) — (m? +1) ут 2 
x fi- 6 (5-9) |, (7) 
if l+ m is odd. 
If ? is small, Yi, (9, g) may be approximated by the Bessel function (McDonald formula [4]) 
_ |21+1 0+т) imo 1 9]-7 
Yi-m(9 p) = an (1 т)!“ [+ 2) БЭ 7] 
„ 9\2[а 1 ‚ 914 
x (ы) + (sin 2) G Jm+sla) — Jm42(a) + z ale] + of (sin 2) ]} Я (8) 


Here а = (21+ 1) sin(9/2), Ji (о) is the Bessel function. 


5.12.3. Asymptotic Expression for Fixed m, | — oo, 5 — 0 and Finite lo 


In this case 


Vm (, p) ~ „ сте (№). (9) 
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Ж Э6><сс 


I2$m-r I=$ mx} 125 т=4 1=5 т=5 


Fig. 5.1. Spherical harmonics У у (7, O) are shown as functions of the polar angle 9. Symbols + and — indicate the sign of the 
function. 
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5.13. Vn (8, p) FOR SPECIAL VALUES OF | AND m 


5.13.1. V (l, p) fori < 5 


Below the explicit forms of the spherical harmonics for | — 0,1,2,3,4,5 are presented in terms of trigono- 
metric functions. These harmonics are plotted in Fig. 5.1. 


Yaldo) = zou. i 
714100, 9) = E ER sin de-, 
Yi0(9, 2) = ie cos 9, (2) 


Y,-1(9, ) = >\ А sin be , 
Ү,.2(9, 2) = ү sin? Ge. = Woe 5 (1 — cos 26) e, 
7271 (0, 9) = -2/ = 2 cos 9 sin Фе = -iy = ; sin 20е*°, 
Ya0(9, p) = MEG cos? $ — 1) = Mta + 3 сов 20), (3) 
= — 3-5 1 Tie — 1 3:5 1 “> 
Үз-1(9,е) = ү = cos 9 віп de = aV 27 sin 206777, 
12-208, е) = Woe sin? 0-26 = VL (1 — cos 28) e %. 
Уз+3(9,Ф) = -iy 4 sin? Ve = 2 T 7 (s sin 9 — sin 30)“ , 
Үз+2(9,ф) = i і cos & sin? ver? = ly АДИ (cos 9 — cos 30) e, 
27 16 an 
¥341(9, 9) = - = 7 (s cos? $ — 1) sin Фе? = 827 — 7 (sin 9 + 5 віп 36), 


Нето А 29— = --4/- 
Узо(8, p) = LV = (5 сов 9 - 3) cos 9 5 4) 
1 /3.7 | = 1 /3:7,. : =í 
Уз-1(8,Ф) = BV z (5% 9 – 1) sin de үк (sin 9 + 5sin36)e^** , 
_ 1 /3-5-7 224,220 1 /3:5-7 Е -i2e 
Ys-2(9, 9) = 4 27 cos Ysin“ бе = 27 (cos 9 — cos 30) e 5 


Y3-3(0, p) = ТЕЗ ot sin? Ge = -5V 20 (3 sin 9 sin 39)e7 9 
У4+4(8,Ф) = жүзе sint Ge = mV 2 (3 — 4cos 28 + cos 40)e?** , 
. Ts (d, p) = 35 T dii 3 cos ve? = у (2sin 29 — sin 49)е 39, 


У4+2(8,Ф) = 30 x sin? 9(7 cos? 9 — 1)е'2# = Š / M (3 + 4cos 28 — 7 cos 48) el, 
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Уа (9, 9) = о sin 9(7 cos? 9 — 3 cos је!“ = -È Eee + 7 sin 48) el, 


Be ^ 4 — 30cos? очы 
Үш(9%е)- ~ 9 — 30сов? 9 + 3) = TAA ыы. (5) 
18, 9) = E sin 9(7 cos? 9 — 3 cos 0)e ‘е = žu (2sin 29 + 7sin 49e ** 
4-105? 8V «x 64V x , 


У -2(%,2) = 30 > sin? 9(7сов? 9 — 10e 2% = aV 2. (3 + 4cos29 — 7 cos 40) , 


%-3(9, 2) = 35 1 sin? 9 сов be = 2. / 2d (2sin 28 — sin 40273, 


2 3 5. 7. in* -ite — -ip 
Y4-4(9, 9) = 16 віп“ де = а 77 7 (s — 4cos20 + cos 49)е 


21 
У5+5(9, 2) = -= ты sin’ Ge = 27 (10 sin 9 — 5 sin 36 + віп 56) e, 
Ve als, 2) = I in“ дсовдече = / 385 (2 совд — Scos 38 + cos 58)" , 
TU 2v 256 U = 


Ves (d, 2) = a LL sin? 9 (9 cos? 9 — 1) e = E 25 (6sin 9 + 13sin 39 — 9sin 50) „, 
У5+2(9,Ф) = 3 sin? 9(3 cos? $ — сов9)е 28 = mV ae (2cos 9 + cos 39 — 3 cos 58] е'2® , 


У5+1(9,Ф) = E З = in $(21cos* 9 — 14cos? 9 + 1) e 


1 /, —€— 
= -556\/ 2s (2sin 9 + 7sin 39 + 21 sin 59)е , 


1 [11 
50 (U, 2) = mA = (63 cos? $ — 70 cos? 9 + 15 cos 9) = 286 = (30 сов 9 + 35 сов 39 + 63 cos 50), 


(8) 
— 1 3 ы 5 Ы 11 h 4 = 2 -ip 
У5-1(9,Ф) = 16 27 sin 9(21 сов“ 9 — 14 сов" 9 + 1)e 
m 1 165 . . : -ip 
= 256 VW on (2sin 9 + 7sin 39 + 21 sin 58) e, 
1 [3.5.7.1 . 7 
Үь-2(9,0) = ri eae ua sin? 9(3 cos? $ — cos 9)е Mis 128 D Ir (2 cos 9 + cos 39 — 3 совббје '2°, 
1 /5-7-11 e^ а 
У5-з(9,Ф) = T sin? 9 (9 cos? 9 — 1) e = таз = (esing + 13 sin 39 — 9sin50)e %%, 
3 /5-7-11 ; 3 : 
Ys-4(0 = — in* -“.....- = -і4- 
5–4(9, 2) 16 27 iin $ cos де 256 27 5 (2сов 9 3 cos 38 + cos 50)e р 
7. 11 


3 ; 8 777 ; 
Y: Е 9, de 5 159 FP d 2 + = . р -i5 . 
s-5(9, v) 32 sin де my = (10 зщ 9 — Баш 39 + sin 58) е 
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5.13.2. Vi (d, p) for |m| = 0,1,2,3,4 and Any Integer | 
In this case Ут(9, 2) may be expressed in terms of the Legendre polynomials, 


Yio(9, е) = ү Alcosa), (7) 


езе | (1+1) 


sind 4n(2l + 1) H- i (сов 9) — Ri (cos 6) , (8) 


У+1(8, 9) = = 


У+2(9,Ф) = 200 (L= 10 + 1)(1+ 2) Er 


(sin 9)? 41 (21 + 1) 2-1 
2(21+ 1) 


(01 1)(21+ 3) P,(cos 9) + ics Ру +2(сов 9) , (9) 


e 1 (1+ 3)! 1 


___„|__-__ 3 
У +з(9,Ф) = = (simo) Varna i) (L—3) ГЕ В_з(сов 9) — (ГОЗ) 3) N. (сов 9) 
3 1 
* (i - 1)(2t 5) Pi+1(cos 8) – CESCE P;+s(cos 9) , (10) 
_ ee 1 (1+4)! 1 
Yi, 0) шее ү nait (1—4)! ГЕТЕ P,-4(cos 9) 
4 6(21 + 1) 
- (4-5)2-1/21:3) В-2(сов 9) + (21 a)l- 1)(21+ 3)(21 + 5) N (cos 9) 
— 1 
трауру + Terre 8699]: do 


5.13.3. Vn (9,9) for Im = 1,1— 1, l- 2, 1 - 3,1 — 4,1—5 and Any Integer 


In this case the spherical harmonics are conveniently expressed in terms of trigonometric functions. 


(21 4- 1)!! 


Yisi(9, р) = (Fee 4n(21)!! (sin b),, (12) 
Yizu- (9, p) = (жі) 190709 e 90 cos (sin 9)'7! , (13) 
узаса) = (#1 3807 [AED Я bi yat — 1) cos? 9 — 1], (14 
Yisa (8p) = (PIeto EES FS be of-, edel 1) сой 9-3], (18) 

2041 (21-5)! 


Vis (1-4) (9, e) -(ғ1) -e % 96 ` (21 —4)! (sin 9 7 


x [(2! — 1)(21 — 3) соз 9 — 6(21- 3) cos? 9 + 3], | (16) 
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, 0-5) |2151 (24-5)! 
Yixq-5)(9, p) =(F1) 5+ 05e 480 (21- 6)! 


x [(21 — 1) (21 — 3) сов“ $ - 10(21 — 3) cos? 9 + 15]. (17) 


(sin n 8). 5 cos 


5.14. Vn (8, ) AND 2% V (o, p) FOR SPECIAL 9 


(a) 
21+1 
= 1 
Vim (O, 2) fmo dz ° (1) 
Lm im + І-т-1)! (І-т-1)! . У 
Yim (5,2) NM c LI E n rn (т) и к (2) 
2 0 #1+ т вода, 
211 
= z 5 3 
Vm (x, 9) = ómo(-1) \/ (3) 
2-1 
Ут (тт, p) = 6mo(-1)™ 4 (4) 
т 
(b) 


8 _ -ie неу, ili INI 
эз Ua lo, v), боле - ые”) ү ier, 0 


2 1) d ime cpm mes #1+ т is odd 
30 ble. e p= da ) І-т-1)!(1-т-1)!! ’ (6) 


if l+ т is even, 


д = (1 $ — ip Ц1--1)(24--1) 

Bj (^l, = CD noa s. ge e) 
д = nl -ip ip I(l + 1)(21 + 1) 
эв fins], = CC noie mite %) 


5.15. ZEROS ОҒ Y,,(2, p) AND 4% Vin (8, p) 


In the interval 0 € 9 € л the ad harmonics Vim (2, Ф) and their derivatives ЖҮт (9, о) possess some 
zeros. 
The number of zeros, 1.е., the number of roots of the equations 


Vise so: add 25 Yin(9, 9) =0, (1) 


5 finite in interval 0 < x. All these roots are non-degenerate. Below we denote the zeros of Vim (8, о) and 
20 2 Vim (9, о) by да and др, respectively. Note that the functions in question have no roots with respect to p 
in the domain 0 € о < 2m. 


5.15.1. Zeros of Vm (, ) 


If m = 0, Yi, (2, H) has l zeros in the interval 0 < 9 < пл. If m z 0, Yi, (9, 2) has (I- mi) zeros inside the 
same interval of and also two zeros at d = 0 and 9, = x. АП these zeros lie symmetrically with respect to 
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9 = 12. Hence, Vin (1/2, 2) = 0 provided (I- т) is odd. If m 0, the zeros of Vim (9, p) are determined by 
the equations 


if т= cl, cos? да = 1; 
т = +(1-1) cos?9, = 1,0; 
т = +(1— 2) co Ba = 1 1—3 
т = +(1- 3) er b. = 1, сенші 
т = +(1-4) cos? да = 1, куш АШУ, 
m = X(l—5) cos? G = 1, Se e, (2) 


Numerical values of 9, for O < | < 5 are given in Table 5.1. If l >> 1, approximate values of Va may be 


found from the relation 


т /4k+3 -2m 
9 "(ааа 
«8277 ) (3) 
where k is integer and 2imi-3 <k< ааыа. 
Table 5.1. 


ð 
Zeros of Үр. (9, y) and 36 im e). 


96 (degree) 


1 о | 90 0; 180 4 0 | 30.6; 70.1; 109.9; 149.4; | 0; 49.1; 90; 130.9; 180 
{+1 | 0; 180 90 4 1 | 0; 49.1; 90; 130.9; 180 | 25.9; 60; tit: 1564 
2 0 | 54.7; 125.3 0: 8 480 X2 | 0; 67.8; 112.2; 180 0; 50.9; 90; 129.1; 180 
2+1 | 0; 90; 180 45; 135 НЕРОН и 9 а A 
242 | 0: 180 0; 90; 180 + ; 0; 90; 180 
3 0 | 39:2; 90; 40. o; 69.6 146.6; 190 5 0 | 25; 57.4; 90; 112.6: 155 | 0; 49.9; 78.4; 106.6; 
+ ; 63.4; 116.6; 180 | 31.1; 90; 148.9 TS 0 | 
з £2 | о: 0:180 D: 54.1, 428-3; 480 | 5 £4 | 0: 49.9; 734: 106.6; 130.4; | 19.6; 96.1; 90; 123.9; 
+ ; 180 0; 90; 180 5 +2 |0; 54.7; 90; 125.3; 180 | 0; 32.9; 72.1; 107.9: 
147.1; 190 
5 +3 | 0; 70.5; 109.5; 180 0; 46.9: 90; 133.1; 180 
5 +4 | 0; 90; 180 0; 63.4; 116.6; 180 
5 +5 | 0: 180 0; 90; 180 


5.15.2. Zeros of 35 Vim (d, p) 


If m = 0, E Yin (9, о) has l — 1 zeros in the interval 0 < 9 < т and also two zeros at да = O and да = x. If 
m #0, 2 Yi, (9, p) has (l — |m| + 1) zeros in the same interval and two additional ones at р = 0 and 0g = т 
provided m > 2. All zeros of 30 Yin (8; о) lie symmetrically with respect to 9 = 1/2. Hence 25 Yim (9, ф) = 0 
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for 9 = 1/2 provided (1 — m + 1) is odd. When т 7 0 the values of Эр are determined by the equations 


if т= = co да 0; 1! > 2); 

т = +(1-1) cos? EET 1(l > 3); 

т= +(!— 2) сов? $ = 12 — 1: 0; 1(1> 4); 

9(1- 1)  /S(197 — 501 + 27) 
= +(!– 2 > 
т = +(!— 3) сов в = 1 ; 1012 5); 
- 1113 — 622 + 1041 — 48)/(21-3 
т = +(1-4) cos? да = — * (ai zh Ш ) ; 0; 1(12 6). (4) 


Numerical values for Vg are given in Table 5.1. 

It is evident that Yi, (d, p) has an extremum at 9 = 9g. Zeros of Vm (0,4) and 35 Yin (G, о) alternate іп 
the domain 0 < 9 < я. 

All harmonics Ут (9,0) and у, m, (8, O) with т > 0, and т + s > O have the same number of maxima, 
minima and zeros, i. e., can be represented by topologically equivalent plots (Fig. 5.1). With increasing | + s 
the positions of all maxima, minima and zeros of Un-, 0) shift to 9 = т/2. | 


5.16. BIPOLAR AND TRIPOLAR SPHERICAL HARMONICS 


In many applications one has to deal with functions which depend on two or three vector directions. Convenient 
bases for expansions of such functions are provided by the bipolar and tripolar harmonics. 


5.16.1. Bipolar Spherical Harmonics 


Bipolar spherical harmonics are given by irreducible tensor product of the spherical harmonics with different 
arguments 


(Yi (91, pı) e Yi, (92, NC = > СЕМ lam Үлт, (61, Фі), т, (92, 2) , (1) 


mima 


The variety of bipolar spherical harmonics with different 11,12, L and M forms a complete orthonormal set 
of functions which depend on two unit vectors, n; and na. These functions possess simple transformation 
properties under rotations and inversion of coordinate system. 

The orthogonality and normalization relation for these harmonics is given by 


І 40140 (V. (01) e Yu (12) } M (01) e Yu (03)) м, = бы, б, бы, GMA , (2) 


2т т 
П = (9,0), [az | ap | do sin 8. 
0 0 


The completeness condition has the form 


where 


L (а (п) ® Yi, (02) Foe У () 8 V., (02)) у, = 6(01 – D- 02), (3) 
141 Ex 


where 


E(N — N') = (cos $ — cos 9')5(p — e). 
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In addition, let us note the following equation 


(244 + 1)(2l2 + 1) 


У Сл (0) ® Yi (Појам! = Aar: (4) 
LM 


Under a rotation of the coordinate system the bipolar harmonics transform according to 


Bla, В, 1) (Yi, ( ® Yr, (M2) } 1e = (Vi (05) € Yn (05)) м, = 2^ Phere (ab, (Y, (m) e vn (12) } гм, 
(5) 


where the angles Q} = (97 H] and Q; = (ö., H.] are related by Eqs. 1.4.(2), 1.4.(3). 
Under inversion of coordinate system the phases of the bipolar harmonics change according to 


P. (Yi, (91) ® Yi, (M2) }м = (-V (01) & Yi, (02)) ai. (6) 


The Clebsch-Gordan series for product of the bipolar harmonics may be presented in the form 


(у, (01) е Ук (02) iae Ун (03) 8 Ум (Me) peace 


= 2. СІМ өм" > Bit puis Yn (i) ® Yu (13) гм 3 (7) 
1112 
where 
nai 
"A (2, + 1) (24 + 1)(21 + 1)(202 + 1)(2L' + 1)(2L" + 1) ano мо „ „ 
By L,. = r CoC ошо b 5 12 . (8) 
1277 "1'3 | (47) L i L 


For the important special case L = 0 a bipolar harmonic is reduced to a scalar product of the spherical 
harmonics 


(Xn (a) уа = AD (Yas (a) + Yi (038, 0) 


In accordance with Eq. 3.1(30) this scalar product is given by 


I 
(III) VII)) L Yrm (1) Yim (022). (10) 


т== 


5.16.2. Tripolar Spherical Harmonics 


A tripolar spherical harmonic is defined as an irreducible tensor product of three spherical harmonics with 
different arguments, 


(v. (91, £1) e (Yi, (92, оз) e Yi, (83, 93) Ju, Нм 
= У CEM mz, CP Yin, (81,01) Ут (92, 2) Ут» (Өз, P3) . (11) 


трать 


In contrast to bipolar harmonics, the tripolar harmonics allow different coupling schemes of angular momenta, 
namely, 11 + (12 +13)1,, = L, (Ii + 12), + lẹ = L or (Ii + ју, +1 = L. The relations between different 
coupling schemes are considered in Sec. 3.3. 

The tripolar spherical harmonics form a complete orthonormal set of functions which depend on three unit 
vectors ру, nz and ns. 
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The orthogonality and normalization relations is as follows 


Г 40140; 40 {Уи (01) & (VI, (02) & Ү,(бз) А гм (Хи (01) 9 (Хи (02) 8 Үн (0з)) LN. 
= on Stats, б ба LL. MM (12) 


The completeness relation may be presented in the form 


Уу. (01) ® (Y, (02) © Yi, (MS) }› Jem Хи (П1) 9 (Xi, (02) ® Yi, (MS) Fah Ene 


411213 
ALM 


= (Ni – ) (N2 – 0,)6(03 — 06). (13) 
In addition we also have the following equation 


У Ку, (01) 8 {Yn (02) ® Yi, (MS) = Citim ee +], | (14) 


ALM 


Under a rotation of the coordinate system the tripolar harmonics transform according to 


D(a, B, q (Yu, ($1) & (Yi, (02) 9 Yi, (DS) ALM = (Хи (01) 9 (Хи (02) ® Ya, (05)) ae 
= >. Рим (о, В, {Yu (0.1) ® (Yi (02) e Yi, (Qs) Lx D (15) 
M 


where the angles 0; = (,, .] and Q; = {9;, pi} are related through Eqs. 1.4.(2), 1.4.(3). 
Under inversion of the coordinate system the tripolar harmonics acquire the phase factor 


P. (Yi, (01) & {Yn (02) & Yi, (NS) DLM = (71)^*^* (v, (01) e (Yi, (02) & VI, (Оз) мм» (16) 


The Clebsch-Gordan series for the tripolar harmonics is given by 


(I (01) ® {Ү (02) ® Уи, (M3) Far rae (Хи (Па) 9 (Хи (02) € Хи (03) уд“ им" 


=> 0] шым" L Ви илити и (Ки (01) ® {Yn (M2) ® Yi, (e), (17) 
LM 1142054 
where 
B15 7 U 7.21 +1) (21 + 1)(2½ + 1)(207 + 1) (243 + 1) (2½ + 1) (2L + 1)(2L" + 1) 
ATE PN ATA ee AE — mM Т о оо о 


2 172A 24 cho (20 cts а n h h 10 а 
ху (2M + 1)(2A" + 1)(2 + 1) Се Соо бо о {^^ р ВВ вр. (18) 
Putting L = 0 in Eq. (11), we get an important special case for the tripolar scalar harmonic: 


(У (01) 9 (Yi, (02) & Yi, (1з} } оо | 
= (++, Y | А 6.) Уһөч Yan (Q2) m, (08). (19) 


ту т2 т 
ее 1 ma ms 
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5.17. EXPANSIONS OF FUNCTIONS WHICH DEPEND ON TWO VECTORS 


5.17.1. Preliminary Remarks 


Any function f(ri,r2) which depends on two arbitrary vectors ri(ri, Ui, Hi) and ғ2(ғ2, 92, 92) may be 
expanded into a series of the bipolar harmonics (Sec. 5.16): 


f(rur)- У. OEM (ri, rz) (Хи (01) & Yi (02) ам - (1) 
liila LM 


The function Fri, rz) тау be presented in terms of ri and rz as well as in terms of R and r, where 
1 1 
R =r; T rz, r ri - T2, тү = „(Е +), r2 = 2 Rr). 2) 


Polar coordinates of the vectors R(R, O, Ф) and r(r, 9, ) are related to polar coordinates of the vectors 
ri(ri, 91, 91) and r2(r2, 92, 92) by 


В? = r? + r2 + rire СО8012, 
rı cos 9 + r2 cos 92 
cos Ө = [SS 
Vr? ＋ 72 + 27172 cos 0712 
rı Sin 91 sin (1 + r2 sin 92 sin фо 
2 ðVU⁊ Е тырма. 
rı sin 91 cos + r2 sin 92 cos (02 (3) 
2 72 72 — 2 
T = 71 72 7172 cos 12 
9 rı cos 91 — ra cos 92 
сов 9 = А, 
Vr? +12 — 27172 cos 012 
rı sin 91 sin (21 — r2 sin 92 sin 02 
ri sin 8) cos p1 — 72 зіп 92 сов фо | 


tan G 


tan = 
Неге w 2 is the angle between г; and r3 (Fig. 5. 2), 
cos 12 = cos 91 cos 92 + sin 91 sin 92 с08(ф1 — p2). (4) 


The inverse relations to (3) can be written in the form 


4r? = Е? + т? + 2 созш, 472 = R? + т? — 2 7 созш, 
ЕсовӨ--ғсоз9 Rcos Ө — rcosó 
cos di “АА, cos 92 = eS, 
МЕ? + т? + 2Rr созш УЕ? + r? — 2Вт созш 
Rsin O sin S + r sin & sin p A sin Osin Ф — r sin 9 sin о 
tan pı = tan p2 = (5) 


R sin Ө cos P + rsin 9 cos R sin Ө cos Ф — r sin 9 cos p ` 
w being the angle between R and r (Fig. 5.2) 
соз ш = соз © cos 9 sin Ө sin 9 сов(Ф — ) (6) 


Note that the expressions for the polar coordinates of R and г are interchanged by the replacement rz — ra, 
i.e., 92 — T — 92, рг — т+ фз. Hence, the expansions of functions F(R,r) and F(r, R), which тау be reduced 
to each other by the replacement В,= г are mutually related. If 


F(R, r) = Fri, rz) У, CEM (ri, о) {Yn (01) 9 Yu (2) } м, (7) 
lla LM 
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Fig. 5.2. Relations between the vectors R, г and rj, ra. 


then 
F(r,R) = f(ti,—ra) = У) (- CRM (ri, rz) (Хи (01) 9 V., (M2) } гм. (8) 
ам 


5.17.2. Addition Theorem for the Spherical Harmonics 


The functions f(r1,r2) which are invariant under rotations of coordinate systems play an especially im- 
portant role in applications. These functions depend only on three variables ту = |, |, га ra, (ri rz) = 
rira cos 0,2 ог, equivalently, on R = |r; + г2|, г = fri- ral and (R. r) = Rr cos o. The expansions of these 
functions will evidently contain only the bipolar harmonics of sero rank (Г, = 0), і.е., only scalar products 
(Ұ(0.)- У(02)) (Eqs. 5.16(10)). Such expansions are equivalent to the expansions in terms of the Legendre 
polynomials, which depend on cos oi because 


21+ 1 
(Y.(1) . Ү.(02)) = ae N (cos w19) а (9) 
This relation is called the addition theorem for the spherical harmonics. 


5.17.3. Expansions of Some Functions Which Depend on (ri rz) 


(rı r2) = = ee : ¥1(82, H)), (10) 
(ri rz)? = — ~ rin 2 [Хоа £1): Хо(02, „)) + = (50): Y2(v2, өз)) , (1) 
(rı rz) е; 7172 ACTOR £1): Ү1(92, 22)) + 700er, ei) Үз(92, e1)]- (12) 


In the general case [69], for integer n, one has 


(ri rz) * = 427772 >. Е (у (81,21) · Yi(22,02)). (13) 
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In this formula the summation index I assumes the values Ї = 0,2,...,п-— 2, n if n is even, and [= 1,3,..., 
n — 2,n if n is odd. 
The expansion of the exponential function is given by 


сата) = ind (rir2)(Y (R1) - Yi(02)) , (14) 
іш0 


where u (r) is a spherical Bessel function. 
An arbitrary function f(ri rz) which can be written as a power series 


Ига rz) = Y сь (гі rz)“, (15) 


n=0 


may be expanded in terms of the spherical harmonics: 


со 
f(ri rz) = 37 Л(өт)(Ү(01)-Ү(02)), (16) 
1=0 
The expansion coefficients are determined by 
z n!(rirz)^ 
Л(т1"2) = “>. Cn (n — 1)t(n + 1+ II . (17) 


5.17.4. Expansions of Some Functions Which Depend on r = jr; – r2 


An expansion of the delta function 6(r1 — r2) is 
é(ri — r2) < 
é(ri — r2) = US У (a(R) - Yi (02). (18) 
{=0 


This equation results from the completeness relation for the spherical harmonics (Eqs. 5.6(1)). 
An expansion of the Green’s function for the scalar Helmholtz equation may be written in the form 


= nik Y) ii (kr (bra) Ya) (05), (ra < та), (19) 


t=0 


where (х) and hf 9 (a) are the spherical Bessel function and the Hankel function of the first kind; respectively. 
Equation (19) is valid at rı < ro; for rı > га one should make the replacement г; = ro. Equation (19) follows 
from a more general expansion which is given in Ref. [70]. 


zo(kr) = «У A(kri)m(kra)(Yi(Q1) Ү(02)), (ri < re), (20) 
t=0 


Here zi(z) = /x/2zZ,, (2), and 2,41 (2) is any of the cylinder functions. 
When k = 0 Eq. (19) yields the important expansion of the Green's function for the scalar Laplace equation 


: = = >. CE 1) (2) O -Ү(02)), (n < r2). (21) 
{ 
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This result as well as Eq. (19) are valid when г; < r2, whereas if r, > r2 it becomes valid after the interchange 
rı = га. We may also write Eq. (21) in a symmetric form valid both at ri < ғ; and at ry > го: 


уйл [E en (fes) cen m 


п=11+2 


Below we give some an of expansions of т” (п = 1, —3, —5) 


r! r? 
= „У gie DES 1) (ан) ілетін 3 2ʃ— 4 ang У), (23) 
= = 3-3 >G Aar) n) V.)), 24) 
72 
а-а ан. CET M 2 (34) (2 -= ) (v) уа). (25) 


These equations are valid when rj < r2, whereas for ғ > "2 they are valid after interchanging ri and го. 
Equations (23)-(25) follow from the expansions which will be considered below. 


5.17.5. Expansions of r^ = |r, — г2|" 


Let n be an integer. Then the expansion under discussion is as follows 


A 1 
'®=4хт) — — а (ri, rz) (V. (i) - ¥i(M2)), 26 
S а (rir) (Y (01) Vi) (26) 


where the expansion coefficients af (ri, rz) are determined by (see Ref. [97]) 


ар (ri, r2) = s (2) =( EN 2 -i = 2 1+ 5; 3) » (7 <), (27) 
1 


n 
(-3) ri (72 — r2)^*? n3 n 3 "2 
ccn (D, ume пена pt gilt 24 nm (28) 
2 2 
271 
9n*1l 1-і -Ё 2 " 
2 n 1 n r. r 
qeu ee а 1-n; 45 i) 
el 2 
21-1 ri(r2 - r2)^t2 n 72 — 2 
7 2" п+2) — dim = 6272.1 n+3; = ), 
(ri < r2), (29) 
(-%), n пт LI n 1 n 3 72 
ar (ry, r2) = n (71)? сов 2 T 6-22 215) 
m 1 
( ) N= parisa "T 
+ LH ( т=р=, 2 7 7 1 4), 
r(-2)r(241«2) 72 2 2 3 а 


(ri < r2). (30) 
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If ri > r2, one should interchange ту and r2 in Eqs. (27)-(30). Let us present also symmetric expressions for 
ap (r1, rz) which are valid when ri < r2 and ri > rz: 


8 (-3), (rir2)! l nl n 1, 3 ( 2172 \? 
of (ras ra) (1) (r2 + 72)-3 702 42 4 225 E та) ) (31) 
П 
n -3 1 (rirz)' € 
= — — F iene - 21-2;-----с!. 32 
П 


А comparison of Eqs. (27) and (28) shows that the expansion coefficient for г" and ru , are related by 
ар (ri, r2) = Ga), (rà - ri) t? (ri, 12). (33) 
1 


Note that all the expansions given in Secs. 5.17.4 and 5.17.5 remain valid after substituting R = |r; + г2| for 
г = |r, — rz] and multiplying the expansion coefficients by (—1)'. 


5.17.6. Expansions of Spherical Waves 


The spherical waves have the form zz (er) LLM (9, o), where r(r,9,9) = r1 — r2, (т) = ул/222) (г) 
and 214+: (2) is any of the cylinder functions. The spherical waves are expressed in terms of the bipolar 
spherical harmonics of rank L [70] (Sec. 5.16.1) 


2 (kr) LLM (9, p) = =\/ 77 — FL 2 1 ½ i + 1)(2l2 + 1) 


x CEA i, (erian rs) (0) e Yi (Q3) м, (r1 < r2) $ (34) 


When r, > r2, one should interchange гу and ra in Eq. (34). If 2 (kr) = jı (kr), jL (z) being a spherical Bessel 
function, one obtains as k — 0 [22, 96] 


Б тит? 
"ум (9, е) MANL 1)! P (71)? ЕЕ (У (Qi) e V. (z) EW. (35) 
11412 1, 


Similarly, if zz (kr) = nz (kr), пр (Кг) being a spherical Neumann function, one obtains as k — 0 |22, 96] 


ear Yom (в. = ү; 55) x et linear rr (Yu) ө v. (Oa) zs ‚ (га < та). (36) 


11,12 
келе 


For example, spherical components of r/r? read 


oo 


24 "2. EE. EO- 1(01)9 VIC), (тї <). (37) 
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5.17.7 Expansions of r” V м ($, ) 


The expansion of this function in terms of bipolar harmonics of rank L may be written as 


ы 20, + 1)(2lg +1 
Yr (G, ) = ~ >; қы raj балады ot 0,0 [V. (Ni) & Yu, (DZ) DLM. (38) 
15427 


The sum is over all positive integer l, and lz allowed by the momentum addition rules and the parity selection 
rule (J, + [2 — L is even). The expansion coefficients а/ (ri, r2) are given by (see Ref. (98]) 


2. P(e) (sagas 


1-13-22 2 
alb (ri ra) = (71) 3 (а кіт (DCA 
| h+h-N h-h-N-1 „43 8 
eret ыры e. ғ 


If ri > rg, the expression for the expansion coefficients may be obtained from Eq. (39) by interchanging т, 
and 72, Ii and 1; and introducing the additional factor (-1)2. The expression (39) was studied in detail in 
Ref. [78]. For different values of М and L the expansion coefficients are determined by the following relations. 
For N= L,L+2,L+4,... we һауе 

7117 01 pla +293 


(-1)^(N + L - 1)(N - 1)! Y OPV TPE IFES VIL CCPL COPE ATS 


41:930 
NIS pomo С 
1 2- , 
0 if 11 + la >М. 


For N= L- 2, 4,1 —6,... one gets 
NL (срока НЕ ___ 
atus roni) = (71) 2(L- N ZT HT +2)! 


1 дүһ/1 дүз Nl 542 Nl 12 
«(E 2) (E) e -p te nl (rina th innen (an 


If N is integer, N — L is odd, and ri < rg, the expansion coefficient is given by 
Nat 1441 M 
(-) P X tarn ii > ЖжЖҚЦЫ-ісізс дәуі ЧЕ У у "(215203 1)l 
ifN-k+bh+12>0, 
0 if N- II T lz 110. 


ani. (ru r2) = 


(42) 
The expansion coefficient for ri > rz may be obtained from (42) by interchanging rı and ra, Ii and la and 
introducing the additional factor (- 1). It should be emphasised that if М < —3 the expansion coefficients 
contain additional terms involving the delta function 6(ғі — r2) and its derivatives [78] 


11 


М+1+1)!! l (2-4)! 
«Шел ЗЕ Е 
11 % ½ -М<-3 
1 1 д -М-ә-өз-3 6(ri — „ ) 
T (231)! (252)! 72571 Ga) таз! (43) 
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These additional terms give finite contributions into the integrals involving the expansion (38). 
Finally, if N is not integer, the expansion coefficient is given by 


22-1 p (8283) IV- L+ 2) 


NL - 1-і 11 712 
F .. irr 
уты r (A=) P(N +h +Ьь+3) 
1 8 / 1 8 4^5 1 N4l 4342 N^ a2 
бен мые — — — n - : 44 
а Із 2 | 5) 1172 (а + ral = ) (4) 


Note that all the expansions given in Secs. 5.17.6 and 5.17.7 remain valid after substituting R(R, 6, Ф) = г; rz 
for r(r, 9, р) = rı — r2 and introducing the additional factor (—1)' into the expansion coefficients. 
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Chapter 6 


SPIN FUNCTIONS 


6.1. SPIN FUNCTIONS OF PARTICLES WITH ARBITRARY SPIN 
6.1.1. Definition 


Spin functions describe polarization states of particles! of definite spin, ie. definite intrinsic angular 
momentum. 

The spin functions x(c) may be treated as functions of a discrete variable с which is the spin projection 
on the z-axis. The variable с takes 25 + 1 values, с = , 8 + 1,...,5 — 1,5, where S is the particle 
spin (integer or half integer nonnegative number). The quantity |x(c)|? gives the probability that the spin 
projection on the z-axis in a given state equals c. 

The spin functions are commonly written as column matrices which contain 2S + 1 elements: 


х(5) 
х(8-1) 
x= 5 (1) 
x(-S + 1) 
х(-5) 
The elements of this matrix give the values of the spin function Х (0) for corresponding values of spin variable 
с. The quantities x(c) are called the contravariant components of the spin function x (see Sec. 6.1.4 below). 
In such a representation operators acting on the spin variables take the form of square (25 + 1) x (25 + 1) 
matrices, and summation over the spin variable is replaced by matrix multiplication. The Hermitian conjugate 
function xt has the form of a row matrix 


x! = G), x( —1),...х*(-9+1),х*(-5)). (2) 


The interpretation of |x(c)|? as the probability for the spin projection on the z-axis to be equal to c is possible 
only if x(c) satisfies the normalization condition 


S 
2 — 
L КР =1. (3) 
с=- 5 
l We use the name "particle" not only for an elementary particle (electron, nucleon, etc.) but also for any composite system (atom, 


molecule) which can be treated in phenomena under consideration as one object. 
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This condition may be written also in a matrix form 
PES 4 
xix 71. (4) 


The above representation of spin functions is called the spherical basis representation. When the spin value 
is integer, one may also use the cartesian basis representation. The latter representation is considered below 
(Sec. 6.3) for spin-1 particles. 


6.1.2. Basis Spin Functions 


According to definition, the basis spin functions describe the states with definite spin and spin projection 
on the z-axis. The basis spin functions are eigenfunctions of the operators 82 and Sz, where 8 is the spin 
operator (see Sec. 2.3) 


82 5m = 5(5 + 1)xsm , 8,хвт = ТХ5т. (5) 


As follows from the definition, the dependence of the basis spin functions Хал (0) on the spin variable с is 
given by 
Хат (2) = Emo; (6) 


In other words, contravariant components of the basis spin functions xs,, have the form 


|Хатј“ = бле. (7) 


If the basis spin functions are written as column matrices, then 


1 0 0 
0 1 0 
Хаг = |: |, Хз = | : | ,.-., xs-s= | : |. (8) 
0 0 0 
0 0 1 


The collection of 25 + 1 basis functions Х5т(т = 5,5 — 1,... , —S) constitutes a complete orthonormal set of 
functions. The orthonormality condition for the basis functions is 


xh Sm. = Ümm'! · (9) 
The completeness condition for the basis spin functions may be written in matrix form 
5 ~ 
У, хзтхђа =F, (10) 
m=-S 


where T is the unit (25 + 1) x (2S + 1) matrix. 
Matrix products xm X bm! of the basis spin functions are the square (2S + 1) x (25 + 1) matrices. They 
may be expanded in terms of the polarization operators Рем (S) (see 2.4), 


22-1 
ХзтХ = V1 C$ TLS). (11) 


Matrix elements of spherical components of the spin operator 5, (и = 41, 0) between the basis spin functions 


are given by 
Xim ува = VSS СЫ (12) 
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The only nonvanishing matrix elements are the following: 


2 1 
хі +1Хѕт = ET у (5 - т)(5 m 1); 


X$mSoXsm = т, (13) 


2 1 
Xbmn-15-1X8m = > “(8 + т)(5 = m4 1). 
For cartesian components of the spin operator St = 2,у,2) the nonvanishing matrix elements аге 


8 1 
Хау Хат = 3 Ут) + т+ 1), 


^ 1 
X5maiSyXSm = ғ; ($+т) ($ x m4 1), (14) 


xb &. XS =m. 


The matrix elements of the polarization operators Îr m (S) between the basis spin functions may be written as 


қ PEF sm 
Xim fim (S)xsm = 2851 OSMIM · (15) 


Under rotations of the coordinate system the basis spin functions are transformed either by the rotation 
operator DS (a, P, )) (Eq. 2.4(17)), if rotations are defined by the Euler angles a, B, J, or by the rotation 
operator 03 (и; Ө, Ф) (Eq. 2.4(18)) if rotations are described by the rotation axis п(Ө, C) and the rotation 
angle w 

Хат = Hs (a, В, xs. = У Dim la, В, Mx sm, 
E = (16) 
XSm' z 05 (v; 0, 9)xsm: = > Us ли (ә; e, $)xsm , 

т 


where DS, are the Wigner D-functions (Chap. 4), and Um, are the functions defined in Sec. 4.5. The 
functions Хелу describe quantum states with definite spin S and spin projection m' on the new 2'-ахіз. They 
are eigenfunctions of the operators S? and $7, 


825, = 5(5 + 1)XSm' , 


87 tul (17) 
S3Xsm! m Xsm'- 
Here 8' is the spin operator in the rotated coordinate system 
5, = У D, (a, P, q) Sv „ (A, = 1,0). (18) 
ГА 


6.1.3. Helicity Basis Functions 


The spin projection on the linear momentum direction of a particle is called the helicity. For particles of 
spin S the helicity А assumes (25 + 1) values, А = 5,5 – 1,...,-5 +1, 5. 

The helicity basis functions Хау (6, р), by definition, are the eigenfunctions of the operators 82 and 8. n 
where S is the spin operator, n = p/p is the momentum direction of the particles, 9 and p are the polar angles 
of the vector n, z 

S?xsa (9,9) = S(S + 1)хзл(9, S), 


2 (19) 
$ -nxsa(¥,~) = Axsi(9,9). 
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The function Хзл(9,ф) describes a quantum state with definite spin S and helicity A. 

The helicity basis functions Х sa (9, р) may be expressed in terms of the basis functions xs by means of the 
rotation which turns the z-axis parallel to п(9, H). Such a rotation is determined by the Euler angles a = p, 
B = 9. The third Euler angle y (the angle of rotation about the new 2'-axis) is arbitrary. For simplicity, let us 
adopt у = 0. In this case the rotated cartesian basis vectors eg, ej, ej will coincide with the polar basis vectors 
eo, e, €p, respectively (Sec. 1.1.2). Making use of the transformation properties of the basis spin functions 
Xsm under the rotation (16) we obtain 


xa, е) L D$, (0, 9,0)xsm ; 
T 20 
XSm — у 03, (06,9. 9)xsa(¥, p). ( 
А 


For Hermitian adjoint functions we have 


xh (9, е) = EY) DE. 9, ох! ’ 
8 (21) 
xb = $5027" Dfm (0, 9, e)x3, (9,2) . 
n 
It follows from (7), (20), (21) that the contravariant components of the helicity basis functions have the 
form | 


X $, p)? = D p, U, 0), 

i | al ) Deals , ) (o, A -8,-S +1,...5 — 1,5) (22) 
Ix$ (8, 2)]7 = (-1)°"7D2,_1 (9, 9,0). 

The collection of 25 + 1 helicity basis functions xs (d, 2)(А = 5,5 — 1,...,—S) as well as the set of the 


functions Хат form complete orthonormal sets. The orthonormality condition for the helicity basis functions 
is 


xh, (9, e)xsa (8, Ф) = 61x . (23) 
The completeness condition for these functions has the following matrix form 
xs, xb, ) = Г. | (24) 
A 


Matrix products хѕл(9, p)x B- (9,0) of the helicity basis functions аге the square (25 + 1) x (25 + 1) 
matrices. They may be expanded in terms of the polarization operators Тум (S) (see Sec. 2.4) as 


22-1 
xSI (S, x5, v) = > V 28411 CS DEA (е, 9,0) Рем (5). (25) 
LM 
Matrix elements of the polarization operators between the helicity basis functions are given by 
A 2L+1 , 
xb. (9,9) Тем (S)xsa(¥, е) = 2941 (ACSI D2 uA (0, 9,0). (26) 


In particular, the diagonal matrix elements are 


д ár 
x5 (8, е) Тем (5)х 51 (8,2) = V 2841 CS No VLN (9, 9) . (27) 
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6.1.4. General Spin Functions 


Any spin function (1) of particles of spin S can be expanded in sum of the basis spin functions Хол) 


S, . 
х= У). авт, (28) 


ma- 


where а" = x(m) is a contravariant component of some irreducible tensor of rank S. Similarly, the expansion 
of the Hermitian adjoint function x! has the form 


te У (ат). (29) 


ma- 


In general, (а”)“ Æ am, i. e., the corresponding irreducible tensor is not real. The normalization condition (4) 
imposes a restriction on а": 
8 
у, 12-1. 


m=-S 


The product ХХ! of two spin functions represents the square (25 + 1) x (25 + 1) matrix which may be 
expanded in terms of the polarization operators Îr m (S) (Sec. 2.4) 


2s L | | 
хх! = У) У? EU- TL (S), (30) 
L=0 М=-Г 


where the expansion coefficients may be expressed through a™ as 


8 
21-1 n nis m 
Рм = a1 У) салам (алу а”. (31) 


m, na- 


In particular, Poo = 1/V2S + 1. 

The quantities Ррм(М = L, LA I, . . , I) are covariant components of some irreducible tensor of rank 
Г. They represent the mean values of the ‘polarization operators Тм (5) in the states described by the spin 
functions x: 


x! Tin (S)x = Рм. (32) 
Under complex conjugation Ррм transforms as | 


(Рьм)* = (-) Р.м. (33) 


The equality xx! хх! = хх! implies the following conditions for the coefficients Рум, 


Iar f II L2 L 
Рем = > (I) f +2: tha (211 + 1) (215 + 1) H s 5 } СЕМ, L. u. FE. N Prim , (34) 
LI MI La M2 | 
In particular, Eq. (34) gives the normalization condition 


2s L 
У DS [Pom гі. (35) 


L=0 Mz-L 
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Under rotations of the coordinate system specified by the Euler angles a, P, y the spin function x is transformed 
by the rotation operator D? (a, p, )) (Eq. 2.4(17)) into 


х = Hs (a, В, Mx. (36) 


The spin function x’ in the rotated coordinate system may be expanded in sum of basis spin functions Хол or 
X'sm in the original or rotated coordinate systems: 


5 8 
х= D а ува = УХ тт, (37) 


т=-5 . m=-S 


where a” and а” are components of the spin function in the original and rotated systems, respectively. The 
relations between the basis functions XS and x$,, are given by Eq. (16). The transformation properties of 
а” under rotations are 


8 
a’ = У Dan la, B, a ; 
me (38) 
а" = у, Dann (a, В, a“, 
m=-S 


in accordance with general transformation rule for contravariant components (Sec. 4.1.2). 


6.1.5. Polarization Density Matrix 
Spin functions enable one to describe only the totally polarized (pure) particle states. 
For describing partially polarized states which are incoherent statistical mixtures of the pure states, the 


polarization density matrix is used. 
The polarization density matriz р of the particles of spin S is the square (25 + 1) x (25 + 1) matrix defined 


by 
Poo! = (x(e)x* (% . (39) 


or in a matrix form by 
B= (хх, (40) 


where ( )e denotes the statistical average. In particular, for pure states one gets 


B= xx". (41) 
The density matrix is Hermitian, 
Ў g, ie, po = pote; (42) 
and normalized, 
Түр-і, ie, У poo =1. (43) 
e 


The conditions (42), (43) reveal that the density matrix of particles of spin S is completely determined by 
(25 + 1)? — 1 = 4S(S + 1) real parameters. 
An expectation value of any polarization operator Т іп a state described by the density matrix 2 may be 


evaluated by 
(f) = (f) = {РЇ}. (44) 
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Note also the following property of the density matrix 
Ir (52) <1, (45) 
where the equality holds only for pure states. The density matrix of pure states satisfies the relation 


72 Ер. i: 2s (46) 


The density matrix р may be expanded into a sum of the polarisation operators "s (S), 


28 L x 
p= У (-)М%-мбім(5). (47) 
L=0 Mz-L 


The expansion coefficients ff are called the statistical tensors, They represent expectation values of the 
polarization operators Ты (S) in a state described by the density matrix р, 


tim = (Рим (8)) = Tr {Тем (S)} . (48) 


The statistical tensors are related to the density matrix elements by 
ир | 


з 
21+1 с 
Фм = ү 2631 >» С мое" А (9) 
„ - 
^ fL 1, 
Ров! = 2 igi Lutun . (50) 


In particular, 


1 
too = . 51 
o= VESTI i 


Under complex conjugation the statistical tensors transform as 
| 
tim = (71M ром · 


The properties of the statistical tensors for pure (completely polarized) states have been considered above 
(Eqs. (31)-(35)). For unpolarized states all statistical tensors vanish except too, thus 


ж 1 T 
бары = 2571 1, (52) 


where Т is the unit matrix. 
The quantities Фм are covariant components of some irreducible tensor of rank L. Under rotations they 
transform in accordance with Eq. 4.1(2). 


6.1.6. Two Particles with Arbitrary Spins 


Let us consider a system of two particles, 1 and 2, with spins 5; and 52. Total spin S of the system takes 
the values |S; — 82, [$1 — 52| +1,...,51 + 52. The spin function xsm (1,2) which describes the system with 


total spin S and spin projection m may be written as 


Х8т (1,2) = > C$, Sm; X Sm: (1)Х5ата (2). (53) 


mim; 
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The inverse relation is 
Xs, mi (1)X sams (2) = УС", s m Хот (1,2). (54) 
8 


Spin functions (53) аге orthonormalized 
Xm (52)xs m: (1, 2) = 8¢5:8mm’ (55) 
and satisfy the completeness condition 


sn (I, 2X55 (1 2) = 7. (56) 
5,т 


Let the polarization operator Тум (С = 1,2) act on spin variables of a particle i only. Then we have 


f, м, II) x Sm (1, 2) = (1) 1 TI + 1) (25+ 1) 


Si S2 8 m- 
* > e L. СА | 2), (57) 


Îr m (2)х5т (1,2) = (—1)?94% (22; + 1)(28 + 1) 


5, S2 5 — 
2> PE (58) 


One may also consider a set of scalar operators Q L(1,2) with 0 € L € тіп(25,,252) 


0.0.2) = J C0" fou T-) (59) 
M 


These operators leave the spin of a system and spin projection unchanged: 


Фиат) = (999591 9 { St 2 5) recti. . (ө) 


Among scalar operators the so-called projection operators Рз(1,2)(|5; — S2| < S < S, + 52) are of special 
interest. When applied to arbitrary spin function x(1,2), the operator Ps (1,2) gives the component of this 
function with definite total spin S. Thus, the projection operator Ps(1,2) may be defined by the equations 


Py (1, 2) хет! (1, 2) = ssi Холи (1, 2) А (61) 


From Eqs. (61) one may obtain the following properties of the projection operators 


Ps (i, 2) B55. (1, 2) = 685, в (1, 2) и (62) 
у Ps(1,2) - T. (63) 
5 


The form of Ps (1, 2) may be written explicitly as 


Вы, 2) = У xsm(1,2)xhn(1; 2) , (64) 
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or, in terms of scalar operators Qu, 2), 
$ . §,S, LI 
= (105178278 181 
В (1, 2) = (-1) (25 +1) > Is © 5) Glu. . 


6.2. SPIN FUNCTIONS FOR S = 1/2 
6.2.1. Basis Spin Functions 


The basis functions хі „(т = +1/2) are the eigenfunctions of the operators 92 and 5, : 


$x im = 451 
Sx ж тХіт . 


A function Хіт describes the state of a spin-} particle with definite spin projection, m, on the z-axis. 


The dependence of the basis functions x 4,,,(7) on the spin variable о is given by 
Xim (c) = бт. 


According to Eq. 6.1(1), the basis functions хі may be written as 


[N .: 0 
ха = (o) Ха-+ = (1). 
The Hermitian conjugate functions хі, have the form 
хн = (1,0), Xi-i = (0,1). 
The following compact notations for the basis functions are widely used: 
X44 5a, 4-4 =$. 
The basis functions Хат satisfy the orthonormality condition 
хі = 
im Хј = m'm. . 
The completeness condition for the basis functions ің 
t =f 
Хат Xin = 3 
т 
where 7 is the unit 2x2 matrix. 


6.2.2. Expansions of Products of Basis Functions 


The products Хат Xim represent 2x2 square matrices whose elements are 


[X 3m X1 lee. = Xo m X Lux be! = bom beim! 


(85) 


(1) 


(2) 


(3) 


(4) 


(5) 


(8) 


(7) 


(8) 
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The expansions of these products in terms of the spin matrices are given by 


1 T т ^ 
XinX|a = уба УЗО, (9) 


where S „(u = +1,0) are spherical components of the spin operator (Sec. 2.5). In more detailed form Eq. (9) 
may be written as 


| | (10) 


6.2.3. Action of Spin Operators on Basis Functions 


Cartesian components of a spin operator 8; (see Sec. 2.5) applied to the basis functions yield 


^ 1 2 1 
X = уа-р а-а ХЫ» 
XII 2X II. Soa = XH (11) 
За ар. хар ру: 
Spherical components of the spin operator 5, (see Sec. 2.5) act on the basis functions as follows: 
Sx zn = эзше ры : (12) 
More explicitly Eq. (12) is 
бахыр 70, S$ux a = хы, 
v2 
&ui-pup хрр ха (13) 
oq m а-ы» Sax = 0. 
According to (12), matrix elements of the operator S. a for any vector a have the form 
gs ae =x}, S axis = (ШУ сіе ay, (14) 


where a- (A = +1,0) are covariant spherical components of a (Sec. 1.2). 


6.2.4. Transformation of the Basis Functions Under 
Rotations of the Coordinate System 
The basis functions Хі,, are covariant. Under rotations 5 — S“ of the coordinate system these functions 
are transformed by the rotation operator 2} (а, 8,7) (Eq. 2.5(32)) if rotations are described by the Euler 


180 Quantum Theory of Angular Momentum 


angles a, Ё, т, or by the rotation operator H (о; &, Ф) (Eq. 2.5(36)), if rotations are defined by the rotation 
axis п(Ө,Ф) and the rotation angle w: 


Хат = D! (a, f. xi. ы У хала Dan, (а, В, q), 


S (18) 
Хам = O? (w0, exe 7 E xim Uer Ф), 


where р} m (а, 8, 4) аге the Wigner D-functions (Chap. 4), and U, * i are defined in Sec. 4.5. 
A function Х' pm’ describes a state in which a particle of spin 2 1 has the spin projection т’ on the new 


z'-axis. The functions x, are eigenfunctions of the operators 82 and &, 8! being the spin operator іп the 
rotated coordinate system У (Eqe.2.5(40) and 2.5(41)): 


| БЕ n (16) 
OPE v т’ Хр», . 
The explicit form of the basis spin functions іп the rotated coordinate system is 
cos бен — sin Bring 
Ell 59 .L 
X87 dum qa EE. | ; (17) 
sin 40e. * cos g. T* 
if the rotation is specified by the Euler angles а, В, у and 
cos $ — {віп € cos O —isin 9 sin Oe. 
I I 
Xu 7 | Хат (18) 
—isin € sin Өе'? cos € + i віл % cos 0 


in terms of the angles w, O, G. 
The functions Хат satisfy the orthonormality and completeness conditions (6), (7) as well as the relations 


(9)-(13) in which the spin operator 8 should be replaced by 8.. 


6.2.5. Helicity Basis Functions 
The helicity basis functions x 4,(¥, p) (A = +4) describe states in which the spin projection on the linear 


momentum direction п(8, 2) = p/p is equal to А. These, functions are eigenfunctions of the operators. 32 and 
$.n 


S?y (0, $) = 5 xia (6, e) 


Е | (19) 
5 nx HU, е) = Ахах (6,2). 
According to Eq. (15) the helicity functions ха (6, 9) are related to the basis functions x $m by 
XI, p) Т: ҒАН 9,0)Хіт , 
И (20) 


= >; Din lo, 9, e)xi (9, e) | 
А 
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For Hermitian adjoint functions Eqs. (20) yield 


xi (6, Фф) = Yay, io, 9, Ох), 1 


t A-m руб (0. t (1) 
Xim = 22-1)" DE (0,9, е) (9,9). 
А 
The explicit form of the helicity functions is given by 
cos ze 7 — sin іт 
хы (9,2) = 2 |» хр-уфће= | , (22) 
sin 24% cos 244% 
xi lOp) = (con Set, ain ge-), xl (фе) = (—sin e, cos gef). (23) 


The helicity functions X) 2(0,) as well as Xim constitute an orthonormalised basis. The orthonormality 
condition for the helicity functions may be written as 


Xba (9, Ф) хз (8, e) = буу. (24) 
The completeness condition is 
Ух» (в.в) (8,0) = 7. (25) 
А 


The expansion of products of the helicity functions has the form 


1 т А ^ 
xii (9, ex} (8,2) = 2 él УХ ch Pale, 9,0)5,. (26) 


РЕЈ 
Explicitly, this gives 


1 + совд sin de 17 2 
sin bei 1 6e) 11.8. 


хаб Ile 
( — sin 9 (cos 9 + * = -% у) Di, (9,9, 0)5,, 


(cos 9 — 1)e'* sin б 
(27) 


sin 9 (cos 9 1)е ) = /2 У Di (e, 9, o) S, 


t = 
x4-4 (8. Ф) ху (9,9) (cos $ + 1) e. sin 9 


=-f-n-8. 


1 
2 
1 
ха (, ex- 100, %% = 2 
1 
2 
1 
2 2 


t Б 1-сов0 -віһде %% 17 
X4-3(9, x-, ) = (ее Lee) 


Matrix elements of the spherical components of the spin operator 9, р = 41, O) between the helicity states 
are given by 


xiv (9, SN зл (9, e) = (21. УЗ св, Di, (e, $, 0) . (28) 


182 Quantum Theory of Angular Momentum 


or, in a detailed form 


Hinh ее вы) = e, 
(+15. |+) = 260 (e-) = - 589, 
GS 14) = ze, (4$ ,]-) = ET Let e , 29) 
(вын) = 509 6, (вы) = 3 - e, 
(NY = - en, | (-|%-) ш p 
(ap) = Een, Ea = Ehe 


Here we use the abbreviations | 
(+15,|+) = x44 (9, е) хы l, ), 
(+15»|-) = x1, (8, )Suxq-4 (8,2) , etc. 


Matrix elements of cartesian components of the spin matrices 8, (i = <, у, z) have the form 


(+15. |+) = ; in дсов , (+|S|-) = > (cos д совр T ising), 
(+1,1+) = тып $sin o, i (+|8,|-) = 5 (con віп p —icoso), 
(+19, |+) = > сов, Bu |-)= EM (30) 


^ 1 
(-|Sz|+) = 2 (cos $ cos  — m) ^ КЕРЕ ==; sin & cos o, 
2 1 ; . 2 1 o: 
(-|Sy|+) = 2 (eo Osing+icosy), (—|5,|--) = “2 sin дат 2, 
(~|5,|+) = – sind, (-|§,|-) = - cos 8. 
Note that the diagonal matrix elements of the spin operator may be written as 


x4, (9, SX hl, = An(9, 9). (31) 


6.2.6. General Spin Functions for 5 = i 
An arbitrary spin function ха of a particle of spin i may be expanded in terms of the basis spin functions 
X im: 


Y ee (Ey): (32) 


те-4 


An analogous expansion of the Hermitian conjugate function хі is 


x, = amy = (a4, a7 1*). (33) 
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Here am (m = +3) is the contravariant component of the spinor x з (see below). The normalization condition 


хіх =1 


imposes the following restriction 
|4212 + |47372 =1. 


(34) 


The coefficient a™ may be interpreted as the probability amplitude that the spin projection on the z-axis for 


the particle in a given state x 1 is equal to m. 


Special cases 


(a) Spin is directed along the z-axis: 

at = 1, 4a 1 = 0, ХЕХ: = B: 
(b) Spin is directed along the negative z-axis: 

at = 0, a 1 = 1, Xi7Xi-i17 (9 . 


(c) Spin is parallel to n(¥, v): 


8 9 cos ze 7 
2 -із -і . 2 
a? = сов Te 7, а ein e, x1 = ху; (9,0) = 
2. 2 sin 2027 
(d) Spin is antiparallel to n(¥, p): 
— sin Lei 
Е mw E PIN sin 26772 
а? = sin e , а 3 cos ge , ха = X1_1(9, 9) = 
2 2 Е 2:53 94% 
cos 26%2 


(35) 


(36) 


(37) 


(38) 


In general, the spin function (32) describes a spin-4 particle whose spin is directed along some unit vector 


п with cartesian components 
п. = ХВе(а%"а“ 3), ny = 2Im(a3*a73), п, = јаз |2 – ја“ 3 |2. 
The spherical components of this unit vector п are given by 


im’ t 
= 3 m's т 
nu v3 У, Cimin? а", 
m,m! 


or more explicitly 
noi = Mala, по = јаз |? - |4752, n-i Ma 41 


The product of the spin functions х+х\ may be expressed in terms of the spin matrices 
2 


јаз [2 4a 3*a! 1 
t ~ ~ 
XiXi = = 21+18, 
аз“а72 |4732 


where n specifies the spin direction (39)-(41). 


(39) 


(40) 


(41) 


(42) 
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Matrix elements of the spin operator 8 тау be written in terms of the vector n as 
xt 8x. = zn. (43) 
1 *r 2 


The transformation of spin functions under rotations of coordinate system is effected by the rotation operators 
D (a, B, 4) (Eq. 2.5(32)) or 0} (v; 6, $) (Eq. 2.5(36)), depehding on the choice of the parameters to describe 
rotations: ИД . А | 
х = В (a, iX; = Ô? (w; 0,8)x (44) 

The spin functions x^, in the rotated coordinate system may be expressed in terms of the basis spin functions, 
Хат or Хм referred to the original or rotated coordinate systems, respectively. 


1 
!3 


a 
x} = (A) Eekan = x, (45) 
т. т 


In this case а” and а?” are spinor components in the original and rotated coordinate systems. The relation 
between the basis functions Хат and Xm is given by Eq. (15). The transformation properties of а” are as 


follows. | i , 
а" = У DÀ (o, В, Man, 
. 1 
dM „ ( 4) (46) 
а" = У DÀ. (o, f. тја т. 
т 


Thus, a™ are contravariant spinor components (see Eq. 4.1(2)). 


6.2.7. Polarization Density Matrix 


The polarisation density matrix for particles of spin і may be written іп the form 
1,2 2 
p= 247% 2Р8}, (47) 


where the real vector Р is called the polarisation vector. This vector gives the expectation value of the spin 
operator multiplied by 2, Д | 
Р = 2(8) = 274)8). (48) 


The absolute value of the vector Р is called the polarization degree; it ranges from 0 (for unpolarised states) 
to 1 (for pure, і.е., totally polarized states): , 
0< |Р| < 1. (49) 


и? 


The spherical components of the polarization vector are related to the elements of the density matrix by 


Pu = УЗ О Poo! (50) 
сеї у 
or in an expanded form 
Ри = Vo- Po =-- Ру = V2p,. ,. (51) 


Cartesian components of the polarization vector are given by 


F. of- Ру = р-р Р-р), Pa = gy 0-4-4: (52) 
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For a pure state described by a spin function ха the density matrix 2 has the form 

Îpure = XA XI 53 

Рриге = ХІХ i ( ) 


and the polarization vector P coincides with the unit vector n (see Eqs. (39)-(41)). For an unpolarized state 


17 


Punpol = 21: (54) 
6.8. ӨРІМ FUNCTIONS FOR 5 = 1 
6.3.1. Basis Spin Functions 
The basis functions xim(m = +1, 0) are eigenfunctions of the operators 82 and 2, 
S n = 2Xim; Р (1) 


S. xim = MXim- 


The function Хіт describes the state of a spin-1 particle with definite spin projection т on the z-axis. The 
three basis functions Хіт(т = +1,0) may be treated as spherical covariant basis vectors €m (see Sec. 1.1) 
written in column form. Instead of Xin one may use the basis functions x, ($ = z, y, 2) which are the cartesian 
basis vectors е;: 


1 1 | 
X11 = ~ ка + 99) Xz = 20а-- ха), 
1 
X10 = Ха, Хи = gp- + x11), (2) 
1 3 
X1-1 = yy = 1xy) , Xz = X10- 


The functions xis (m = +1, 0) as well as x, (i = 2,у,2) constitute an orthonormal basis. The orthonormality 
conditions read 

xi, Xin = Отт, хіхь = бк. (3) 
The completeness condition for basis functions may be written as 


У ximxim =F, У, Nix! F. (4) 


m=+1,0 ішт,у,2 


where 7 is the unit 3x3 matrix. 
To describe the states of particles with spin 1 one may use the spherical basis representation or the cartesian 


basis representation. 


Spherical basis representation 
In the spherical basis representation the dependence of the functions xim (o) on the spin variable ø is given 
by 
Хат (o) = бле . (5) 


According to Eq. 6.1(1), the basis spin functions Хіт may be written as 


1 0 0 
XII [O], xio= [1], хі-і- [0], (6) 
0 0 1 
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and the Hermitian conjugate functions xin read 
xh, = (1,0,0), xto = (0,1,0), xta = (0,0,1). (7) 


In the spherical basis representation the functions х; ($ = z, y, 2) have the form 


=4 . [1 0 
1 | 1 
Xz = == ee 0|, xs=(1], (8) 
v2\ | № |] 0 
1 i 
х = соба), xy 775001). xt = (0,1,0). (9) 


It follows from (6), (8) that in the spherical basis representation the functions Хіт are real, 
Xim = Хат, (m= 1,0), (10) 
and the functions x; satisfy the relations 
Хат Ха» N N Xs = Ха: (12) 


Explicit forms of the spin matrices and the polarisation operators in the spherical basis representation are 
given by Eqs. 2.6(9)-2.6(22). 


Cartesian basis representation 


In the cartesian basis representation the spin variable с assumes three possible values, о = z,y,z. The 
dependence of the functions x, (o) on o is given by 


xilo) = be. (12) 


Thus, the basis spin functions х;($ = z,y,z) in the cartesian basis representation may be written in the 


following form (see also Eq. 1.4(37)) 
0 
„ Ха |0 (13) 
1 


-(ф- 


хі = (1,0,0), хі = (0,1,0), x! = (0,0,1). (м) 


он о 


The basis functions x in (m = +1, 0) read 


1 [1 : pr 
SIBI ез). saa. (15) 


1 1 
Te : t аа t LL | 
-- 1,-1,0), = (0,0,1 up 1,4,0). 16 
Хі zí ), хо = (0,0,1), хі-і Val i, 0) (16) 
It follows from Eqs. (13), (15) that in the cartesian basis representation the functions x; are real, 


xi = Xi li = =,у, 2) D (17) 
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and the functions Хіт satisfy the relations 
Xin = (-I) “XI (m= +1,0). (18) 


The spin matrices and polarization operators in the cartesian basis representation are given by Eqs. 2.6(23)- 
2.6(35). 

The direct and reverse transformations from a spherical basis to a cartesian one can be performed by the 
use of the unitary 3x3 matrix U, 


x (spherical basis) = Ux (cartesian basis) (19) 
x (cartesian basis) = U^ !x (spherical basis) 


The explicit form of U is given by Eq. 2.6(37). The expressions below are independent of the representation 
used unless the contrary is indicated. 


6.3.2. Expansions of Products of Spin Functions 


Products of the basis functions XimX im’ and xixl are square 3х3 matrices which may be expanded in 
terms of the polarization matrices 1,2) „ш = +1,0), Tzm(M = +2,+1,0) or, equivalently, of the matrices 
1%. Qi. li. k = z,y,z) (Sec. 2.6). These expansions are given by 


1 ~ 1 ~ 5 ж 
XinXl mi = тт J + 2 Сіт, „9и + HEN Д (20) 
1.4 1 ^ А 
xix} = 5 * + ein st -Qi. (21) 


Written in component form these expansions yield 


l4 la la 1. la ТА 
хах! = git 250 + 76120 = 51+ 25% + RE 
ТА 1 А 
хих!о = 7394 - 5121 = 52568. +15, + 20.2 + %0,.) Д 
~ 1 Ж 
xuxl = Tz = > (02 D Qu + 21 0a) , 
xiox!, = 25-1 + Vet = = 2. 15, + 20, 21052), 
xiox lo = 3/7 "EET - 317 Qi, (22) 
t la la 1 
X10Xi1-1 = ~ 3541 + = 2729 +48, - 292: - жб»), 


1,2 A^ 2 
xix! =To-2= nv = Quy = 2 0, 
xi-ixlo 581 zh- -17 м — 18, - 2Q,, + 21072), 


Ils 
Хї-1ХЇ-1 = $t 250 + 75 155 = 17- 28. + 29»- 
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^ 


Т– 5-2 — –Ћа + " 150 = 3/7 0.4. 
^ ~ ~ $4 ~ 
Xax} = 5 (So — - + Toa) = 55, — Qs, 


хахі = zgb- + 8+1) - 74751 — Ты) = -;& - ĝas, 


1 1 ^ 
Xyxi = -2(% + fa - Та) = -58, - Фау, 
la 1 ~ 1 ~ 1 ~ 12 ^ 
xvx! = 31% 212-2 + 27m + 6120 = 31^ Фу. (23) 
Xx! = b - 8.1) — 50-1 + 121) = 58. - Qu; 


Хах! = ETE + 5,1) ~ 2%- 1-1) = <8, - да, 


~ 


Хахі = - 8 -24)- 205. 1+ Та) = 8. дуг, 


6.3.8. Action of Spin Operators on Basis Functions 

Spherical companents of the spin operator Sulu = +1,0) and its cartesian components КА (i = z, у, =) act 

on the basis functions as follows Д | 
| SuXim = V2 Ст Xam! D 


D (24) 
S. xx = Seil XI - 


In a more detailed form 
Seixas =0 91х10 =-ха, S. xiai = —X10; 
Sox11 Xii, SoxiO = O, хі. = —X1-1i (25) 
5-1Х11 = Xo. S$-ixio =Х!-1, S-IxI-1 = 0. 
^ 1 ^ 20% 2 1 . 
ST ix = 7%" , 5+1Ху = N S4+iXs = gee t ixy); 
Sox. = Ху, Soxy = ix. , Sox, =0, (26) 


- 1 ^ 1 ^ . 
5-1Х= = N S-ixy = N S-1Xs = Ab- хи) . 


am = уро босо = Удба -ic xu), S,xi- ty 


Sx = gue , Syx10 = = J00- 1— X11); S»xi- 17 хо, (27) 
S. XII = хи, S.x10 = 0, $xa- = -Х!-1. 

Sx. =0, Sexy = Xs, Sx, = —tXy, 

SyXz =~tXs, SyXy =0, SyXs ш4Ха, (28) 


S. x. = "Ху , S. xi = ix; Sx, =0. 
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6.3.4. Action of Quadrupole Operators on Basis Functions 


The operators Tou (M = +2,+1,0) and Qu (i, k = z, y, z) act on basis functions in accordance with 


^ 5 [ 
ТамХіт = Mic , 


А 1/2 (29) 
@:кх = 2 (3% — бихк — быж) ‘ 
In detailed form we have 
Тоха: = O, Taxio = O, Troxi-1 = хи, 
1 1 
7 = 0 7 = —— 7 _1 = == 
21X11 , 21Х10 yoo 21Х1-і n9 
Шоха = ЕТИ ox 10 ue, Troxi-1 = Ea X1-1; (30) 
у у 
1 1 
Таха = 2 , Фу-1Х = а = , N- ixi-1 =0, 
Т2-2х11 =Х!-1,  12-2xX10 -0, Т2-2х1-1 = 0. 
$ 1 у 7 1 . $ 
22X2 = --(х- + Ху), 22Xy = z(xy = ха) Й 22Xs = 0, 
2 2 
1 ri 1 . 
Таха = 2X» ху = 2 Ф.х, = 2 Ха +txy), 
Тох = 7654 5 Тзоху = P” Тох: = — 3X5 (31) 
1 - i 1 | | 
Ё-ах» = 72Х% , Ta- ix = 2** , ах, = — 3 Xe zi txy); 
1 ; 1 А | 
faxa = — 2 (ха = ху), Т,-2Ху = 2v + ixa) fo-aXs =0. 
А 1 1 A 1 д 1 1 
@х«Х11 = 2Х1-1- Хы» QzzX10 = Хо» Qz2X1-1 = 2X 11 6Х1-1, 
@уиха1 = -2Ха-і- Хы» QyyX10 = 3x10, @уух1-1 = 2 XII — 8&Х1-1› 
д 1 A 2 д 1 
O. x11 3X11, Фа x10 = 3 N10 @:.Х:-1 = 3Х1-1, (32) 
x 4 P ^ 1 
QzyXii = 7 Х1-1, QzyX10 = O, QeyXi-1 = -5X113 
2 2 
QesX11 = 2,29 4 0..Х10 = 2 Хы —-xi-1, ОиХі-іл 57510: 


ж 1 ~ 1 ~ 1 
= — j x == -------- + PA А ж -1 = ---- " 
QyzX11 2/21 Qys X10 27 х1-1), QyzX1-1 z/2X19 
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1 ^ 1 
Ху, дах: = 3X2? 


ж 2 ^ 
СОааха KE 0-«Ху = 3 


3 
А 1 А 2 А 1 
Quy Xa == 3** , ОууХу = 73Ху , QyyXz = 3X) 


даха zx, дах z даха zx. (33) 
бух» = 27 Cr 2 QeyXs =0, 

Qux. = 27. дах, = 0, Вых, = же, 

бух. = O, Qux N даха = 27 


6.3.5. Transformation of Basis Functions Under Rotations of the Coordinate Systems 


The spin functions x1m(m = +1,0) and x, ($ = т, у, 2) constitute the covariant spherical basis and cartesian 
basis, respectively. Under rotations they transform through the rotation operator Бі (a, B, 7) (Eqs. 2.6(75)- 
(78)) if rotations are specified by the Euler angles а, B, J or through the rotation operator 0 ! (v; O, &) 
(Eqs. 2.6(79)-(83)) if rotations are described by the rotation angle ш and the rotation axis п(Ө, Ф). 


Xim = D' (a, p, 1)X1m! = > Dumm / (a, В, 1) хат ; 


т==1,0 
E (34) 
х = Bi (a, f, q) xi У, аыхь. 
k &, v. x 


Неге Dlm (a, f, )) are the Wigner D-functions (Chap. 4) and a;, are elements of the rotation matrix 
(Sec. 1.4.6). 

The functions Ху т, describe quantum states in which a particle of spin 1 has the spin projection m’ on the 
new z'-axis. These functions are eigenfunctions of the operators S/? and 5, where S' is the spin operator in 
the rotated coordinate system (Eqs. 2.6(85) and 2.6(87)) 


2872.7 ^ D 
S Хат = 2Хіт D 


А (35) 
SiXim тт іт. 
In the spherical basis representation the functions Ху, have the form 
n e -i Бет LR e (a-) 
Xu-| Me? |, жо= | cosh |, = | EM |, (36) 
elta) "2 eit 


and the functions x, are given by 


cos В cos 4—isin ia cos B sin 4--Hí сову i sin ia 
= 2 т 2 s № © 


Хы — sin f cos y „ Ху= sin f sin 4 € = cos f ; (37) 


cos В cos у+і sin за сов B sin 4—i cos y да sin P за 
2 i = 2 d 2 6 
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In the cartesian basis representation these functions read 


dos B cos a—i sin a ,—44 cos В cosati sina т 
v2 | v2 
sin В cosa 
‚ _ | _cosPsin а-ісова,-іу я . : , € cos P sin a—i cos a ѓу 
Xie зарнаа, „ Хо = | sinBsina |, х. = UT , (38) 
cos 8 
sin В е _ sin В ei 
V2 2 
cos f cos a сов у — sin а sin y — cos В cos a sin y — sin q cos sin f cosa 
X, = | cos P sin a cos / cos sin |, Xy = — cos f sinasin y +cosacosy |, х, = | sinfsina 
— sin É cos y sin f sin y cos В 


(39) 
The expansions for the basis functions in the rotated coordinate system in terms of the angles w, 9, Ф may be 
obtained by the use of the rotation operator Ul (w; Ө, &) (Eqs. 2.6(80)-(81)). 


6.3.6. Helicity Basis Functions for 5 = 1 


The helicity basis functions х1л(9,ф)(Л = +1,0) describe the states in which the spin projection on the 
linear momentum direction п(9,о) = p/|p| is equal to A. The functions х13(9,ө) are eigenfunctions of the 
operators 52 and S -n Е 

5? Ха (8,2) = 2x11 (9, о) , (40) 
Snx1a(9, 2) = Axa (h, 2). 
According to Eq. 6.1(20), the helicity basis functions may be derived from the functions Хіт by a coordinate 


rotation 
xalh, e) = ме $,0)xim И 
т 
(41) 
Xim = у, DE (0, 9, ө)хал (9, е). 

А 

For Hermitian adjoint functions Eqs. (41) assume the form 
xi (9, e) = У Di males 9, о)х! m , 
2 (42) 


х! = > C07" а (0,9, 9) x1 (8,2). 
a 


The helicity functions x1, (2, S) may be treated as the covariant helicity basis vectors е^, (see бес. 1.1.4) written 


as column matrices 
х1л(9,р) e (А = 1,0). (43) 


One can construct the following linear combinations x, (8, 2) (i = =, y, 2) of the helicity functions х1л(9, p): 


xa ld, 9) = Abbe, e) - xu($,e)), 


xv (U, S) = Abele, e) + x11(9,9)}, (44) 


xx(9, ) = хіо(9,ө). 


The functions х;(9, 6) ($ = 2, у, 2) coincide with the polar basis vectors (see Sec. 1.1.3): 


X2(9,~) = es, ху(9,ө) = ер, X- (, ) = ер. (45) 
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It should be emphasized that the functions х;(9,ф) describe the states with no definite helicity. These 
functions are related to the basis functions xx (K = z, y, 2) (Sec. 6.3.1) by 


Xi (9, Ф) == У аш (e, $, 0)хь , 
я (46) 
Хе = 2 ax (9, 9, 0)х:(9, е) , 


where аук (а, В, у) are elements of the rotation matrix given by Eqs. 1.4(54). The relations between the Her- 

mitian conjugate functions x! (9,2) and х! are also given by Eq. (46) because the elements a; are геа]. 
Three helicity functions x14 (9, p) with А = +1,0 or, equivalently, three functions x;(9, p) with i = z,y,z 

constitute an orthonormalized basis. The orthogonality and normalization conditions have the form 


х! (9, e)xix (9, p) = бал, (47) 
х!(9, xd, p) = б. 
The completeness conditions are | 
Y xul xls, ) = Г, 
А=+1,0 | К (48) 
$5 Kis, x(, ) = 7. 
s=2,y,8 


Explicit form of the helicity functions x1,(8, p) and the functions х; (8, p) 


(a) Spherical basis representation: 


licorf,-ie = in ete 1= cot 0 ёр 
x11(9, p) = 92 iolo, e) = eo |, x(5e-| - |, (49) 
Nee ame licor? гір 
т; ы ge” e 
X2(9, ) = -віһ9 , xv (, H = 0 , ха(9, e) = cos 9 . (50) 
соғ fp = ung i 
А ° vie” 424% 


(b) Cartesian basis representation: 


1 cos 8 cos p — i sin р sin 9 cos p 
Xii(9$, v) = —— | cos¥sinp+icosp |, х1о(9, р) = ein & sin |, 
v2 — віп 9 cos 9 


(51) 


1 cos 9 cos o + i sin p 
x1-1(9, е) = 75 cos д sin = i cos |, 


— sin ó 
cos 9 cos o -sino sin ò cos 
Х«(#,е) = cos sin |, ху(9,Ф) = | cose |, Х:(9,ф) = | sindsing |. (52) 
0 


— sin 9 cos д 
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In the cartesian basis representation these functions satisfy the relations 
Xia (9, e) = (~1)*x1-a(¥, о) , (A = +1, 0) , (53) 
х (8,2) = х:(9,Ф), (= v2). 


The expansions of products of the helicity basis functions in series of spin matrices and quadrupole operators 
(Sec. 2.6) are given by 


xalh e)x1, (9,0) = 305755 e. У) DL (e, d, 0) S, 


prs 
M Сз У Dix (e, 9,0)5м . (54) 
M=-2 
Analogous expansions for x, (d, p) can be written as 


1. $4.1 ^ ^ 
x. lo, xi (8,2) = 35 + увы ame, b,) S,, - У) аи (r 9,0) аж (ф, 8,0) һа, (55) 


mc, ha m. nr, · x 


where али (o, 8, J are elements of the rotation matrix (Eq. 1.4(54)). 
Matrix elements of the spin operator between the helicity states x14 (d, p) or between the states х;(9, p) 
are 


xi, (9, 9) SI, о) = (— D 26D, о; 9 0), (56) 
х! (9 19) хе (9, о) =~ D eien aim o, 9, 0) ~ (57) 
. m 


In particular, the expectation value of the spin operator S in a state with the helicity A is given by 
xl ($,e)Sxi (9,9) = Ans, 2), (A = +1,0). (58) 
The expectation value of the operator S in the states xi lð, o) is zero. 
ее) Gena: (59) 


The evaluation of matrix elements of the quadrupole operators Tou (M = +2,+1,0) and д (i, x = x, y, 2) 
gives 


х159, о) Taxi- (9, p) = Cape fË сур? м (е, e. , | (60) 
Х; HOA o) Qin x (5, Ф) = T {au (е, 9, 0)алк(её, [4 ,0) t af. 9 ,0)ami (р, 9, 0) – қайт). (61) 


In particular, the expectation values of the quadrupole operators Tou in states with helicity are equal to 


t a T (—1)!+^ 8т 
ха (9, Ф)Т2м xia (9, y) - 1+ [А] 15 You (9, e) , (62) 


(A = £10; М = 42, 41, 0). 
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6.3.7. General Spin Functions for S = 1 


An arbitrary spin function хі of a particle of spin 1 тау be expanded in terms of basis spin functions, i.e., 
written in the following form: 


x1 = у, а Xim = D (-1)"a_mxXim = > di xi · (63) 


ma 41.0 m 41, 0 ir, , 


The expansion of the Hermitian conjugate function x! is given by 


х- >, (Yxi- 2, (-1)(a-m)"xXim = 2, «x (64) 


т==1,0 m=+1,0 i r, y. 2 


In a spherical basis the function x; has the form 


at! —а-1 – ЈЕ (в. = tay) 
х= { аб |= ао = а; ; (65) 
a^! —а+1 РАСЕ + tay) 
and in a cartesian basis this function reads 
Je =at!) Jq(a-1 = a41) а. 
Хі = -l + at!) = (9-1 + 841) = | бу |. (66) 
a? ao Gy 


The expansion coefficients a“ are contravariant spherical components of some generally complex vector a, am 
are covariant spherical components of a and а; are cartestan components. Sometimes a is called the polarization 
vector of particles of spin 1. 

Under complex conjugation components of this vector transform as 


(a™)" = (a“) n, (аһ) = (а")", (a,)“ = (a“). (87) 
The normalization condition 
xxi = 1 (68) 
imposes a restriction to the components of a 
la* P + Ja? + ја“' |“ = Jaya)? + lao]? + [4-1 = [а]? + 1а]? + Jaz? = 1, (69) 
or, in compact form 
jal? a“ a = 1. 70) 


The spin function product xixi may be expanded in series of the spin matrices S and quadrupole momentum 
operators, Там or Qir (see Sec. 2.6), 


1 2 
1 ~ 1 ^ ~ 
xix! = 31+ 2 > (-1)^P-,5, + у. (-1)МР; мТім, 
нш-і1 M=-2 71 
% la 1 ж a ( ) 
xixi731t5 PSi+ M^ PaQa 
[LIN i, KSA, 
or in more compact form, 
la 1 ~ ~ 
хах = 31+ zP 8 PZ То), 72) 
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where (P3 - Ta) is scalar product to two irreducible tensors of rank 2 (see Eq. 3.1(31)). 
The real vector P can be expressed in terms of the polarization vector a as 

P iſa x a*], (73) 

or, in components, 
Py = = У? 222 Сі» (а, Ше (т, пи = +1, 0) Й 
(74) 
һу шака, (i, x, = , y, 2). 
ка 

Spherical and cartesian components of a real irreducible tensor Pz of rank 2 may be expressed in terms of 
components of a by 


5 
Р,м = 7 у Сома") а", (m,n = 31,0; М = 42, 41, 0), 
т, 


lf ‚_2 Ё 
Ра 2 lf + аьа} = 36%), (i, = , y, e), (75) 
Pa = Ры, 2 F. = 0. 


i 
The vector P and tensor Ро give the following expectation values of the spin operator and the quadrupole 
momentum operator, respectively: 
(8) = xi$xi =P, 
(Tom) -хібмхі = Ром, (76) 
(да) = xt O = Pa. 
The transformation of the spin function xı under rotations of coordinate systems is performed by the rotation 
operators D!(a, 8, )) (Eqs. 2.6(76)-(77)) or О (w; ©, &) (Eqs. 2.6(80)-(81)) depending on the choice of the 
parameters to describe rotations 
xi = (о, В, xi H, ®)x1. (77) 
Spin functions in a rotated coordinate system may be expanded into sums of basis spin functions yim, xi in 
the original coordinate system as well as into sums of functions Xim; x; in the rotated coordinate system: 


у) uvm >, а ыа 


т=+1,0 m=+1,0 
х = УЭ („Laim = > (Lax, 78) 
mg 41,0 т=+1,0 
д- У, axi DO аж. 
i, % z 1 =, u. 2 


The relations between basis functions in the rotated and original coordinate systems are given by Eqs. (34). 
The components of a in the above systems are related by 


карыке "= о, В, Ma 

"i Ур (а, 8, Yan, = „Уры (a „J, ) т» (79) 
n 

а; = > акак, ак i шыр 
k í 


(m,n = +1,0; 1, K = &, 9, 2). 
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Chapter 7 


TENSOR SPHERICAL HARMONICS 


7.1. GENERAL PROPERTIES OF TENSOR SPHERICAL HARMONICS 


7.1.1. Definition 


The tensor spherical harmonics Y LS (9, o), by definition, are eigenfunctions of the operators 22, 2,12 and 
S? where L is the operator of orbital angular momentum (Sec. 2.2), S is the spin operator (Sec. 2.3), and 
j 


= ~ 


= Í +S is the operator of total angular momentum (бес. 2.1): 


7 (, 9) = J(I Y, v), 
Љу 8,2) = МҮ 9, 2), 

їЗҮ (s, о) zz L(L + NYFE (9, e) р 
$2775 (U, ) = S(S + 1)ҮД (8,2). 


(1) 


А tensor spherical harmonic describes the angular distribution and polarization of spin-S particles in a 
state with definite total angular momentum J, projection M, and orbital angular momentum L. The spin 
value S is sometimes called the rank of the tensor spherical harmonic. Accordingly, one often uses such names 
as spinor spherical harmonics (S = 4), vector spherical harmonics (S = 1), etc. However, strictly speaking, 
these terms are not entirely adequate because, in fact, the transformation properties of the tensor spherical 
harmonics under rotation of coordinate system are determined by J, but not by S (see Sec. 7.1.4). 

The tensor spherical harmonics may be constructed from the spherical harmonics Yz m (9, о) (eigenfunctions 
of L? and E.) and the spin functions xs, (eigenfunctions of S? and $,) in accordance with the coupling scheme 
of two angular momenta 

ул (9,0) = > СІМ, Уьм (8, e)xse - (2) 
mio 

Thus, the tensor spherical harmonics are irreducible tensor products (of rank J) of scalar spherical har- 
monics and spin functions: 

ҮЛ (8, ©) = (Yr @xs}sm- (3) 
The indices J and S are integer or half-integer nonnegative numbers, and L is always an integer nonnegative 
number. For given J and S, the momentum L takes the values Г = |J — S|,|J —S|+1,...,J + S. The 
possible values of M are М = —J,—J +1,...,Ј — 1,J. 

The tensor spherical harmonics with fixed indices are functions of three variables: two polar angles $, (0 < 
9 € 1,0 € р < 2n) and spin variable &(& = —S,—S + 1,...,5 1, S) which is the argument of spin function 
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Xse. The spin variable £ is usually not mentioned as an argument of tensor spherical harmonics. Instead, 
the tensor spherical harmonics are written in matrix form by analogy with spin functions. More precisely, 
Y L3 (, o) is represented by a column matrix with 25 + 1 elements, and Vir (8, p) is represented by a row 
matrix. Summation over spin variable is replaced by matrix multiplication. 
The tensor spherical harmonics Y LZ (V, p) constitute a complete orthonormal set for series expansion of 
rank S tensor functions within the domain of arguments 0 < 9 < 7,0 < о < 2m (see Sec. 7.1.8). 
Note also the following orthogonality relations for Y L2 (9, S) which have the same J, M and S but different 
Г: 
УТУ (8,0) (o, р) O, #1. (4) 
м 


7.1.2. Components of Tensor Spherical Harmonics 


(a) Spherical contravariant components of tensor spherical harmonics may be written, in accordance with 
Eq. (2), as 
[ҮЛ (9, p)“ = C]M-usyYrLM -u(8, о), (5) 
(u 2 —8,...,8—1,S). 


Covariant spherical components may be defined by the relation 
[Ули (9. eu = (-) (9, е)“ ЕС 
from which one obtains 


[Ул (8, Ф) = (71? CLM 8- YLM Als, 9) - (7) 
If 5 is integer, an alternative definition of the covariant spherical components that is widely used is (see 
Sec. 7.3.2) 
[Үўм(#,е)]„ = (-1)* Ул (9, 2)]7"; (8) 
so that 
(Үл (9, 900 = (-1)еС М аѕ-„Үм+и(9, e). (9) 
Note that the equations of this chapter are independent of definition of covariant components, unless the 


contrary is indicated. 
(b) The expansion of tensor spherical harmonics in terms of helicity spin functions may be written as 


Yin (9,Ф) = s [YES (9, р) ^ хз (8,2), (10) 


A=-S 


where contravariant helicity components are given by 


[778 (9, p) А = d- СА DNG, 9,9). (11) 
If covariant helicity components are defined by 
[VA (9, elk = C957 МУ (9, 9] 77, (12) 


then 


E 21-1 1 
ЖУЛЕЛЗІР = (-1)7+7 a 47 —— Србе ВУ. м(0,9,2). (13) 
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An alternative definition of covariant components (for integer 5) 


(VAS (8, H = (-1) [YZ (8, 2)] 77, (14) 


Z 21-1 +1 
(ҮІ (9, ¢) = (—1)7+^ TEN de Cos DIN- M (0, 9, ) (15) 


7.1.3. Complex Conjugation 


yields 


Spherical components of a tensor spherical harmonic transform under complex conjugation according to 


[Vina (9, c).. = (71) ***5- Mav (9, I, 
[Yona (9, Sli = (71) ****- ир (д, 9)]- 


These transformation rules are valid also for the corresponding helicity components. 


(16) 


7.1.4. Transformations of Coordinate Systems 


(a) Coordinate inversion 


The operator for coordinate inversion B, when applied to a tensor spherical harmonic, gives 


B. Vd (9,9) = np Var (т — ®,т + p) = ny (71) ҮД (9. o), (17) 
where np is a phase factor which describes the intrinsic parity of the tensor. 


(b) Rotations of coordinate systems 


Under rotations of the coordinate system specified by the Euler angles а, 8, у the tensor spherical harmonics 
transform according to 


Ум (, e)s D(o, B,)Y ( (8,2) 257 Вим а ‚В, л) Үл, (9,6), (18) 
Mz-J 


where М is the projection of total angular momentum on the initial z-axis, М” is its projection on the final 2'- 
axis; V, and 9', о” are polar angles of the unit vector n in the initial and final coordinate systems, respectively. 
The relations between 9’, р! and 9, р are given by Eqs. 1.4(2), 1.4(3). The coefficients Рим, (a, B, 4) are 
matrix elements of the rotation operator, i.e., the Wigner D-functions (Chap. 4). Note that the transformation 
properties of tensor spherical harmonics are determined by the total angular momentum J, but not by the spin 
S. Thus, it is J that determines true rank of a tensor spherical harmonic. 


7.1.5. Differential Equations 


(a) Tensor spherical harmonics are eigenfunctions of the operator 12, hence, they satisfy the equation 
{An + L(L + i (9,0) = 0, (19) 
where Ag is the angular part of the Laplace operator (see Sec. 1.3.2). The expanded form of Eq. (19) is 


1 2f. ð E 2: 
aus 5 {sin ә 0 ibo, е) + 129 Әр? 5.2 Yrm (9.0) + LIL +1)У}4(9, e) = 0. (20) 
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(b) Components of the tensors r^ ye (9, р) are harmonic polynomials of degree L and satisfy the Laplace 
equation 


(vile, e = 0. (21) 
(c) The quantities zz (kr) Y A; (9, р) obey the Helmholtz equation 
(A + k?) {2 (kr) Tl N, ф)} = 0, (22) 


where 


zr (kr) = TEE (kr), (23) 


21, +1 is any of the cylinder functions of half-integer order. 


7.1.6. Action of Operators V, n and Angular Momentum Operators 
In the equations given below г = (r, ö, H], п = r/r, Sr) is an arbitrary function of r = |r|, L is the 
operator of orbital angular momentum, S is the spin operator, J = L + S is the operator of total angular 
momentum, and пи, Vu, Ги, etc. are spherical components of the corresponding operators (и = +1, 0). 


(4) 
TAYAR o) = C1) VATE IHN 3) {SO - ај) | 


r 


J јал : dó(r) 1-1 
22 G +118 } Cyaan Y M bul, е) (71) * 7*5 (27511 (80 + za 


J' 
J јал ' - 
x > { L-1L 5 ett vote. e) . (24) 
Ј' 


In particular, 


J J'1 i ' 
v. if loc) = Cay 9 VFI Y, Ae) C Т VORT u, (25) 
ЛТ 


where 


LVL+1, if =L+1, 
Ap (Г) = 4 (L+1)VL, if L’=L-1, 
0 if LILA I. 


f J J' 1 , V П 
nu {PYTA е)} = (71) *5*18(0)/ QJ + 1024 1) 3 (-1)* m oe } Clio CY (9) | 
J'L! 26 


f, (9(r)Y (9, 2)) = O(r) LY (9, c) 


= (71) *2*9 1 e() /Q74 INI) Y. { ae } СМ, (Фе). (7) 
> 


Se) VS, )) = Dlr) S. (TH (8, e) 
= (-1)2+1Ф()у(27+ 1)5($ + 1)(25 + 1) `(-1) 715 15 А B en YE use) . (28) 
D 


J. 0 , )) = O(n) JY , )] = ФДУ 1) Сума ҮЛи+ы(®› ) (29) 
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(b) 


оне} = EO viso, е), (30) 


(г. L){O(r) F (9, a =0, (31) 


(Sy o(0Y4$(9.0]) ro- VSE FES OLA | ТЕСТІГЕ Plan 
: 


An expanded form of Eq. (32) is 


^ | L i 
СЕТ ГЕ ТЕТЕЛЕТТЕРЕГЕНТЕТЕЗЛЕ -J + %841 уг. lo. x 


(J+ L+S+ij(J+L—S)\(J-L+S5+1)(-J+L+S) 
es лае == СС” m (6, ај. (33) 
(r 00, 2)) = (г S) (9()Y 74 (8, 2)) - (34) 
(c) 
(8-9)(%(ғ)У/%(9,ө)) = 
1 (аФт) L (7+1+5+2)(7+1-5+1(71-1+5)(-1+1+5+1) 
о EE aped ваш 5 
1fdO(r) 1-1 (/+1+5+1)(7+1—5)(7-1+5+1)(—7/+%+ 5) 12 

, un 
S. TUSH Gb. е) = 2UU 1) - L(L + 1) - S(S +) 9 (Y F9, е), (6) 
(8.3) (ФУЛ (9.9) = HIU *1)- L(L+ 1) + S(S + 1)} (7) УМ (5,0), (37) 
(L. Dev (8, 0)} = {++ LU – SU + 12) (Y 39. е), (38) 


7.1.7. Sums of Tensor Spherical Harmonics 


In what follows (Eqs. (39)-(42)) 5 is integer, and covariant components of tensor spherical harmonics are 
defined in accordance with Eqs. (8), (9): 


(25 + 1)(2L + 1) 


5 
$^ Vale, Hs, = 4т(27 +1) 


ц=— 5 


СҮ (, о) , (39) 
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5 
DO vate eH (е) = C DOLED Oleo Yjn (e), 10 


J : 

D Vau elvat NC И оде гуу, е), (а) 
M=-J 

J 

Ove erho- ода Ау, (ы), (а) 


Mz-J 


7.1.8. Orthogonality, Normalization and Completeness 


A collection of tensor spherical harmonics with the same S and all possible J, L, M forms a complete 
orthonormal set of tensor functions in the domain of the arguments 0 < 9 < 7,0 € р < 2m. 
The orthonormality condition for tensor spherical harmonics has the form 


| 15 Yi (o , (9, 0 YEE (9, €) sin дадаф = by убмм' OLL! . (43) 


The completeness of these functions is given by 


Ј+5 


2.25 5% V (8, (, ) . = бб (cos 9 — cos 9')5(p — e"), 


J Ls|J-S| Mz-J (44) 


(щи = —8,...,8 1, 8). 


7.1.9. Expansion in a Series of Tensor Spherical Harmonics 


Any tensor Fs (d, р) of rank S which depends on polar angles 9, and possesses components which satisfy 
the conditions 


ШЕГЕ ehen < о, (u= -8,...,9- 1, §), (45) 


may be expanded in a series of tensor spherical harmonics Үк (9, H), i.e., written in the form 


5(9,ф) = У? ALM VH (8,9). (46) 
JLM 
The expansion coefficients are given by 
ÁJLM = IE м (9, H) Fs (9, 9) - (47) 
These coefficients satisfy the relation 
У Мм = f anl. Ы (48) 


JLM 
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7.2. SPINOR SPHERICAL HARMONICS 
7.2.1. Definition 


The spinor spherical harmonics j (9, p) are defined as tensor spherical harmonics with S = 1 (Sec. 7.1.1) 


ae, v) = ҮЛ (9,0). (1) 


They аге eigenfunctions of the operators 22, J., 12,82 where L is the operator of orbital angular momentum 
(Sec. 2.2), 8 is the spin operator for 5 = 2 (Sec. 2.5) and J is the operator of total angular momentum 
(Sec. 2.1) 

PF (6, p) = J(J + 1)05м(9, e) , 


Лайм (5, о) = Мағ, (9, p) , 
1205 (8,2) = L(L + 1)0: (8,2), (2) 


д 3 
Sy (д, е) = Займ (9, е). 


The spinor spherical harmonics may be expressed in terms of scalar spherical harmonics Yz m (9, p) (Chap. 5) 
and spin functions Хі, (Sec. 6.2) as 


(9,0) = > CIM, Yin (, 2)Ха о - (3) 
то 


For the spinor spherical harmonics J is а half-integer nonnegative number because L is always integer. For given 
J only two values of L are possible, L = J+ 1, while M assumes 27 + 1 values: М = —J,-J+1,...,J-1,J. 
The spinor spherical harmonics аге orthonormalized in the domain of angles 0 < $ € 1,0 < р < 2m (Sec. 7.2.7). 


7.2.2. Components of Spinor Spherical Harmonics 


(a) The spinor spherical harmonics may be expanded in terms of basis spin functions x ju 23 


a (9, o) DM age, x ge, (4) 


where contravartant components [П5, |“ are given by 


U, ). = CD ui u УБм-ь(9, 9). (5) 


In more detailed form Eq. (5) reads 


оу (e J Там ale), 
(9) 
ее) = IIR Y qua (e) 


[ум (9, 5 = 2] У,-1м-+(9, е), 
1 J-M (7) 
[ (9,9)] 7 = Ү;_1м+1(9,6) 
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Covariant components of spinor spherical harmonics are defined by 
= z 
(ам (8, ф)]„ = (CDEN (8, 2)]7" (8) 


and have the form 
1- 
a, о) ie (-1) У CM ићи Үрм-ш(9, e) E (9) 


A more detailed form of Eq. (9) is 


7+1 J+M+1 
(бум (59) = уту Yemen 8,9), 
(10) 
J+} _ /J-M+1 
[07 (9,9)]-1 = 747-і) -,), 
14 J-M 
[бум (9, 2))5 Г 27 Үу_1м+1(9,6), 
(11) 
7-і J+M 
1 60, 01 = 27 Үу-ім-і (8, H) 


(b) If spinors Хао are written as column matrices, the spinor spherical harmonics assume the form 
J-M+1 

TV 27-1) Ys4am—2(9, 9) 
Mil 

V 241) Y. iui 9, e) 


07.3 (5 2) = THEY, u- (8, H, 
JM Ф) = Ж 
VOI Yr ұма (9,0). 


(c) Ап expansion of 02,,(9,) in terms of helicity basis spin functions хал(9,ө) (бес. 6.2.5) may be 


written as 
725 +1 
Q5, (8, р) = 4m Clog, D, (0,9, )x, 2) ) (14) 


ale, e) = \ (12) 


— 


(13) 


or, in a detailed form 


7+1 2J +1 1 
Пум? (, S) = V ӛт Yap? D? , (0,9, e)xa (9, e), 
А 


(15) 
x 27-1 
аы е) M У) Рам (од x inte, O). 
А 


7.2.8. Complex Conjugation. Time Reversal 
(a) Here we use the representation in which the basis spin functions are real, Xis = Xie: For this reason, 
the transformation properties of spinor spherical harmonics with respect to complex conjugation may be written 


as 
(, 2) = (-1)7*7- "6,05... (5,0) (16) 
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i8, = (3 3 ; (17) 


Components of spinor spherical harmonics transform under complex conjugation according to 


[05 (8, 2); = [02 (8, 2, = (-U -, . -(-1 MFG (9, -i, 


where 2x2 matrix 20, has the form 


(18) 


[25 (8, 0. = [055 (8, 2)“ = (71) * -A, l. C- MHF (в). (9) 


(b) The time-reversal operator В, (as defined by Wigner) acts оп a spinor spherical harmonic in the following 


manner Е i 
Вам (8,2) = 6,05 (8, 2) (-I) T 05 (9,9). (20) 


7.2.4. Transformation of Coordinate Systems. 


(a) Coordinate inversion 


Blu, e) = 9,7 e) = (-1) 205 (8,2). (21) 


(b) Rotations of coordinate system 
Under rotations specified by the Euler angles а, f, у the spinor spherical harmonics transform according to 


J 
ao, H) = Pla, f. би (9,2) = У; Рима f. 07, 9), (22) 
м=-Ј 
where Di, ме are the Wigner D-functions (Chap. 4), М” is the projection of total angular momentum on the 
rotated z'-axis; d, ф and 9” H are polar angles of the position vector ғ in the initial and final coordinate 
systems. The relations between 9', о” and 9, are given by Eqs. 1.4(2)-1.4(3). 


7.2.5. Action of V and Angular Momentum Operators 


The spinor spherical harmonics satisfy Eqs. 7.1(24)-7.1(38) for S — L, Note also the following relations in 
which § is the spin operator (Sec. 2.5), Î is the operator of orbital angular momentum (Sec. 2.2), J=£+8 
is the operator of total angular momentum, and п(9,о) = r/r. 


(a) 
S a p) n, . (23) 
where 
4-1, if LJ, 
1 2 27 – L= 24) 
1+1, if L J- 


An expanded form of Eq. (23) is 
a J l7 
(8 D (9,2) = -z 05, (9, е), 
(25) 
8 J- 107 
(8@-»)ау (9,9) = zan, p). 
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(b) 
S- Vn 


ом (8,2), 
where 1/ = 27 – Г, 
J+i=L, ifL=J+}, 
-(J+4)=-(L+1), fL=J-}. 
In a more detailed form Eq. (26) gives 


741 24737 
"(8 v) (8,9) = -— Ом (5e), 
J-1 2J—1,741 
'(5-Уј ум (8,2) = 4 Пум (9, ) 


(c) 


GL. S), ) = (из 1) - ИЕ +1) - 1а, (9,0) (во), 


or, in detailed form 


A EX 27-3 741 

(L. 8ја (8,2) = жо: пуд? (9 (9,0), 
> &q/-À 2J —1.7-1 

(L. S) DN (8,2) = 4 Ом (8,2). 


7.2.6. Recursion Relations 


(J-M+1)(J+M+1) M 


cos 905 (9,9) = 2U +1) пм (9, е) – 2711)! Q5, (9,9) 
a; 2ім19, e) 
sin де NQF y (8, фр) = Ме Ола м+1 (8, e) 
ee a (, C) MMM) 02-1. (o, e), 
sin #е (U, p) = ни 17 1м-1 (%, 9) 
ees ама OF иде - VUEMU EME ots ім-1(9,), 


(27) 


(28) 


(29) 


(30) 


(31) 


(32) 


(33) 
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where L’ is defined by Eq. (24). Note that Eqs. (31)-(33) may be written in a compact form as 
1 J'J 1 M 
n, м (9,9) = (71) *** 3 (27 + 1)(21 +1 DD 15 р і С t TRAC ‚Ф), (34) 
J'L' 
where ny (u = +1,0) are spherical components of the unit vector n, p). 


7.2.7. Orthonormality and Completeness. Expansion in a Series of Spinor Spherical Harmonics 


The collection of spinor spherical harmonics 2577 (9, о) with half-integer nonnegative J (3 <У<о),Ё = 
J+ 1 and M = —J,—J + 1,... ,J forms complete set of spinors for 0 € 9 < п, 0 < р < 2r. 
The orthonormality condition has the form 


Г аө |" ара; (9, о)а м ( 9) = ÊJ JÓL'LÓM'M > (35) 
0 
The completeness condition may be written as 

o J+} J 

УЭ У (, е) (9,ө) = T6(cos 9 cos 9')6(ф H), (36) 


Ј=} L-J-1 M=-J 


where Î is the unit 2x2 matrix. 
Any spinor х(9, p) which satisfies 


f clo. aan < со, (37) 
may be expanded in a series of spinor spherical harmonics 
(8,2) = > А fuf (9, o), (38) 
JLM 


where the expansion coefficients Aun are given by 
т 2n 
Abe = [dosing / ab dle, lo. . (39) 
о о 
The expansion (38) is valid for the range 0 € 9 < 7,0 € p < 2r. 
7.2.8. Clebsch-Gordan Series 


Li L L 
at (9, 90 * (8,2) = „ | A 1 } 
L 752% 


(2.71 + 1) (2.72 + 1)(2TL1 + 1)(2L2 + 1) 
ОВ Соо СУ м, һм» Yim (8,2), (40) 


ай, (8, e) 808 (8,0) = (c1) tee y SEn DG + (Ма TOI +1) 
т 


— tle le 


LJ 
x = 1)" ) Сб, 7 J2 
JL J 


| C3, м, Л.М; VIV (9, e) Й (41) 


where 8 is the spin operator, NT is a vector spherical harmonic (see Sec. 7.3). 


Tensor Spherical Harmonics 207 


7.2.0. Addition Theorems 


Let пу and nz be unit vectors with polar angles 91,41 and 92, Hz, совој2 = Ny nz cos 9) cos 92 + 
sin 9 sin 92 cos(1 — p2). The addition theorem for the spinor spherical harmonics may be written in the form 


J 
47 97 do 17 (1, 91) Е (95, ф2) = = бег (2J + 1) Pr (cos 012), (42) 
M=-J 
{пу x пој Р; (cos wi2) if L'—L, 
4 057 (81, 21)801 (95, 
pr Fie (91, 0S0 (9,0) = { (2 ~ L)(niPp (cos 012) — nagPp,(cosvi2)) , if L= 27-1, 
(43) 


where Pr (r) is a Legendre polynomial, Р! (2) = dPr(z)/dz, S is the spin operator (Sec. 2.5). Another form 
of the addition theorem may be obtained for matrix products of the type 


J 
4n у йм (81, Hi) AFH, (92, өз) 
M=-J 


zu n Pb (can esed (Jc DIS ley ems P^ Coens) (44) 


J 
4n 2: N (91, 91) VF AF (92, 22) 
=-Ј 


= 2(L' — L)((S - ni) Pl (cos oi) — (8 · na) Pf, (eos o12)), (/-27-1). (45) 


7.2.10. Quadratic Forms of Spinor Spherical Harmonics 
The quadratic forms (151, (9, ) 05, (8, p) describe angular distributions of spin-} particles in states with 
definite total angular momentum J, angular momentum projection M and orbital angular momentum L. Note 
that in fact these forms are independent of L and angle 2. 
Let us denote 


Ум (8) = 055 (9, 9)05, (8,5). (46) 
Then one obtains 
1 
Wrw(9) = gy cg + М Ұма + (7 — М + ама Go) 
1 
= 57007 + МУ, -ы- (8,2) + U – M)IY asa (2) ). (47) 
An expansion of W (0) in terms of the Legendre polynomials may be written as 
— 
Мум(9)- > an (J, M) Pan (cos 9), 48) 
n=0 
where 
2J(2J +1 J J 2n 1-10 
an (J, М) = Ал [7 7-і 2 dom 70200 CJM2no 


„ (An + 1)(2J + 2n + 1) (7-190)! (2n) | (27—2n) ом (49) 
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In particular, 
5 J(J+1)—3M? 
16 ЛД), (50) 
27 3(Ј2 +27 —5M?)(J? - 5M? — 1) - 10M? (4M? – 1) 
2567 (J —1)J(J + 1)(J +2) 


The functions Изм (9) are normalized according to 


a2(J,M) = 


J им (9)20 = 1, 


| i (51) 


$ Им (9) = 


M=-J 
The symmetries of W zm (9) are 


W;y(9) = WI (0) = Wom (a - 9) = Му м(т- 9). (52) 


For 9 = 0 and 9 = т we have 


2711, ИМ = 44 
=W qq EN" i 53 
Wrw(o) үміт) { 0, otherwise. (53) 
For special M values one obtains 
1 228 2 1\2 2 
7 (8) = 20731) sin [Ру (cos $) + (J+ =) Pa- (сов 9)|* р, (54) 
— ти 27-3 
ЖҮК etam ПС (55) 


eor) 


WII (U) = P PEN. sin?7 g. (56) 


The explicit forms of Wa) for J = 2,2,2, 2,2, 1 (5 < M < J) are given in Table 7.1. For negative M 
one may use the relation WM (9) = W ;. (9). 


7.8. VECTOR SPHERICAL HARMONICS 
7.3.1. Definition 


The vector spherical harmonics YL ($, е) are defined as the tensor spherical harmonics at S = 1 
(Sec. 7.1.1). 


You (8, е) = ҮРҮ (9, p) . (1) 
They are eigenfunctions of the operators 32, J., L, 82 where T is the orbit al angular momentum operator 


(Sec. 2.2), 8 is the spin operator for S = 1 (Sec. 2.6), and 3 = 5 + 8 is the total angular momentum operator 
(Sec. 2.1) 


PYF (8, р) = Ј(Ј + Ум (3,9), 

IVI (5, Ф) = MY, (3,9), (2) 
EY u(t, p) = ЦІ + NI, o), 

SY ји (8,2) = 2 iu (, ). 


~ 
қ 


Е уо ыо мо мо ще ща ма ма war а мо ца мо мо м 


epi ыш юш ып 


de 
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Table 7.1 
Explicit forms of Ум > 


L+ Г, 
ум (3) = уу (9, ә) Зум (3, Ф) 


An 
1 m 
gx (9 cos? 9 + 1) 


3 
БЕ sin? 9 


3 
16: (9 cost 9 — 2 60528 + 1) 


3 
Jan 51129 {15 cos? $ +1} 


15 
3x sin*$ 
1 
an {175 cos’  — 165 cost $ + 45 cos? 9 + 9} 
15 
т sin? $ (21 cos! 9 — 6 cos? $ -- 1} 


5 
Big Sin! 9 (35 cos?8 + 1} 


35 
= віп6 $ 


5 
5565 (441 соѕ 9 — 644 cos$ 8 + 294 cost 9 — 36 cos2 9 -+ 9) 


15 
15g. Sin? $ (147 cos$ 9 — 105 cost 8 - 21 cos28 4-1) 


128x 


35 
198 sint $ (45 cost 9 — 10 cos? 8 + 1) 
35 
5135 5іп69 {63 cos2 8 ＋ 1) 


315 
5127 sin? 9 


Ж.Ж 
512т; 


105 
105. sin? $ (297 cos8 $ — 348 cos9 9 + 126 cost $ — 12 cos? $ + 1) 


5127 


05 
о sin! $ (495 cos $ — 285 cost $ 4- 45 cos29 ＋ 1) 


1024 


5 
A sin9 $ (77 cos! 9 — 14 cos? 9 + 1) 


63 
194 5118 $ (99 cos?8 + 1) 


10245 sin 10 8 


(4851 cos!0 $ — 9555 cos8 9 + 6510 cos$ $ — 1750 cos! 9 + 175 соз? 9 +. 25) 
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According to Eq. 7.1(2), the vector spherical harmonics x м тау be written as 


Ум (8, ay CEM ie VI (, фјег , (3) 


Mio 


where СУМ is the Clebsch-Gordan coefficient (Chap. 8), Угм is a scalar spherical harmonic (Chap. 5), and 
е, is a covariant spherical basis vector (spin function for an S = 1 particle, Sec. 1.1.3); J and Г are nonnegative 
integers. For a given J, three values of L are possible: L = J, J +1 (with the only exception that L = 1 for 
J = 0), and M takes the values М = —J,-J+1,...,J-1,J. 

The vectors YT, (0, p) which have the same J, M but different L satisfy the orthogonality relations 


h ) Yule, o) -0, #291. (4) 


Along with YL,,, other vector spherical harmonics yo) А = 0,+1) are widely used. The ү, (9,0) 
(unlike Y¥,,) are not eigenfunctions of the operator 12 but are suitably oriented with respect to the vector n = 
г/т specified by polar angles 9, р. The vector spherical harmonics үз ) M (U, H) and v9 (5, p) are transverse, 
and YGP 9, Ф) is longitudinal with respect to п(9, p). 


п. YU (8,2) 2 n YO (9,6) =0, 


n x YGP (8,9) =0. G 


Sometimes Y (5, о) and У) (5, p) are called the electric and magnetic multipoles, respectively. They have 
the form 


1 

YO) (8,2) = ——=== У0Ујм (8,2), 

эм (8, ©) TEDA тм (, 2) 

(0) —1 1 (6) 
Y (8,6) = — (п x Val Yi (8,0) = Үум(6, 

ум (U, ) 7 a) V (8, 2) 7041 тм (U, p) 

The longitudinal vector Үс 11 (o, €) is given by 
ҮЛ (9,9) = пум (9, p) - (7) 


In Eqs. (6) Vn denotes the angular part of the V operator (see Eqs. 1.3(9)-1.3(10)), and L is the orbital angular 
momentum operator. Three vectors ҮА) (8, o) with different А are mutually orthogonal: 


v (S, )- VH, e -0, АЯА. (8) 
The vector spherical harmonics vo) M (G, H) are linear superpositions of VII (9, p) with different L. Thus 


Jti 


(1) 1- THA (9 

Ум (, ) = 2741 Хм (s, S) + 1 Yom 

Ү (9,6) = pcs e), (9) 
YO? (8,0) = V zi YI (9.0) - zYH 9). 
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The inverse relations are written as 


J 
are = ү PEE YO) (9,9) – 


YIM (G, е D ) (9,9) , (10) 
LL 
9,0) 27 ; Хум (9 $e) + \/ 27 тт Хум (0 8,2). 


The vector spherical harmonics Ули (9,6), as well as v (5, о) constitute a complete orthonormal vector 
set for the range 0 < 9 € п, 0 < р < 2r (see Sec. 7.3.13 below). 


JM 


7.9.2. Components of Vector Spherical Harmonics 


(а) The vector spherical harmonics Ү2,/(9, р) may be expanded in terms of the spherical covariant basis 
vectors е (и = +1,0) as 


Ум (9,0) = > [Yu (9, e. = > (-1* (Y 5A (9, |-мен ; (11) 


m m 


where [Y£,, (9, р)]“ and [У См (9, Ф)|и аге contravariant and covariant components, respectively. 
The contravariant spherical components of YE, (9, p) are given, according to Eq. 7.1(5), by 


(Үзм (9, Ф)“ = СЕМ ы Ум-а(9, ф) 2 (12) 
The covariant spherical components of VI (d, ) are related to the contravariant ones by 
[ом (9, 2), = (-M, 2)]7" (13) 


and are given by 
[Y m9, ol. = (-1) "СМ eni - „Уьм+ь (9, 9) - (14) 
In more detailed form Eqs. (12), (14) may be written as 
1 
(J -M+1)(J~M-+2)]? 
772575; v аб TR 
2(J + 1)(2J + 3) J41M-1(9, €) 


(J— M 1)(J & M + 1) H 
[H] Yosim(9, e); (15) 


[ҮЛ (Ө, H = vA, ө) =| 


VII (8, 9) = [Y73 (4, lo = - 


ROO IH йы = [EUER vue). 
бе = -Yu oa N E Yato), 
2 (8, е)]° = Јл (9,0) = e Vile, v), (16) 


idle, = -Yu (бо а = EEEE О 
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(J+M)(J+M-—1)]3 


[Ум (9, е): = [Yow ($, $}]-1 = | 2J(2J — 1) | Үу-ім-1(9,ө), 


тым = IY (0, ello = МО AON" vates), (17) 


о,ө = ree ella = [PSE AD yy меде). 


(b) An expansion of YA (9, p) in terms of the spherical covariant basis vectors e, (р = +1,0) haa the form 


= У Уб (9, e) e, = 3o C72" [909,6] |-иеи. (18) 


The contravariant spherical components of ү) (8, ф) may be written as 


| J fj, J J 
(v6), (5, e)" = 772 1 1 CIM -1M-ulu Yn 1M - 4 ($, p) + Mel +1 СМ м- -puiu Үумм- ule, e) , 


[Үү (9, o)l" = СУМ uiu Vu, b), | (19) 
2 J Ј+1 
[Ү СЫ (9, в)" = Үзіп СІМ мили УЈ-ам-и(8, Ф) – Ут СУМ M ши Ул+ам-ы(9, $). 


The covariant spherical components of be (9, p) are related to contravariant ones by 


[Y9) (9, р), = (U Y, )-. (20) 


and тау be written as 


[v 952 (s, e) )] +1 = -[Y G2 (s, 9011 = [EAE 1)(J +1) 


2J(2J – 1)(2J + 1) | Ү)-ім-1(9,о) 
(J-M +1)(J -M +2)J}? 
20 0 7 Yy41m-1(9, P), 


(J-M)(J+ M)(J +1) 


ryt? (s, ф)|° = [Ү (v, yo = [LG Mr 575212529125 | TEM 
(J—-M-1(J-M-c1) i 
о (J + 1)(2J + 1 (27 + 3) | Ујам (8,2), 


~ 3 
Пао = УР t6 ella = БАЛ МАНЫҢ vato e) 


(J+M+1)(J+M+2)J]? 
20 50 1037 Үу+їм+ї(®, $). 
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(J+ M)(J-M+1)]? 


пе (ој = Шол TEU veste ol 


0 0 0 М 
[YS (8, 6) = [У (5, elo = Aube (22) 


(J — M)U 4 M +1) 


2J(J + 1) | У.м+1(8,Ф). 


[ү (, -= -(Y9) (8, ф)]+1 = 


[Y СО (8, g)|* = -[Y (8, е)]- = [ees шына 
(J-M+1)(J-M+2)]? 
- И У.+1м-1 (9,2), 


(J — M) + м)]* 

67775 Y; 1 (, P) 

(7-М+1)(7+М+1) 
(2J + 1)(2J + 3) 


be, c) = 009,0 = | 
(23) 


+ 


Gener FIN (G, p), 


G - MJ - M - 1) 
2(2J — EE Ү)-ім-(9,6) 


(J+M+1)(J+M+2) 


(YS? (, ) = [УС (9, Ф): = [ 
к ы 2(27+1)(27+3) 


| Yo4ime.1(9, p) . 
(c) An expansion of YOL (9, e) in terms of the polar basis vectors er, еҙ and e, (Sec. 1.1.2) is given by 
Yale, P) = (YS (9%, t er + [X Piel eo eo + [YT (9, Olle er. (24) 
where the polar components of v) (5, о) have the form 


[Үү (9, G). = 0, 


IYU lo = О 50 You(9,0) 


z ya uid 477279107 ө)-? Ut SUA т 20 e V- 106, e), 


[YV) (9, le = JUUTS ; 1 5 . 55 м (де) = DOFT = Ум (8,2). 


(25) 
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ВААС 9,0). = 0, 


гү), (8, 00% = vm : = : ом (9, Ф) = aa 110 Үум(9,о), 


YO) (5, ole EZ TUUS Yim (8,9) 


= -i ETE de Ynen Ф) + ; ES A e M=, p). 
26) 


YS м (9 $e). = Yru (8,9), 
[үм , elo =0, (27) 
[У (8, e)]e =0. 

(d) An expansion of Y, (d, ) in terms of helicity basis vectors е! (9, p) (Sec. 1.1.4) may be written as 


Үум(9ө)- » et, (9,9) = У "CC "(Yu (9, Es е) (8, 0) (28) 


v 


where VI (2, )]“ and (Ү2,(9,6))); are contravariant and covariant helicity components, respectively. 


509,0)" = ү 


Crow D = м (0, 2,9). (29) 


The covariant helicity components of VII (, p) are related to contravariant ones by 


[Ум (9, 2)ђ, = C0" [YT (9, 2) 7" (30) 
and may be written as 
rde. = (1) n h, DI (0, 8,9). (31) 


Explicitly we may write Eqs. (29)-(31) as follows: 


Vo, elt! = в, . D! , (0, C, S), 
30209, 9)" = [Y T3265, elo -M рр 0,96), (32) 
[ҮЗ (8, o)!“ T -[Y 712 (s, р) ін = VZ ва мо, 9,е) Ы 
Nate, = ¶x duo, H = = Duo. s, H. 


VI, Se = [Y7 (6, е) = 0, (33) 


Гот Iv Ne, ola = ү == DI 0,0,0). 
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па (5, e)! xe, Hu = 1р7, (0.9.9), 
үө, elo = [at 9, оь = V Z B- м (ови), (34) 


x Е = i 221 +1 
[Yi (3, e) 1 = ~ [Ум (9, 72) => Di. 1 (0, 9, ф) d 


(e) An expansion of yo ) м (9, H) in terms of the helicity basis vectors e; (9, p)(v = +1,0) has the form 


27-1 
Үл (9, е) = у S (07, (0,9, ө)е(9,ө) + Ру м (0,9, је! (9, Sh, 
27-1 ; 
YO (9, р) = 8л {- Di, м (0, 9, фје (9, Ф) + Di (0, $, фје (9, e)! , (35) 


5 2J + 
Уба) = == Р{-м(0,9,е)еЬ(д, H. 


The contravariant and covariant helicity components, [vOv and [ү А), are given by 


2J 41 
8л DZ м (0, 8,2), 


[Ү (9, e) = [YG (9, le = 0, (36) 


E 2J +1 
(YU) (9, ој 73 = ГУ (9, ea = TL Р{-м(0,8, е). 


N (9, е)?! Ax Als. MEM Ірі, 0,9, 9), 


YOR (9,9) ** КАУА САДЫ 


[Y бу (5, е)]'° = [Үү (9, )] = 0, (37) 
пе (9, ен Av Abe, = ү SI DL, 9). 
IY 5,2? G, elt! = [5054 (8, e), =0 
viter = еи) үшір 0,8,6), 9% 
Губ (8, о) = [Ум (9, е)] = 0. 


7.8.3. Complex Conjugation 


The vector spherical harmonics Yeu (9,о) and Y O) м (8, о) are complex vectors. Under complex conjugation 


they transform as follows 
Yu (8, 2) = (C1) ** ** Yj (9,0), 


Ај)» А 
YO (8, е) = (C) VY (9,9). 
The complex conjugates of the spherical components of Y4,, and үф, аге given by 
IVI , E = [У9 (9, = (71) *** "(v5 м (9, A= (717 ***(Y5 м (9,Ф)], 


40) 


[У ам (9, &)]^* = [YT (8, е), = (71) * (Y (9,6) = (71) 17" 05 м (9, P 


(39) 


[Y 9), (9, Ф); = [У у (, 0% = (- 4 "ty (9, e), = (-i) Уну 0 (д, e), (42) 
[Y9) (9, ф)је" = (Y 937 (s, Sl. = (c * ^" (v 99 (9, е) = (-1) 4^1 (vO) (sella. (43) 
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7.3.4. Transformations of Coordinate Systems 


(a) Coordinate inversion 


Ful, е) = -YSu(r - 9, e) = (17 vA, p), (44) 
PY SAU е) = Эми — 84 + е) -(-1) P YER e). 
(b) Rotations of the coordinate system 


Under rotations specified by the Euler angles a, 0,1 (Sec. 1.4) the vector spherical harmonics transform 
according to 
У и (9' 1p) = Bla, B, NIN. = ) Рим“ (а 5. NY JM (8, o), 
45) 
YO) (9', e) = Б Г(о,8,1)Ү (9, р) = рге, 8,3) YU) (5 2,9), 
M 


where DI м, (а, В, ^) are the Wigner D-functions (Chap. 4), М” is the projection of total angular momentum 
on the new 2'-ахіѕ; , р and 8’, о” are polar angles of г in the initial and final coordinate systems, respectively. 
The relations between 9”, „ and 9, ф are given by eqs. 1.4(2), 1.4(3). 


7.8.5. Differential Equations 


(а) The vector spherical harmonics VI (9, p) are eigenfunctions of the operator La; hence, they satisfy 
the equation 


DEUS РА ела yt m(t, p) + L(L + У Fy (9,9) = 0. (46) 
sind 99 99 sin? 9 до 


This equation may be rewritten іп a compact form as 
(Aa + L(L 1)}¥5u(9,¢) = 0, (47) 


where До = У is the angular part of the Laplace operator (see Eq. 1.3(15)). 
(b) The vector functions r” VYY (9, p) are solutions of the Laplace equation 


Yu, е)} = 0. (48) 


It follows from Eq. (48) that the components of т^ Y ум ($, p) are harmonic polynomials of degree L. 
(с) The vectors zr (kr) ¥4,,(8,~) satisfy the Helmholtz equation 


(A + k?) {zz (kr) VI (9, )]) = 0. (49) 


2b (r) = „ Zr; (er), (50) 


and Z Li is any of the cylinder functions of order L + 1. 


where 


7.3.6. Differential Operations 


Below we present the results of the action of the V operator on scalar and vector spherical harmonics; here 
f(r) denotes an arbitrary function of r = |r|. 


Tensor Spherical Harmonics 
(a) 
У(А Ум (8, )] = grad {f (r) Ум (9, S) 


iE oroo- Грет 


Ум (9,0) = grad UH le, е)} = S ҮС (д, е) + VITET LAY в, е). 


(r. V)GU(r 2. = roy (тҮ 7м (8,2), 


АЛ У (бој) = nx КОЈУ (9, е). 


(5 
ТАНАТТЫ ТАНА ТЫМ г ( ) te., 
Убу (9,0) = div [AY 249, 0)] = 0, 
v. А ol = aiv feret = V (2 - 254) rate 
У иду (9, e = амо у o) = 741): Дум (ће), 
У Ute, е)] = div ОУ м (9,0) = 0, 
v. He, e = ак УР = (2: 2) roto a 
(9 


Vx Herde, e = cun (Y 209,0) т (2 +24?) МӘҮ 
V x [AY m (9,0) = eu АУ Зы (о) 


fod: dr og 7 
Б» т (5-2) Өн Oe) у T£ 10 21) ля )Y 77, р), 


Ух [ДҮ (9,9)] = curl l (Y o) = iy 27 H -= (ż- — — 4 FY u (9, P). 


d 
Ух У (9,6) = NYO) = | +2) rSh e), 
V x [f() Y (9 e = curl (f(r) Y AC, e 
d 1 = 
=i (2+ +?) (ҮЧ), (9, e) III 5%, e), 
Ух [f()Y (д, е)] = curl XGP o] = I = FY, (8,2). 
(4) Some applications of spherical harmonics to physical problems involve У functions 


Еум (г) = (Kr) Ji (9,9), 
Fou (г) = 21 (er) 5м (9,0); 
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(51) 


(52) 


(53) 


(54) 


(55) 


(56) 


(57) 
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where zr (kr) = „ул/(2Кт) Z; +4 (kr), and 2, +1 ig any cylinder functions; К is an arbitrary parameter. For 


these 5 functions Eqs. (51)- (56) are reduced to the following 


1 EN [77 J+1 gud 
zgrad (Бум(е)) = ZETA (er) Y Tag MG (9,9) 


mud rr E Ed IG 

ncs FA *Varxit? (58) 
H T1 Ј+1 J+ 
zdiv (ЕУ (r)} = Vi ite, AERA PG. 


div (89, (0) = 0, 
пари) Lg 75 i z3(kr)Ysu(9, p) --Ү Bu Fyy(r). 


1 туу —¢ J 1 ШЕСІ ИСІ J 
pour {Еум (r)) =: 2741 23(кт) Y yu (6,0) == 2J 41 Еум (г), 


1 J 25 Ј 7+1(9 241 1-1 
өші {Ёум(т)} = 127 ті zj4i(kr)Y јм (s, ) ++ 2711 zj-i(kr)Y јм (, S 100 
7471 
tlr Ј-1 
ayaa Pik ()+iy oF pq Ем (0), 


bear {Fl} = i NS езы (вю) = ty) ДЕ ACH. 


7.3.7. 


Action of Angular Momentum Operators 


The action of the angular momentum operators on vector spherical harmonics is given by Eqs. 7.1(27)- 
7.1(29) for 5 = 1. In addition, we note the following relations in which S, L and J = L+S are the spin, orbital 
and total angular momentum operators, respectively; п is the unit vector defined by the polar angles 9, 

(a) 


(8 nV, p) = —2 (J+L+3)(J+L)(-J+L+2)(J-L+1) 


L+1 
(2L + 1)(2L + 3) Ули (9,0) 
1 [(J-L-2)074-L-1(-J-L941(J-L42).1. 
2 (2L Li Хом (8,2). (61) 
In particular, 
J 
(S Y, ) = - 2141 2771 Үзм(9, €); 
^ J 
(8-п)Ұум(%)--Үзугі Y7 (9 = Yl (62) 
4 Е Ј+1 
(S :n)Y 7a (9, р) = – 2J 41 тті Yiu (8,2); 


n) Y, (9, Ф) = -Y0) (, H), 
) Vl, o) = -Ү (д, &, 


(63) 
(8 ) Y (6,9) =0. 
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(b) 


„S. ју (8,2) = 2 ке) PINI TET a И Па 


(21 + 1)(2L + 3) м (8,2) 
_1+1 (+2+2)(0+ 1 —1)(–Ј + 12 +1(Ј—– 1+2) 


2 27 — 1)(21 + 1) Үзу (9,9). (64) 
In particular, 
КВ ЈУНА (бир) = -U +2) , 
"(8 -У)У (, ) = J әм re Үл (9,0) - (J +1) YA (65) 
«S v)Y e) = U - Dy be, е); 
(8 v)v ©), (8,9) = УЧИ (8,9), 
(8.9), o) = – Уб (8,0) - VIFF YG? (9.9), (66) 
(8 УУ 5,2 (8,0) = VIT У. е). 
(с) 
(@0)уз, (9,6) = HIU +1) = Щ +1) . 9). (67) 
In particular, 
(S. Бул (e, о) = -U + 2)ҮЈ (9,9), 
(8. DY iul? e) =-Үўм(#,е), (68) 


(8. Lv! M (9 19) = тт (7 Т, ЈУ 3 (2, р) * 
)Y (, ) = - YT (9,6) + JIT +1) ҮС (9,0), 
VSI (s, o) = –Ү(), (9, р), (69) 
(S. T) Y (5, 2) = VJU +1) У p) — 2У (, 9). 


7.3.8. Algebraic Relations 


In the equations given below n is the unit vector specified by the polar angles 9, р. 


8.1 
8.1 


(а) 
рум (8,2) = ? үзігі Ум (9,0) – KI vus. ө), 
пум (6,0) = Ум (, c. | (70) 
(b) 
ioe ынд 
п. УЛ, ($,Ф) =0, (71) 


— J 
п. Ујм (9,9) = V 2741 Ум (S, p). 
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п. YR (6 8,2) = 
1 =0, (72) 
п. УС (8,9) = Ум (8,9). 


EI 


КЕШТІ 2 wed J 
nx Yju(9,¢) = иы Ульи (9,9) +: 2741 т , o), (73) 


= J+ 
nx ҰуМ(9ө)-4/ 5 Zl y (e, e). 
nx YO (9,6) = Yin e), 
nx Y, e Y, o), (74) 
пхҮ (9,6) = 0 


7.3.9. Sums of Vector Spherical Harmonics 


» Yiu 5, 01 M (9, 2) ја = Mer le, . 


и=-1 


1 
> Уго, отуд cl. Marv. У (9,9). 


и=-1 


(75) 


From Eq. (75) one obtains 


> У (8, Nx sie (9,0), = – ст Ум (8,2), 


1 


у, Үр, (9, Yiu (9, олы = 0, (76) 


и=-1 


Dube LTC ele Maj e 


1 
$5 W. (, Hv, e), = 0, 


7 


Y Y, (9, e) Y б (8, ё)]„ = o, (77) 


p=~1 


D Fis OYP O ella = [гк Үлм(®,е). 
(b) | 
Y^ убију (др) = УЧУ URES 1 с, 


ix Cioron · (78) 


M=-J 
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In more detailed form Ба. (78) reads 


PE Y) Vi (9,9) = a, 
1 
2 Ум (, Ф)У7м (8, Ф) O, 
M=-J 
J 
>> Ум (e, ) Y (9,0) = vie) М 


Analogous relations for v) (5, о) have the form 


Vu, v, p) = 92 Vu (, V (8,2) = 0, 


M=-J M=-J 
m 2Ј +1 
3 Yiu ( 9, в) УС M (, ) = mu 
Mz-J 
(o) 
J 
Т 2J +1 
> Y54 (9,9) Хам (9,9) = "m біле 
M=-J 
a! А 2 
L Уб (8,2) voto o) = буд. 
M=-J 


(d) Below a is an arbitrary complex vector, n is the unit vector specified by the polar angles 9, р. 


3 la: Үү (8, p)? = sz Ula + hn af), 


2, 
Э 25 (laf – ја ар), 
PE YAO OP = LAG la (7 – D) af}, 
Y (eite o) (а одао) = SERT Da al 
PI уроо) (а: le, ) = УУС (ар заар), 
be halve) (vites) = AD ји ха] 
57 (ауа (а: Дан = = МОЗ) ана 


M=-J 


(79) 


(80) 


(81) 


(82) 
(83) 
(84) 
(85) 
(86) 
(87) 


(88) 
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Z eu) +1) 


PERSE VII (9,0)) = (Jal? За. a?) , (89) 

Y (а: VIV (8,5) (a: Хзм (, o) = МИА la“ x a]. (90) 
(e) MORE for ҮА) (9, p) have the form: 

De eho? = e (af аар), (91) 

Dewar = e (la P- |n- al}, (92) 

PEL ha al’, (93) 

ps (асу (9,0) (а ҮЙ(#,е)) = in fax al, (04) 

= (а: Ум (У о) (а: Y, e) =0, (95) 

> (a YUO o)" (а Yue) = e aa" x al, ЕС 

ve ve, ) (a: Үү (8, G) -0, (97) 

2 (а. ҮС (9, е)) (a YT (9,9) =0, (98) 

. (oP oer Винни «o. 9 


7.3.10. Clebsch-Gordan Series 


You, (9,0) У ам, (9, 9) 


С, c У2 M3 Yum (8, p) H 


= Yen (241 + 1)(2% + 1) (21a + 1)(2L2 + 1) 15 12 i 
(100) 


г 4n(2L + 1) Jo Jy 1 


73 
Хим (8,0) x VI, (0,0) =1 27 (241 + 1% +1) (211 + 1)(2L2 +1) 


Л LI 1 
х У) { Ја Га1 fro, СУ, м, Y (8,9). (101) 
JL |J L 1 


Tensor Spherical Harmonics 223 


7.311. Addition Theorems for Vector Spherical Harmonics 


Let ni and nz be the unit vectors determined by the polar angles 01, Hi and 92, Ha; respectively; cos wiz = 
ni nz = cos h; cos 92 +sin 91 sin 95 сов(1- H). Then we have the following addition theorems for the vector 
spherical harmonics VI 


(a) 


J 
Ат у, Үн (91, е). Хм (82, 92) = r (2 + 1) Pr (cos 012). (102) 
M=-J 
(b) 
~ 27-1 
ar у) XII (91,91) x У (82, b) = түзі X Bal P341(coswia) , 
M=-J + 
2J +1 
4т D УЛ (oi, i) x УЛ (92, ро) = "ETT Fa Ph (contin) n (совил2)), (103) 
M=-J 
J 
ar У) ҮҮ (9191) x VI (2. ) = O, 
M=-J 


¡VICI +1) ег) 
4т У VIII (OI, p1) x УД (92,2) = 


NOS TD Pisos w12) — ngP5,,(cosw12)) , 
=+-Ј 


(27 + 1) 


Ат >. үле 91, £1) x VI (82,22) = 7:1) F 1) [ny х пој Р; (cos 0712) , (104) 
Mz-J 
J 
J + 1)(2J + 
ar vl, en) x Y Tad (өз, ез) = i HEIEN (n, pr (oswa) — вору (совал)), 
Mz-J 


J 
Ат у, У (91,01) x ҮЈ (92, өз) = 0, 
M=-J 


iv J+ 1) (2J + 1) 
Ат УЭ ҮЛ (91,1) х Ујм (92, өз) МАРИА Lis 1P4_1(coswi2) — по Р; (cos o12)]), (105) 


M=-J 


1 
4л 52 УЛ ($191) х ҮЗҮ, M (82, 22) = ni x пој PV i (со8 012) . 


M=-J 


In these equations Pr (2) is a Legendre polynomial, and P} (z) = dPr(z)/dz. Analogous equations for yo) 
may be obtained from Eqs. (9)-(10). 


224 Quantum Theory of Angular Momentum 


(c) The most general form of the addition theorems for У у may be written by introducing arbitrary 
complex vectors а; and ag. For brevity, we shall omit the arguments (cosw з) of derivatives of the Legendre 
polynomials, writing Ру instead of Ру (cosw 9), etc. 


J 
ar У. (ar У (91,01) (a2 У (92 z)) = qiu · п1)(а2 na) PI + (2J + 1)Р)41] 
M=-J 
+ (aj · 02) (a2 mi) P7 – (al · п1)(22 ni) + (ај nz) (a2 nz) PY i + (ај a) PY], 


2n 55 (ar VII (81, i)) (a2 Ү?м(92 з) = a) Hl 
1 JM 3 JM р 2(J + 1) 7 


M=-J 
x {—[а{ x a2] n1J P54; + [а] x a2] n2J P5 – (ai · п)(а2 - [n1 x ng]) + (af Ini x na]) (a2 - m1) Pi 
+ [(at na) la · [ni x пој) + (ai - [n1 x 02] (а2 · п2)] PF}, (106) 
J 
47 ai VII (si, i)) (az ҮТ (92, ER — 
2-, ім (91,9 ) ( 2м ( ф2)) JU. 


х {[(а1 ni) (az 02) + (а; · п2)(а2 -n1)]P' - (а; -ni)(a2 m1) PY 
— (ai n) (a2 nz) P7. + (aj az) PY), 


4т S (a YTu(9 01) (аз Ү (ва, e) = т шы 
м=-Ј 2( +1) Ј 


x {[а1 x ag] па ЈР) – [а] x a2] : n2J P5,, + [(а1 ·п1)(а2 - [n1 x п2]) + (а; · [n: x n2])(a2 · п1)] Ру 


– [(а1 na) (а; · [n1 x nal) + (а; In x n2]) (a2 na)] P741) ; 


Ј 
4n 25 (ai Vu, i)) (az Y Ju (82, p)) = JUL ((a ni) (a2 :02)[Ру-1 + (7 =: ПР 
M=-J 
— (aj nz) (az -ni)|P7-1 + J P5] + [(a1 ni) (az ni) + (а; · п2)(а2 :n2)] Ру + (a! a2)|J?P; – о ) 
107 
а У (ыы) вы) = Z5 | Cat x wa] сш + 8; 
MESE 2J J 41 


+ [ay X a2] :02(7 + ПР) _1 + [(а1 · ni) (az [n1 x пој) + (ai · [n1 x nz])(a2 ni) 


– [(а1 · п2)(а2 Ini x пој) + (ai Ini x n3])(a2 n) PY- 1), 


J 


7. b 8 xh. cd on son aj nz) (az 7 
e (91, i)) (aa Ујм (82, 22)) = ll 1 mi) (az na) + (ai nz) (a2 : n1)]P7 


– (а! ni) (az :n1)P7., – (а! n2)(a2 nz) Ру, + (а; az) PI], 
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ar У (в: Удаве) (2 Уб (да рај) = уу V lle x aa] mi +1)Р) 

M=-J 

— [ai x az] :02(7 + 1) PY – (ai ni) (az Ini x пој) + (aj In x na])(a2 · 01)]Ру_1 

+ [(a1 · 02) (аг · [n1 x пој) + (ai · [ni x пој)(а2 nz) PY), (108) 
4т У, (а: Ум (91, i)) (аз Ули (82, pa)) = 7 (a1 ni) (а · nz) PY — (2J — 1)P5.] 

M=-J 


+ (aj · 02)(а2 ni) Ру – (ai ni) (az ni) + (ai n2)(a2 · 02)]Ру_1 + (ај az) PY]. 


(d) The case when the vectors a, and аҙ аге transverse (i. e., ai ni = az nz = 0) is of special interest (e. g., 
to describe the multipole electromagnetic fields). In this case Eqs. (106)-(108) are considerably simplified to 


J 


ar У, (ai УЛ (91,01) (a2 ҮЛ (82, o)) = qu nz) (az ni) PY + (aj az) PY], 
M=-J 
J 
ár У? (а, У (91, 01))" (22 Ү?м(92, өз) 
J (109) 
раје i X az] ni P7 + [а] x az] - п2[(7 + 1)Ру – Ру}, 
Ј 
* 1 
4т а, YI (91, az. У: (oz, tai na) (az ni) P7 + (а; az) P^). 
P 1 VII (91, i)) (az Ули (92, p)) jux 1 na) (az ni) P7 + (aj - az) Ру} 
J 
ar У, (a1 Ујм (ди i)) (a2: Y (92,02) 
MS 
1 Ur 1 
е7 а —— { [at x az] ni[(J + 1) P5 – Ру,,| + [8] x az] -п2Ру}, 
У . 
4т У, (ai VIA (bi, i)) (az Ү)м(92, Ф2)) 
Mz-J (110) 
2J41 7 E 2 Р 
= gu p1 à 82082 ша) [Ру -, + ТРУ G 200 Рә – Pial}, 
J 
ar У (а,-Ү)м(91,ө1)) (a2 У ле (82, O)) 
M=-J 
4+1 
= {-[ai x az] mi[P7.., + JP5] + [а] x az] пору), 
ч 1 
4 ү? 9 Е ж А 9 , шы ж. . Р"! + ж. Р! ; 
7 2, (a ум ($1,€1)). (a2 Хју (82, 22)) lb na) (az ni) P/ + (aj az) P7] 
J 
ar У, (ar Y (81, i)) (a2 ҮЈм(92,2)) (111) 
M=-J 
27+1, , . 
=F 1! x ag] nI Ру — [at x a2] п2[Ру_, + JP5}}, 
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ár У? (ay YI (9561) (a2 VIII (82, ез) = 5 {(аї -m2)(a2 пи) P7 + (ај 4) PH}. 
M=-J 


Note that Р”, , — (J I) PY = P! +IP}. 
б) 


(е) Analogous relations for Y ум, when a; ni = az nz = 0, acquire the form 


J 
A 2J+1 б 4 
ак >) (ni Yi (9201) (aa Ұ (02,02) = тот ра ma)(2 mi) PF + (a1 a5]. 
M=-J 
J 
ат 5 (ar YU) (бе) (a2 - Y 9, СТ?) oo 
M=-J 


m 17 iy {lai х az] -mi(2J + 1) PY — [aj x a2]: п2[(7 + 1) PII + JPH}, 


J 
4т ^ (a ЕА ө)) (аз Ү)(9, өз) 


M=-J 
A т TI fay х a2]: ni[(J + 1) P7, + JPY 1] + [а] x az] n2 (2 + 1) PY 
2 (113) 
ar У, (ai Yo (81, фа)) (аз YT), (82, өз) 
Mz-J 
= QJ 1 C (at (аа ni) PBI + ЈР'] + аа – Ра) 
J(J +1) 1 -1 1 J-1 
The sums involving the longitudinal vectors ү! (50 аге equal to zero, because 
ay YGP (62, 1) = 82: YG) (oz, оз) =0. 
7.9.12. Integrals Involving Vector Spherical Harmonics 
Let us use the notation y (d, d = Је d sin 9 % df (9, o). 
Дам xh. aan = Pani n) xu (бы Oe), (114) 


where 


k= (k, ox, Pk); r= (ғ, 9, о), 2:(2) = ERUNT . 


T | BE: BES 
Б урен = ан | 271 Ger) v5 (OE, Pr) — 27417- 1 (kr) Y ји ДЈ 


2771 ТОУ IE = (I + 1) (Er) Y Sh (Ge в) V + Па (Rr) bee (њен 


|| err YO) (9, Sd = 4i jy (kr) Y 14 (де, 9x) = 4 y (kr) Y), (84, рь), (116) 
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"m saf ағ [a 
fe key (o, ф)ай = Ani i 27 пи) У (Oe, ex) + 2 27417 (er) VII oed] 


= in (741) ла) + 35-3 (Ек ТУ (де, ек) — (U + Dir) — Joi (kr) TY GP (96, e)). 
(117) 


[ x«t. р)а0 = V4r 531 боем, 


= (118) 
[ek 9, ф)ап = V + ®-1)ем; 
К ЕУ (9, ф) VI (G, Sd = буубиібмем, 
(119) 
[x8 8,0) -У0 (9, Hd = &p . 1 
i | 111 
v, e) x V (9, 0d = 1(—1)7 sz, NV(27 + 1) | JL || QI ом (120) 


7.3.13. Orthogonality, Normalization and Completeness 


The collection of vector spherical harmonics Ү5,,(9, р) with integer nonnegative J(0 € J < оо), L = 
J,J + 1 and integer M(|M| < J) constitutes a complete orthonormal set of vector functions in the domain of 
arguments 0 < 9 < т, 0 < р < 2л. The orthonormality condition for Y L (9, о) has the form 


п (2T 
| І Ум, (8, VI, о) sin 9 dd de = by ö (121) 
0 
Тһе completeness condition for spherical components of b (9,о) may be written as 


Similarly, the set of КЕТЕ V, p) constitutes a complete orthonormal set. Тһе orthonormality property for 
ү(9 M (U, H) is the following 


J41 J 
‚25 fte eM x lo. = босон o con) ole vf. (122) 


Di 
~ 
L 


A г ҮЙ evg à (8, 2) sin дада = бл убу, убм'м (123) 
and the completeness relation for spherical components of yo ) м(9, p) reads 


$5 Y M YO Leu Y US (9, e") = бб (cos 9 — cos 9')6(p — e"). (124) 
М=- 


7.3.14. Expansion in Series of Vector Spherical Harmonics 


Any vector Е(9, о) which depends on polar angles &, p and satisfies the condition 


] |Е (8, 2)[240 < со, (125) 
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with [dN = Б d$ sin 9 i "do, may be expanded in series of vector spherical harmonics УР м (, ) or 
yo) (8,¢). In order words, for 0 < 9 < x, 0 € р < 2x Е(9, р) may be written as 


= $ Aju Nil, (126) 
JLM 

Ё Flo, e) = Y^ A0), У0 (8,0). (127) 
JAM 


The expansion coefficients are given by 


Abn = an re, в) YI (8,0), 


(128) 
AD = J an FG, e) -YOY (8,2). 


Note also the following useful rule. If a scalar function & (ri, rz) of vector arguments r;(r;, 91,61) and 
r2(ra, 92, Hz) may be expanded in a series of scalar spherical harmonics as 


Ф(г1, r2) = У Ar (ri, rz) VE. (92, 22) ът (91,21), (129) 
Lm 


then the expansion of the vector function F(r2)®(ri, rz) in a series of Y (81, Hi) has the form 


F(r2)®(r1,r2) = У) Ar (ri, ra)[F(2) Хум (82, 2)] Јм (81, ©з). (130) 
JLM 


Some examples of such expansions are given below. 


(a) Ezpansion of a plane wave 
e(k)e™" = 4x ^ ^ ijo ler) ſeſæ) V lor, 0x)) Y Ты (o, c. (131) 
JLM 
where (г) = Уп/(22) Jy, (2) is a spherical Bessel function, К = (k, др, pk), r = lr, b, р). The expansion in 
a series of v 0) (5, p) has the form 
elk) = у) АС) YO) (s, o), (132) 
JAM 


where the expansion coefficients are given by 


: J ы Ј+1 X 
Айу = Ani en уут Be ШАРАҒА (oc pe) - VII i-i lhr)elk) v sen] 


_ 4m 
~ 2J41 


| т (133) 
i8 Ty Ц) — (J + 1)7у-1(Ет)] (К). У ум (b, Ge) 


SU ED ӨЙ eae Yea), 
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AU), = 4ni? jy (kr)e(k) ҮЛ (Oe, pr) = 4117 (ғ) -e(k) YO (oe, рь), 


= cps 4+1 : J 
4037 = 4742 ^ TETI Ji (Етје(К) · xd (x, Px) + ie 27771 jr-1(kr)e(k) - Y 


ш AIT Xe Uer) 3i ere) СҰ; ler, oi) 


2771 


= + Эль) лее (o,, eil. 
If the plane wave is transverse, i. e., k -e(k) = 0, then =(К) YGP (Ok фк) =0. 


(b) Green’s function for Laplace equation 


ЈЕ) _—— = 4r $^ А (Р, ғ) ; {3 (В) Уи (©, Y, 0), 


* JLM 


OE +1) 


where г = (r, b, p), R = (R, O, Ф), 


(с) Green’s function for Helmholtz equation 


«ы-і | : 
ТЕ n > АВА, Dt, 9) Y 340, е), 
JLM 
where 
пећ (kR), ifr«R, 
Ат) = | (1) E Ы 
hy (er) (KR), ifr» R, 


AC (=) = уп/(22) H E ) is the spherical Hankel function. 
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(134) 


7м (or, 2) 


(135) 


(136) 


(137) 


(138) 


(139) 


If 9 = 0 or 9 = m, the vector spherical harmonics V/ (9, p) and Y (9, e) are equal to zero unless 
М =0,+1. The expressions for these harmonics in terms of spherical basis vectors e,(u = 0,+1) have the 
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View, ЧҰМ-ы; 


YH (0, 9) = {= 19 — VII (r, ) = 
= T eo, if M=0. 


MWT em, if M=41; 


Ум (0,2) = {=1 17 Y м (т, Ф) = 
0, otherwise. 


| 
| 
p T 
| 
| 


YIM (0,2) = (-U) VN (, 9) = 


VE ео, if M = O. 
У ем, #м= +1; 


0, otherwise . 


ҮЎ (0,0) = (-1)7 v0) е) = 
YOLO, 2) = (—1)7Ү (я, e) = 
0, otherwise . 


24 eo, if M=0; 
yo) 0 =(-1 J-iy(-1) = 
JM (0,2) = (-1) JM (т, р) 


0, otherwise . 


7.3.16. Vector Spherical Harmonics at J = 0,1 


V Бем, if M= +1, 


(140) 


(141) 


(142) 


(143) 


(144) 


(145) 


If J = O or J = 1, the vector spherical harmonics Yeu (9,о) may be expressed in terms of spherical basis 


vectors e, (p = 0, +1) and the unit vector п(9,0) as 


1 
Усо(9, 9) = VAR D 
1 
Ум (8,2) = vas M? 


VIII (, ) == Vint ха), 


Үім(9,ө) = E {ем — Зп(ем n)). 


(146) 
(147) 


(148) 


(149) 
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Analogous expressions for v) (5, о) аге 


= 1 
У ч (9, 2) = жүрі 


yf) (3,9) P п(ем n)), 
YO, (e) = i leu ха, 
V 60.0) = Vz п(ем n). 


7.3.17. Quadratic Forms of the Vector Spherical Harmonics 


The functions уб), (9, p)|? are important for physical applications. In particular, they describe the an- 
gular distribution of spin-1 particles in quantum states with total angular momentum J. These functions are 


independent of p and are the same at A = 1 and А = 0. Let us use the notation 


Wi(9) = |Ү (6,2)? = [У 0 (9, 9) 7, 
wl (0) = УС (, ФР. 


Then one has 


Wiel) = zy - 900 + M+ nca(9 o) 247 le. of 


OMD, e), 
и! (9) = |Уум (9, G) 


The expansions of Wry WC 9) in terms of the Legendre polynomials have the form 


J 
Wry (9) = > an (J, M) Pa, (cos 9), 


J 
wl, (8) = Libs (J, M) Pan (cos 9) , 


where 
2Ј + 1)(4п + 1 ЈЈ2 
an (J. M) = ee U J E | Cano СУМ зао 
= (ip Ап. + 1 J(J 1) - n(2n ＋ 1) (Ј + n)!(2n)! /(2J + 1)(2J — 2n)! сім 
i 4т J(J +1) (J – n)!(n!)2 (27 +2n+1)! 7M?" 
b, (J M) аш 47 COnO CIM ZnO = ( 1) "m (J S n)! (u) (27 + гп + 1)! ' OIM no. 


(154) 


(155) 


(156) 


(157) 


(158) 
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In particular, 


1 
ao(J, M) = (7, M) = 1л? 3 (159) 
5 [J(J 4-1) - SJ(J +1) - 3M?] 
29171-3101 ~ ЗМ | 160 
al M) 4 JUDR- DZI (160) 
5 J(J+1)-3M? 
ша 1 j-3M 161 
hoan. (2J — 1)(2Ј +3)’ (281) 
7 [J(J + 1) - 10] [3(J? +27 - 5M?)(J? - 5M? — 1) - 10M? (4M? — 1] 
БЫ ae. UT) (2J — 3)(2J — 1)(2J + 3)(2J +5) ДЕ 
zx [3(J? + 2J — 5M?)(J? — 5M? — 1) - 10M? (4M? — 1)] 
NM T ier (QU-307-30735)8)48) — ^ URS) 
The functions wil (9) satisfy the normalization conditions 
J Wey (9)d0 = ] uae =1, 
(164) 
ими = Y held) = 
ш-/У M=-J 
Note the following symmetry properties of Wide) 
м (9) W- A) = 1 9) = Шы u(x - $), (165) 
Wi (9) = Ум (9) W- ) =W} ulr- 9). 
For 9 = 0 and 9 = т we һауе 
2, ИМ = +1; 
1 = wl = 8r ? , 
ты) = Wir) и (169 
2241 if M= O: 
| 0) = wil = 4m >» 1 , 
Wim (0) Јм (1) 5 otherwise. (167) 


The explicit forms of И (6) for J = 0,1,2,3,4,5(0< M < J ) are given in Table 7.2. For negative M one 
may use the relation и, м = Wy. Note also the explicit form of Wi || M (9) for special values of М: 


(9) = E sin? oP, (cos), 125 
168 
who) = == [Pros 8)? 
Е _ 1 (2J + 1) (віп 9)27-2 A 
WI (S) = У/Ј (8) = 47 27512-14 (1 + cos? 8), ais 


1 (27 +1)! 


0) (9) = WY. (8) = 4 27 0 


(sin 6) 27. 


Tensor Spherical Harmonics 


Table 7.2 
Explicit forms of Weng) and 


Wjy () 


1/4x 
3. 
üx sin? $ 
3 
165 (1 + cos? 9) 
15 . 
Ir біп? $ cos28 
Taz (1 — 36052 8 + 4 cost 8) 
5 
16; (1-- cost 9) 
21 
dan Sin? $ (1 — 5 cos? 8)? 
7 
Bon (1 + 111 cos? 9 — 305 cost $ + 225 cosé 8) 
35 „ 
12g; 51129 (1 — 2 cos? + 9 cost 8) 
105 
356; 5іп49 (1 -+ cos?) 
45 
dan біп? $ cos? 9 (3 — 7 соз? 9)2 
2565 (9 — 153 cos? $ + 855 cost $ — 1463 соб $ + 784 cos8 3) 
9 
1285 sin? 9 (1 + 50 cos2 $ — 175 cost $ + 196 cos 9) 
63 . 
356x sin! 9 (1 + соз? $ -|- 16 cos! 9) 
63 
128: 3115 $ (1 + cos? 9) 
165 . 
5125 Sin? 9 (1 — 14 cos? 9 - 21 cos! 8)? 
11 | 
10245 (1 + 813 cos? 9 — 7070 cost $ + 21378 C086 9 — 
— 26019 cos8 9 -І- 11025 cos19 9) 


77 
2565 Sin? $ (1 — 20 cos?$ ＋ 150 cost 9 — 324 cost $ + 225 cos8 9) 


1 
20455 sint $ (1 + 31 cos? 9 — 129 cos! $ -+ 225 cos 9) 


231 
70245 5116 9 (1 + 6 соз? 8 + 25 cos! 9) 


5 
2048 51189 (1 + cos?) 


|| 
и, мо». 
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5 
167. (1 — 3 cos? 9)2 
15 ; 
Er sin? 9 cos?9 


15 
32x sin! $ 


7 
18; 605° $(3 — 5 сов? 9)2 


21 
dan Sin? 9 (1 — 5 cos? 0)? 
105 
Jr sin! 8 cos? $ 
35 
біт 5116$ 
9 4 
256: (3 — 30 cos? 9 + 35 cos! 9)? 
45 wad 
бїт Sin? 9 cos? $ (3 — 7 cos? 9)? 
4 
7255 sint 9 (1 — 7 сов? 9)2 
15 
sis 5116 9 cos? $ 
15 
x sin? 9 
11 5 
2565 COS? $ (15 — 70 cos? 9 -+ 63 cost 8) 


165 


52 sin? $ (1 — 14 cos? 9 -+ 21 cost 8)? 


155 
DE sin! $ cos28 (1 — 3 cos? 8)? 
65 
70245 5116 $ (1 — 9 соз? 9)2 
65 
515; Sins 9 cos? 9 


10245 sine? 
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7.4. OTHER NOTATIONS FOR TENSOR SPHERICAL HARMONICS 


The spherical harmonics defined by other authors are presented on the left-hand sides of the equalities given 
below. On the right-hand sides of these equalities we exhibit the corresponding harmonics in our notation. 


Tensor spherical harmonics 


Berestetskii, Dolginov and Ter-Martirosian [55] 


(1) T for integer L, 


үт z үре h = { 
т = "Тт Where 7 1 for half- integer L. 


Newton [28] 
UM, us Vi. 
Spinor spherical harmonics 
Akhiezer and Berestetskii [2]: um = Пра; 
Berestetskii, Dolginov and Ter-Martirosian |55); үр) = it, 


u ju? 
Berestetskii, Lifshitz and Pitaevsky [6]: Njim = + а : 


Vector spherical harmonics 
Akhiezer and Berestetskii [2]: YQ), = YU) Ум = Ytu; 
Blatt and Weisskopf [7]; Rose |30); ТМ = (-1)^+1-2У; 
Berestetskii, Dolginov and Ter-Martirosian [55]: Үү =-Ү|+5, 
Jackson [23]: Xim = У). 
Newton [28]: VH = i YU), , ү) = IV, yO) oy) ум о иу: и. 
Berestetskii, Lifshitz and Pitaevskii [6]: Y), =i7¥ 9), YU = itty) У = туба, 
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Chapter 8 


CLEBSCH-GORDAN COEFFICIENTS AND 35m SYMBOLS 


8.1. DEFINITION 


The Clebsch-Gordan coefficients are vector addition coefficients. They play an important role in the decompo- 
sition of reducible representations of rotation group into irreducible representations. All recoupling coefficients 
or 3nj symbols can be determined as the sums of products of the Clebsch-Gordan coefficients. The aforesaid 
explains the extensive application of these coefficients in the quantum theory of angular momentum. 


8.1.1. The Clebsch-Gordan Coefficients 


Let jı and jo be two angular momenta with projections mi and то on the quantization axis. А Clebsch- 
Gordan coefficients represents the probability amplitude that jı and ja are coupled into a resultant angular 
momentum j with projection m. In accordance with the vector addition rules jı +, jo =}, the Clebsch-Gordan 
coefficient vanishes unless the triangular conditions (triangular inequalities) are fulfilled, 1.е., 


71 72S , (1) 


and the requirement 
ті + та = т, (2) 


is satisfied. It will also be assumed that arguments of the Clebsch-Gordan coefficients satisfy the following 
conditions: 

(а) 71,72, J are integer ог half. integer non-negative numbers;! 

(b) mi, ma, т are integer or half-integer (positive or negative) numbers; 

(c) [mi] < л, [m2] S №, т] < 7; 

(d) 51 + mi, 2 + тај m, л + р + j are integer non-negative numbers. 
The absolute value of а Clebsch-Gordan coefficient is given by 


= 2 + 1 2T п | 27 | р " 
OR pm P= І da ] df sin В І dy DÀ... (a, B, NDE m (a, h. 1) Di (a, p. ). (4) 


The phase of the Clebsch-Gordan coefficients may be chosen in different ways. The phase convention proposed 
by Condon and Shortley [10] is universally accepted. In accordance with this convention the Clebsch-Gordan 


l The extension of the Clebsch-Gordan coefficients to negative values of momenta will be considered in Sec. 8.4.5. 
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coefficients are real and their phases are fixed by the additional relation 


_ 27 +1 АТ 
Ci oh = E 2 5 da | . 47 рал (а, 8, 3) Ding -5 (a, В, т) Dy mi - 5 8,7), 
(5) 


where 


2701—37 
C nach >0. 


Under such a phase definition the Clebsch-Gordan coefficients satisfy the relations 


jm Ажалға — Jitjamitma _14\л+7-7 ст 
Сутоо = 1, Сад =1, Ciimijma >0, (o 2 - > » ( 1) С; mid >0, 
_—1\й-та (933 үа + ma суі јат 
( 1) С ће > 0, ( 1) 2. >0. (6) 


Тһе Clebsch-Gordan coefficients are elements of the unitary matrix which performs direct and inverse trans- 
formations between state vectors |7717) and |737т) 


С" m = (Лтїйтә|лй]т) = (һйўт|лтїйта). (7) 
The unitarity relation is 
jm j'm' " 
> С ата Сіз Бы; = брубит, 
mim 
jm jm 
> Сата Сите бут, бат, . 
і) 
The direct product of two irreducible tensors ОЛ, т, and Nin: may be decomposed into irreducible tensors. 
The coefficients of this decomposition are just the Clebsch-Gordan coefficients: 


(8) 


Mimi Nim, = 22 С е (3t, S N., Vim (9) 
(т) 
The inverse relation is 
(335, 9 3t;, Іт = У CS in dl Jimi Ny mz К (10) 
mim 


8.1.2. The Wigner 37m Symbols 
Not infrequently the Wigner 37m symbols [110] are used instead of the Clebsch-Gordan coefficients. These 
symbols possess simpler symmetry properties. The 37m symbols are related to the Clebsch-Gordan coefficients 
by 
Ao» 5. афта+ал | љт 
(а 15 2 (-) 211 т C И (11) 
The inverse relation is 
j E 1-2 ла B 
саты = СЛ у (А а а). a2 
The 37m symbol represents the probability amplitude that three angular momenta |1,12 and ја with projections 
mi, ma and m3 are coupled to yield zero angular momentum: 


л h = jm 90 
(а т2 2 " 25 Ө бы Су 'm'jsms * (13) 
j'm' 
The phase factor 7 = (-1)і-і%% is chosen in such a way that any cyclic permutation of columns leaves the 
33m symbol unchanged. Below we shall use, along with the letters j,m other Latin letters (a,b,c, etc.) to 
denote angular momenta, and Greek letters (а, 8, 7, etc.) to denote momentum projections in the arguments 
of the 37m symbols and Clebsch-Gordan coefficients. 
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8.1.3. Regge R-Symbols 


The Wigner 3jm symbol may be represented by a square 3x3 array || Рук | (i, k = 1, 2,3) which is called the 
Regge R-symbol |94) 


= || Ror R22 Rzs (14) 
where 


К Karbe, Rig=a-bt+e,  Rig-acb-c, 
Ко =а+а, Ез =ђ+8, Ras =< +, 
Еау а-а, R32 = b — В, R33 = =. (15) 


The inverse relations are 


2а = Кој + Rai = Ri2 + Ris, га = Roi — Ез = Ha; — R22 + Has — Has, 
2b = Roo + R32 = Ва + Ris, 28 = R22 — R32 = R31 Hai + R33 — R23, 
2c = Юз + Езз = RII + Riz, 27у = R53 — Езз = Ез; — Roi + R32 - R22. (16) 


All nine elements R. are non-negative integers which satisfy the relations 


У =) Fu =, (17) 


where 


Ј=а+ђ+с. (18) 


8.2. EXPLICIT FORMS OF THE CLEBSCH-GORDAN COEFFICIENTS AND 
THEIR RELATIONS TO OTHER FUNCTIONS 


Below we shall assume that the arguments of the Clebsch-Gordan coefficients and 37m symbols satisfy 
Баз. 8.1(1)-8.1(3). In addition we introduce the A-symbol defined by 


A (atc) = (excidio сің сал іе) 7 


The A-symbol is invariant under permutations of a, b, c. Numerical values of the A-symbol are given in 
Table 8.12 for i < a,b,c < 5. If one of the momenta a, b,c equals zero, the A-symbol is reduced to 


1 
20 T1 


A(aa0) = (2) 
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8.2.1. Representations of the Clebsch-Gordan Coefficients in the Form of Algebraic Sums 


Сета = боа A (abc)[(a + a)!(a — а) (6 + 8)1(6 — 8)!(с + 3)! (c — 7) (22 + 1)]? (3) 
ху c» 
-2Ца%%-с-2)(а-а-а)(--0-2)(с-%-о--2)(с-а-)-2)! 
(Van der Waerden [40], Racah |91)) 


Сет, sd A(abc) ее pe воде een 
aabp * ( а – b) a +6)! (а + a)!(b + 8)! 
(De- (a +a + z)!(c +b — a-~ z)! 
ОВ Nase —2z)'(e-y—2z)'(b-~c+at+z)! 


(Racah [91], Fock [68]) 


EN (c Hce 7) (2e 1 3 
Сальв = by, ag Alabe) г + a ares 2s L z] 
(-) - b + а — z)!(a — а + 2)! 
aS e 34 — 2) (a -- b — 44 2)! 
(Wigner [43]) 


(5) 


РР A (abc) Ec a)!(b — B)t(c + чу (2с + Ју 
aabs 1 = 5 chiſa +b с)! (6+ B)(c — 4)! 
(-i) e- z)!(a +b — c + z)! 
V ©) 
(Majumdar |82)) 


сет , Аа) а t t e. 1 | (а-ө)(с-4)Ң2с--1) | 
ae, паче ee (a + a)!(b + 8)!(b — B)t(c — 4)! 
1)^*t^**(2c — 2) (с +b + а — z)! 
C111 (7 
(Bandzaitis and Yutsis [51]) 


ст, = бла БЕ 
aabf A (abc) (6+ E — A)! 


(71)? ***(a +b- y- 2) (b--c— а — z)! 
ЕЕ) (8) 


(Bandzaitis and Yutsis [51]) . 


In Eqs. (3)-(8) the summation index z assumes integer values for which all the factorial arguments are non- 
negative. 
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8.2.2. Quasi-Binomial Representation of the Clebsch-Gordan Coefficients 


The Clebsch-Gordan coefficients can be presented in the form of quasi-binomials (u + 5) (®) [48]? 


A(abc) (c Mlle + 4)! (2c + 1) 


7 
Са» = brato f h. See [а + a)(b — 8) – (a - o)(b + fle) . (9) 


For calculating the quasi-binomial one should use the binomial formula with all powers replaced by quasi- 


powers. 
(utv) = У (41) (9 u- ue. (10) 


Quasi -· powers (or generalized powers) are defined by 
T(u + 1) 
(2) z,Q00 = __< 77 7 _ 
ae T(u- z 1 1) 


Ж Г(и + 2 +1) 
(-1) (2) = (a кашынын, 
ч (в--г) Tut) 


(11) 


If z is integer and positive, we get 


ul) = v(u — 1)... (u- z 4 1), (12) 
uD) = (и + 1)(u + 2)... (и + 2). 
8.2.8. Clebsch-Gordan Coefficients and Finite Differences 
The Clebsch-Gordan coefficient are related to finite differences [41] 


Сот в = 65, a. Ls (— 1) °F? | (с + у) (а +b — c)!(2e + 1) | 1 


(c ^ у) (с+а— 6) (с—а+9) (а + 6 + c +1)! 
a — а)(%%°-7) i а + a)(^t«-9 
| ) E | дет | + а) + 1 Ў (13) 


(a + a)(s-** а |(а-а)а-%-< 


where the difference of order k with respect to the argument a is given by 


ма) = о ze fn). (14) 


n=0 
In particular, 
Aaf (a) = f(a +1) – f(a), 
Saal- = пат“), 
Finite differences are anologous to differentials, while quasi-powers are analogous to ordinary powers. From 


this it can be concluded that the Clebsch-Gordan coefficients are analogous to the Wigner D-functions [20, 
58]. To illustrate this similarity let us introduce the notations 


(15) 


1 
ј=ђ реса v=, P= аво), a AU (16) 


2 This follows from the fact that the Clebsch-Gordan coefficients may be expressed in terms of orthogonal polynomials of a discrete 
variable (Hahn polynomials); see Refs. |142, 143). 
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Now, Eq. (3) may be rewritten in terms of quasi-powers 


ем _ eee ТЕ = i 
2с +1 aabp (2P)22(P — Q)G*&)(P — 9)9+/) (Р + 9)Си-и) 
F 


(17) 


Replacing quasi-powers in (17) by ordinary powers and introducing the angle 9 according to 


.9 „%% AMNES. ПЕ s 


we see that Eq. (17) reduces to the following relation for the Wigner D-function 


jun- (7+ и)(7— uy vt - v) Џ 
du = [appr Oya фи (P + are 
«Усу c QE aa 


AG- p= 2G *v- 3 u-v* 3) (19) 


Equation (19) is similar to Eq. 4.3(4). The analogy between Eqs. (17) and (19) permits us to connect the 
recursion relations, symmetry properties, etc. of the Wigner D-functions and the Clebsch-Gordan coefficients 


[58]. Since for u 2» 2, u > 1 quasi-powers became asymptotically equal to ordinary powers, a Clebsch-Gordan 
coefficient turns into a D-function in the large-momentum limit (Eq. 8.9(1)). 


8.2.4. Expressions for the Clebsch-Gordan Coefficients in Terms of 
the Binomial Coefficients |126) 


Clo = avs ТОЈ | BOC а о Ж. 


7-2с/ Va d- с-ту 


where J = а +ђ + с. 


8.2.5. Representations of the Clebsch-Gordan Coefficients in Terms of 
of the Hypergeometric Functions 


The Clebsch-Gordan coefficients may be expressed via the generalized hypergeometric functions g J of unit 
argument, 


00 А (abc) (a + a)!(b - B)t(c + 4)! (c ) + 1)]? 
Coavp = Фраза еј Сва стајса+с B) | (a ~ a)!(b + 8)! | 


-a - bc, Ca Ta, -b В 
„ ц, (21) 
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e _ а-а А(ак)%-с-а)! (а--а)5- B)! (c + у) (2e + 1) 1? 
ЕО ЕСЕПТЕН ТЕРЕ 


ata+1,-ata,-c+y 
op ИЕ , (22) 


үне A(abc)(b + c + а)! | (a - а)! (с – У) (22 + 1) | 


Сада = vats) Пар + da ba! [(а + ali B) - B) + т! 


хз F2 | a! 1 1 6 nan 1 (23) 
(Rose [30]) , 
„ _ ^ (abc) (2c)! (а + ајца – a)!(b — 8)!(2с + 1)]3 
Сааьв = bare Пи ај а ва Aae A) | (b+ 8)!(с + У) (с — 9)! | 
«а-а ағ i], (24) 
ел A(abc)(2c)!(b + c + a)! a - a)l(2c＋ 1 i 
Chap = he Cr ETE e ГЕР ТЕРЕ ОН 
h- ewm. (25 


ena (а T -h + с — а)! | (а + а)!(с+ ). + 1) | 
A(abc)(a + b + c + 1)! (а - a)!(b+ )ҢЫ- 8) (с )! 
—a—-b—c-—1,—a-r a, —c 3 | 


-а- +7, —b-c+a 
Equations (21)-(26) may be associated with Eqs. (3)-(8), respectively. 
According to Ref. [36], all з F- functions of unit argument, which are given by finite sums, may be expressed 
in terms of the Clebsch-Gordan coefficients. Any Clebsch-Gordan coefficient may also be represented in the 
form of derivatives of the hypergeometric functions [46]: 


Спа = б,о+в(—1 


(26) 


ха Pa | 


a 
2 


04 be 


Саља = 5y,a+8(—1 A (abc) БЕБЕ: 


(a b — с) (-а+6+ с) (а — 6+ 7)! (b — 8)t(c — 4)! 


x TE (1-9 F(ab- ауто ва = tenuti] к en 


8.2.0. Representations of the 37m Symbols іп the Form of Algebraic Sums 


The explicit form of the Wigner 37m symbols may be obtained from Eqs. (3)-(8) for the Clebsch-Gordan 
coefficients. Rewriting these equations in terms of the R-symbol elements, we get the following relations for 
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the 37m symbols [45] 


3 И 
II (K.)! 
G b | = (-1)E tR» — oOo 
apy (J +1)! 
E 1 
| - al (Rss — 2) (Razz 2) (ад — 2) (Езз — Баз + 2) (Ку — Raat 2)!’ ad 
С 5 | = (-1)RatRatRos | Біз! Ез! R31! И 32! Езз! | 
apy (J + 1)1IRIII Rig! Rai! Ед! 
Р (Rar + 2)!(Rir + Rs – =)! 
5 2-1) (Вы = z) (Ras — 2)!(Ris Ref +2)! (29) 


2 b 2) = (л) + Rast Ras | Rl Ria! Rig! R23! Rss! | i Yay (Rai + 2)!(Roz + Rss — ғ)! 
авт (Ј + 1)! Rox! Roa! Ёз! Юз! 7 (Р; - а) (Rss - #)!(В12 — Изз + г)! ) 
(30) 
G b J = (-1)8 + Виз x., Ел! R21! Ез! Real Rss! | еі) Ris + 2) (Ras + Res — 2)! 
apy (J + 1)! R53! R13! R22! Ros! 7 s!(Ry; 27 а) Rss т? а) Еа — Iss + z)! 
(31) 
6 b °) = (- 1) Riek. (J+ DIA AD i 327 (Rizr + Rar — z)!(Fas + Ras — 2)! 
apy Rial R21! 2 R23! Raal p (Еј, = 2) (Вэз = zy(J +1- 2)! (32) 
Е 5 J = (21) +R +R» Б + паған а J Yay (Ris + Roi — 2)!(Ris + Ras — 2)! 
a В 4 RI 1!Е12! s! Е22! R32! m a! (Fs = 2) Кзі Ta z)\(J +1- z)! : (33) 


where J = а +ђ + с. 


8.2.7. Quasi-binomial Representations of the 3jm Symbols 


(-1)(Rai-R N41 D -Ris) р(-1)(В-В N -mi)]i 
(: b 2 С (зулаа |^ 21 Rs 22 Ri2) р 22— Ris 21-Віз "m (34) 


apy (J + 1)!Ry3! 


The quasi-binomial may be evaluated according to Eqs. (10) and (11). Variables u and у may be chosen in 
different ways [45]: 


(a) u= RPR, о= RE RLY, 
(b) w= ВАТ, „= RRG”, 
(с) w= Ri RS, = RÜ( I) ). (38) 
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8.8. INTEGRAL REPRESENTATIONS 


8.3.1. Integrals Involving Algebraic Functions 
The Clebsch-Gordan coefficients may be represented by the following integrals [41] (J = a -- b + c) 
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„ onis le 3). — 2с)1(7 + 1) (2c + 1) ; 
ante 2J+1 |(а– а)! (а + а) (5 — B)!(6 + В) (с — y)!(J — га) (Ј — 25)! 
1 4-7 
— „\а- b-p — „уј—2а J—2b 
xfa пж a s c (іа) de, (1) 
„ с ы; (J — 20)(J — 2c) (J + 1)! 2c + 1) d 
aabp 231 ([ (a- alfa + о) — B)!( e — 7)1(8+ 7)1(7 — 2a)! 
1 47-28 
0B 5-8 $4972 с+7 
х Га aa + a cas а 11+ а. (2) 
In particular, if а = В = == 0, then 
2 
(-)“-% [(J-2b)(J — 20) (Ј + 1)'(2¢ + 1) | > Г зь 207778 252 
Сю = лата (J — 2а)! байтта 0 
8.3.2. Integrals Involving the Wigner D-Functions 
a 
è 1 ((а-%ӛ-с-1)Қа--5-с),2--1)1|2 4 Ра 
Slag = gag О ое DU Гавра овур {йр ив, 0 
where Е means the set of the Euler angles (see Sec. 4.12) 
co, Cate | (J 2910 te 1) } 
aabs “~ 9a+b+1 (а + а) (а — a)!(b + B)!(b — 2) 
1 a-2 
1 — cos N ? 
. a+b 
x | Gia 8) (=) а (9) (сов 0) 
(Akim and Levin, [46]) (5) 
8.3.3. Integral Involving the Spherical Harmonics 
If a,b,c are integers and. J = а + b + с = 2g is even (i. e., g is integer), then 
Сел = (-I)e- Б 020 9-3 а [ assinoy. (9, H) (9, ФУ. (8,2) 
аа (га + 1)(2b + 1) A (abc) g! 0 E d C 
(8) 
8.3.4. Integral Representations for Products of the Clebsch-Gordan Coefficients 
» = +1 а 
са Ср = g | ARD, AR) Db (805: (8). (7) 
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In particular, 
2c + 1 


2 


(Сб = І " ав ein ЭР, (cos д) Pc os 9) Р.(сов 8) . (8) 


1 


8.4. SYMMETRY PROPERTIES 


The simplest way to formulate the symmetry properties of the Clebsch-Gordan coefficients and 37m symbols 
is to use the representations of these coefficients in the form of the Regge R-symbols [94] (see Sec. 8.1.3). 


8.4.1. Symmetry Properties of the R-Symbols 
The R-symbol possesses the following symmetry properties [94]. 


(a) Permutations of columns 


Ri: Ria Ris Ry Rix Ru 
Ко, Код Ras ==| Rav Roe Ел ||, (1) 
Ку, Rsz Кэз Ку Ез, Ез 
where 
{ +1 for cyclic permutation (even number of permutations) , (2) 
в = 
(-1)7 fornon-cyclic permutation (odd number of permutations) . 
and | 
Ja) Rw = Do Ва; 
k i 
(b) Permutations of rows 
Е Riz Ris Ra Ra Ris 
Rai Raa Ras = « | Ri Rra Res ||, (3) 
Rs, Rsz Rss Rn Ез Nis 
(с) Transposition 
Кі Riz Ris Ry, Rar Ёз, 
Кој Roz Ras = | Ria. Raz Ез ||, (4) 
Ry, Ку; Ros Ris Ras R33 


These symmetry transformations relate 6 x 6 2 = 72 generally different coefficients. 


8.4.2. Symmetry Properties of the 3m Symbols 


The above relations are equivalent to the following symmetry properties of the 37m symbol. 


Classical symmetries [110] 


(a) Permutations of columns (corresponding to permutations of columns of the R-symbol): 


(252) () = (пар) en (225) 


= (ipte (% а Jj = (—1)%+*+° (5 b а) ; (5) 


Bay Ва 
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(b) Change of signs of momentum projections (corresponding to the permutation of the second and third 
rows of the R-symbol) 
abe a b с 
= ES a+b+c ( ) ; 6 
( В 9 CU -a —В -1 (6) 


Regge symmetries [94] 


(c) Replacement of arguments: 


brcta atctf atb+7 
2 2° 


| ђ | ES (1) 2 (7) 


apy — А-а p. ate-B „_ atb—-7 
2 277276 2 


(corresponding to the permutation of the first and third rows of the R-symbol) and 


(4) 


а ӛіс--а Әісіс 
Gee 2 2 (8) 
л -b+c EEA сеа + 4 


This corresponds to the transposition of the R-symbol. According to the above symmetry properties, 72 
formally different 37m symbols have the same absolute values. One can decompose these symbols into six 
groups (12 coefficients in each group). The 3/т symbols which belong to different groups correspond to 
triangles of different forms but the same perimeter J = a + + c. On the other hand, all 37m symbols which 
belong to one group are related by the classical symmetry properties (5) and (6). In Eq. (9) we list one 37m 
symbol from each group. 


а tera — bicta b stc-B atctf 
2 2 2 2 
abe | 
5 B 3 c— b biB-c-3 b-—ct1 а-с Date -atate-3 
2 2 2 2 
с а%ь-1 a+b+7 btc-a atc- а%%-1 
2 2 2 2 2 
b— a 2220-0 вла +В a- a — 0-а b- p- EE с – у – 9163 
Бфефа atctf а+5+7 
2 3 2 


8.4.3. Symmetry Properties of the Clebsch-Gordan Coefficients 
(a) 


с =. = 20+1 ь- = | 2c +1 дь 
Сальв = (1) 0 $ Cbgaa = (-1)* " 2b m 1 9 T (-1)* B 2b + 1 Chaza 


20 ＋ 1 2c + 1 
= (1) EE Cac (-U ee, (10) 


Са = (—1)°*?°° Св. (11) 


(b) 
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(c) е 
Сања = Сиаљр (12) 
where 
га! = (а + а) + (4+8), 2а=(а+а')+( +1’), 
20 = (а + а) – (b+ £), 20 — (a“ ＋ à?) {b + 8"), 
2V (a- а) + (b - 8), 2b = (a' - a^) + (V — 8^), 
28' = (a — a) – (b — 8), 28 = (a - a’) (b. P’), (13) 
с! =, с=е', 
y=a-b, 4za'-V. 
(à) | 
Cz, = -I Vi Сади (14 
where 
2a’ = (b — В) + (c 7), га = (b' — В) + (d + ), 
2а! = 2(а-+а) – (5— В) – (с+ 7), | 2a = 2(a' +a’) - (V — 8") – (с + У), 
20 = (a — a) + (c + 7), 2b = (а — a^) + (с +7’), (15) 
28 = 20b + B) (a- a) - (c+), 28 = 2(b' +f") - (а – o^) - (c + у), 
2c' = (a- a) + (b — В), 2c = (а — a^) + (V — 8), 


»y = (а-а)+(Ф-8)-е-1), 27-0 + (P - P) 20% = 5). 


8.4.4. “Mirror” Symmetry 


The original relations which define the 37m symbols and the Clebsch-Gordan coefficients may be extended 
to the domain of negative integer or half-integer arguments a, b, c. In this case the following symmetry relations 
are valid [45] (here we denote & = —c — 1,5 = —4, etc.). 

(a) The relations for the 37m symbols are 


5 be\ _ (Cheese а be = {(-1)°+2-8 2 be =$(-1)°+5+е : DA. (16) 
Вт Вт Pa ва 


The 3)т symbols with negative momenta obey the symmetry relations (5) and (6) provided a,b, г are replaced 
by —a, —b, c, respectively, in the phase factors of these relations. 
(b) The relations for the Clebsch-Gordan coefficients are 


Coane = (71) 7* CD, = (71) ee Cadeg = (71) 7 Сада = (71) Ca 


= а 


— (са 
aabp 7” С, ара 


20 + 1 os 22-1 22-1 
“Моца ae 7 ү за 1 Сет» 7 ү зат Corba (17) 
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From Eqs. (17) one gets 


cy ty 
gor B Cab , (18) 

aabg = C , (19) 
CB = a5 . (20) 


When tabulating formulas for the Clebsch-Gordan coefficients, it is convenient to use the *mirror" symmetry 
properties in the form 


Crop = (71)? Cab (21) 


8.4.5. Properties of the Vector-Addition Coefficients under Transformations of the 
Coordinate System and Time Reversal 


The vector-addition coefficients are not invariant under transformations in question, although formally they 
are independent of coordinates and time. 


(a) Rotation of the coordinate system. 
The projections of angular momenta vary under rotations of the coordinate system. The 37m symbols 
and the Clebsch-Gordan coefficients in a new coordinate system may be expressed as superpositions of the 
corresponding quantities in the initial coordinate system. Thus 


R (; | ‘) = (2 » 4) = > (; ; ‘) 2, R) Dg (R) DN), 
apy 


ROS = Сар = У Colas Di, (R)Dbs (R). D, (R). 


= а а 


(22) 


apy 


(b) Inversion of the coordinate system. 


The 3jm symbols and the Clebsch-Gordan coefficients are invariant under inversion of the coordinate 
system, because angular momentum is a pseudovector. 


a (asa) = (255): e 


p сд __ густ 
Р, Caabp = Caabg Ы 


(с) Time reversal. 
The time reversal changes signs of projections of all angular momenta (reversal of the rotation direction). 


Hence 
pfabe\_ [а b с \ _‚ jyatbte (abe 
5 (% -( 0 1) (251): (24) 


~ с E - _ +b- 
Р, Соль = Ca-ab-5 = (-1)* ° Сы» ` 
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8.5. EXPLICIT FORMS OF THE CLEBSCH-GORDAN COEFFICIENTS 
FOR SPECIAL VALUES OF THE ARGUMENTS 


8.5.1. Special Values of Momenta a, b,c 
(a) с= 0 or b = 0: i 


Саша = (-1)°—“ mst, 
Caaoo = bachar - 
(b) c=a+b: 
Cat _ (2a)!(2b)'(a+b+at 8)!(a--b —a— ayy" 
aah (га + 25)!(a + a)!(a — а) + B)!(b — 8)! 
The following two formulas are equivalent to Eq. (3) (i and n are integer) 


asian = (Seo) | 


aa-nti МРАКА LS (24-2) 


i 
Qotba-btn-1 (2 N : ) 
aatn-ib—b4i-1 = inp ee . 
2o45-1 
In particular, 


Са+Ъа+ь = 1, 


сеу? = kee i 


(2a + 2b)! 
(с) с=а+%—1: 


сезе 2 ala — af) (га + 2b — 1)(2a — J) (2b — 1)! (a +b + a + 8 — 1) (+5 — a — = 


(a + a)!(a — а)! ($ + B)t(b — 8)!(2а + 26)! 


In particular, 


Tb-1a48 _ : 
Съаьв 2 -0, if 


аа—1% 
Се+5-1в+5-1 а 
паті a+b’ 


а Е (2a)!(2b)!(2a — 25 — 1)]? 
(44821. ь- e 


(d) e a — (a 2 b): 


(а + a)!(a - a)!(2b)!(2a — 2b + 1)! | 


E Cate e Id ES e ö de CEDE 


(1) 
(2) 


(3) 


(4) 


(5 


(8) 
(7) 


(13) 
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The following two formulas are equivalent to Eq. (13) (2 and п are integer) 


= 2a — 2541 (25) 28-20) 2 
a—batb—n af з - M-l/Ma-nil/ 
Се ee EN SP ( 1)^ T | 2а+ 1 i=l (B) 1 ) (14) 
-241% 
КЕ 1 | 24-2641 CER) (22%) 
Саъ = (71) шалы CO) (15) 
In particular 
2a - 2b+1 
a—-ba-b _ 
aab—b unm 2a + 1 * (16) 
(e) c=a—b+1 (а +12 6): 
1 
a-bklaf (IU (га — 2b + 3)(2b — 1)!(2a — 25 + 1) (a + а) (а — a)! 3 
Coats а а ка lac EG e ава 
(17) 
In particular, 
a—b+la—b _ (2a — 2b 4 3)2b i (18) 
ases (2а--2)2а--1)| ` 


(f)c=a+b-2: 
„F 
YC) ALE CLUE u 


(2a)!(2b)!(2a + 2b — ar 
2(2a + 25 — 1)! ; 


In particular, 


Са%2-20-ь — | (20) 
(g)c=a—b+2 (а+2> Б): 


pa b 2a = E — 1)2b(2a — 2b + 5)(2a — 25 + 4)(2a — 2b + 2 i 
fana 2(2a + 1)(2a + 2)(2a + 3) 


«K 2a Х 2% Y да — 2 + 4 FF 
а-а) Љ— 2) (a- - - 5772 b--8/Na—b—a—f 
25-2 2a — 25+2 25 — 2 За — 2b + 2 
_ зг бло К 0 (21) 


(га — 2b + 5)2b(2b — 1) | i 
(2a + 1)(2a + 2)(2a + 3) 


In particular, 


pora = | (22) 
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(h) a=b,a=f: 


т = 
aqa a 
ба 


g is integer and positive. 
(i) b aA 358 = at 1,2а + с = 29: 


—1)9~°/2c+1 gt 


#52 ||| £32 | t(g— e)! 


if га Tc = 29+1, 


с+%)(2–4) (22 —22)! 


2 
22-1)! | „if 2а+с = 29, 


селена _ Геза +11 с 
aaatloatl — а+а+1 2 
C h2e-4 с-2а-1 а 
ааа+ћ a~} = а-а+1 , 


where 


с 
2 
(e-a eh 


Lx на 


＋ 2а+1 
ааа+1 a+} 


+%ф2а-% _ = 
aaatha-} — 


where 


(к) b=a+1;8 = a, а + 1;2a + с = 2g: 


0 24 +1 
Caa а+1а+1 = 


ce 2a 


aa а+1а = 


с2а- 
Coa PIE а-1 7 


where 


Cl 


2(2a + c + 1)! 


ж a “(а * ) er aoe elet tee art 
a)! 


c-2a+1]? 
=|] D, 
а+а+1 


o D. 
———— Р, 
а-о-1 


(2а — с)!(с + 2a + 1)! (с - 2a + у 
2(2a + с + 2)! 


(e + 2a + 1)(c — га) 1% 
еде | M 
2a E 
Цаға-1)а-о-1)% ' 
-| (c – да + 1)(c + 2a) | 2 


(a - а - 2)(a - а 1) 


Е + 1) (2а+с+2) (2 — c + I) Кс + Хај (с — ы 


cle + 1)(га + с + 1)! 


(23) 


(24) 


(25) 


(26) 


(27) 


(28) 


(29) 
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b Sai = а,а + 1;га+ с = 29 + 1: 


"ME cle + 1) + (20 + 1)(2a + 2) Е + га + 1) {с – 2a — any! F, 
2( + a)! (e ~-a)! | @+е+2)(а+=+1) 
га + 2 (с + га)!(с — 2a)! i 
Cas TED ТР (30) 
(a) !( - a)! (a+a+1)(a—a+1) 
Cels = c(c + 1) — (20 — 1)(2а + 2) (ез 2a — ) le – 20 + any r 
2(+ a) (a). (a - а 4 2) (a- а +1) 
where 
sz 
n (-1 3 6 ett) [сес «ту |“ (31) 
~ (а- 1) c(c + 1)(2a + с + 2)! 
z+)! 
Equations (24)-(31) were obtained by Stone [107]. 
8.5.2. Special Values of Momentum Projections 
(а) а= 8 = ч = 0: 
0, if a T ё +с = 29 +1, 
Сады = n (32) 
(-1)-*V2eXig! [(2g-2a)!(2g—25)1(29—2e)t А = 
g—a)!(g—b)!(g—c)! 222% 10 e ‚ ifatb+c=2g, 
g is integer and positive. In particular, 
i 
abo. (a+b)! [(2a)!(25)! 
Садо = up (2а+25)!] ' (33) 
acto (one 4 f (20)(2a~ 2b + 1:13 
200 = (—1) gr gi | (2а + 1)! (34) 
(b) п = сога = а: 
D i 
nS аа (2c + 1) (a + b — с)! (а + a)!(b + 8)! 2 
abe = berge) li 1)(a — b + с) (-а +b + c)(a—o)(b—8)] ' (38) 
LE | (2c + 1)(2a)!(—a + b Te) — 8)!(с +)! 3 (вв) 
aa "7-5? (a Eb +e + 1) (a — b+ c) (a +6 —c)!(b + B)t(c — 7)! 
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In particular, 


Спа = бағыс» (37) 

Сааь-ь = ба-а, Ен T ; (38) 

Саһ-ат (a+b : x 1 eo + с)! |, (39) 
одан ete = во) 


= (2a)!(2¢ + Ia +b- с + 1)(–а +b + с) 
aa be—a-1 = -|Е ere le (41) 
| 2c+1 
Село = (24)! mi ; 
(2c + 1)(2b)! 1! 


C£ ws = (71) ERES . (43) 


(42) 


(с) л=с-1жта=а-1: 


Св = ба+вс-1(—1)®“{(&— В) + £ + 1) - (а-а)(а+а+1]} 


(2c + 1)(2c — 1) la + b — c)!(a + a)!(b + В)! 3 

% eae Я] у (44) 
С ње = бу-в,а-1{(с - 1)(e +7 + 1) — (6 + 5)(b — 8 + 1)) 
(2c + 1)(2а- 1)!(-a + b +c)!(b — А) (+ 7)! | (45) 
(a b TT 1)! (a — b+ с) (а +b- c)t(b + В) (с — 1)! 
In particular, 

Cae (46) 
Coa = (47) 
сесі, = dh esa lala + 1) — 6+1) Tele + 1) — 2ac) (езіне if 4 | (48) 


8.6. RECURSION RELATIONS FOR THE CLEBSCH-GORDAN COEFFICIENTS 
8.6.1. General Recursion Relations 


пати" (b+ В)! (с -a — b + c)! 


etk 
-Цез-чста _________(6 — 6 + о) (26)! ______ 
х >. ( 1) Coab—kp – 7* (e +k- с) еве +Е + 1)t(e! +k—c)! 


сішс-Е 


| (c +k — y)i(a — b + c’ + К) (2c + 1) i 
(с 


5 rr e e e Il , (2) 
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(Yutsis and Bandzaitis [45]) where К is integer or half. integer, 0 < k < (b+ 8)/2. In accordance with the choice 
of k Eq. (1) yields different recursion relations. 
Note also the relation obtained by Stone [107] 


са 


“ин 
aab 7” 


(7a +b + с) (а + а) (а — а)! 


Ade 1)>- eig Tisz 25 Е (6-& EE 5 - 8) 


(7a +b + c + 0) + 28) (P — 28)! i 
[la- Ter +1)(а—&+с—Ы)(а—® —c+b')! 
Here a — b > |a — В| > 0, b' is integer, b' + 2b is even, anda—b+c>b'>|—a+b+cl,2b > V > [28]. 


Equation (1) may be rewritten by the use of quasi-powers in the form [45] 


с 20 + 1 , [E -ы , , 
Саље = its) 2 (-1)*+* [ope d Dem „(с + л)® Fc — q + kt - che 


x (–а + b + c) F=) (a + b + c + 1) 575) (a — b+ ET) (2c + 2k! + 1)] 
(250 ( ) 


X (2e 4 k4 VT ITU N (3) 


where 


a0 – al лы. =f if b is integer, 


1 
(a n)!“ 2^ ^ 2 l if b ishalf-integer. 


8.6.2. Arguments a, f, Change by 1 


lle 7) (e 1+ 1)]* Соб = Ila + а)(а = а + С, + IOF ANEA + 0] Сы. (a) 


In particular, for |y| = с one has 


сс ce (5 + A)(b+ 8 +1) . 
Sari = —Ceabexi [Pease]! ; (5) 


when |a| = |8| = i 
(2b + 1) + (-1)***7*(2a + 1), 


с со 
Сања С; 2[с(с + 1) (6) 
and for |a| = |@| = 1, a +b + c even, one gets 
со ¢(¢+1) - a(a+ 1) — b(b + 1) 
Се 1^ = Садо 2|a(a + 1)b(b + 1)]* ) (7) 
са = С ala + 1)[c(c + 1) — ala + 1) + b(b + 1)] + b(b + 1)[с(с+ 1) Tala + 1) – b(b + 1)] (8) 
albi — Cabo * 


2[а(а + 1)b(b + 1)(c - 1)c(c + 1)(c + 2)]% 
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8.6.3. Arguments Change by 1/2 


(га + 1)[b + £5 25,4 = Ila F а) (+8 - ehe be 1)? Ce- 
+[(a +a + 1)(-a + b+ c)(a— b + c + 1) С? 
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at оь Hol" (9) 


(га + l r 18 Села = (аж а)(а -b + c)(-a 6e If С, дь dosi 


(а o + 1)(a be 1 (а ++ 2 2)] OZ aipota) (10) 
(aT 9 + сј(а –ђ+ с + 1]5 С abe = [(a ~a + 1) (b — p)? с“ 1 4-1-4 
*[(a + а + 1)(b + 8)] C? 1 et l- (11) 
[(a — 5 + с)(–а +b + с +1)]8 С = [(а – a) - 8 + I c7 $а+35+38-$ 
(аға) уа, 1674545 (12) 
2c(— b +b 1 i c- с- 
(саны gerer] са = [6 Ве = 1 OLENA + 106 + 8)( + nit ose? 105 
2c(e + ebe i] ge = (аж a)(a- 54 e) Co PE + сағы саны 
2c ＋ 1 aabf a-latjib8 aab- 4841 
(14) 
2 5- 1 е c= 
ео. Cz, = Ile * a 1) (-a- be 9i e bi, 
I 5 A+ De Oo AED ,, (15) 
2(с + 1)(c 4 4 + 1)(a +b- c)]? Е 
| Иса Сааьв = + (а ж a)(-a- ђе |С Peas 
(= Ва ++ D eA. (16) 
4 дс + 7)(-а + # + +6+с+1 сегізі 
(2-1) )? Ca eee и 
(c € 7+ 1)(a - 6 - c - 1)(a b с) 3 ct 1% 
о as pa 


In particular, Eqs. (9) and (10) yield 


Соо — +С [нан хес, е кке кй]! 
ТЕС ы Ер Ре MP 


(2a + 1)(26 + 1) | = FCS, 30630 | (2a + 1)(2b + 1) 
(18) 
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if abc is odd, and 


—a+b+c)(a—b+e+1) a—b+c)(-a+b+e+1)]? 


с0 ( с0 ( 
Сар 7 Cet; eco [E ee] Tess t uae » (9 


if a + b + c is even. 


8.6.4. The Case When a= д = у = 0 
Let р be integer and 2g = a + b + c. Then 


а+рођ—р0 = 2060 (9 jm T | m Т | 
I particular, Eq. (20) yields 


c? (-a+b+c)(a—-b+c+1) 


2 
a-10b-10 = Cato ооо | М2 


"E" p _ (9 + P)!(9 — а) (а — 2) (а — с)! 
Ки оар) ble +) 


FFF 7 
(a ＋ b с)! (а - b + с) (-а + + с) (а + b + с + 2p + 1)! | (22) 


Moreover, from Eq. (22) one gets 


(a+b+c+2)(a+b—c+1)(a—b+c)(-at+b+ce+1) 


} 
со Oed Е 
Саоь+зо = — Сады ee tal (23) 


8.6.5. Arguments a,b,c Change by 1 


2[b? — 6205 C 18 = 8026 c /) ll а? — o?)(-a 4 b +c)(-a+b+e41)(a—b+c)(a—b+c+1)}? 


a(2a Е 
1 
«Соры + al Fla. b+e)(a—b+et+1)(a+b—c)(a+b+ce+1)]? Сальв 


55 JET jj We + 1? — o?|(a + 9  c)(a cb с + 1)(a +ђ + с + 1)(a +b + с + 2)) 5 C2: asp (24) 


28Сальв = бат с а?) (-а++с+ 1)(а – b+ c)(a b — c)(a + b+ с + 1]]4 С°, сьв 


m 1 


“ые +1) +5641) – с(е + 1) У Сьв 


} {[(a+ 1)? — a7](-a+b+c)(a—b+et+i)(atb—c+ 1 (а +6ђ + с + 2)}# С° Cal app › (25) 


_ (a+ 1)(2a + 1) 
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1 1 і 
21(6+ 1)? — 2°]? Cory ip = 4026 T Ulle —a*)(a+b—c)(atb—c+i)(at+b+c+1)(a+b+e42)]3 
XC, abe + spé ђ+с+ (а –— + сј(а +ђ — с + 1) (а +ђ + с + 2) Ст 


*(a3 II Za 1) Jeary e + 1? - o?(-a +b + c) (-a + + с + 1)(a - b + c)(a — b + c 1)) 5 C1 ao, (26) 


(ucc a ee 
4068 — (e T 4)(c- 7)(–а + 6 + c)(a - b с) (а+5-с+ 1) (а+5+с+1) 


a - B)c(c — 1) – ча(а b(b 6-14 
IL Hel delet ory 


сас 


4(c — 1)2(2с — 3)(2с — 1) aab 
8.6.6. Arguments a, b, a, В Change by 1 


0 * 5)(® + ) C10 


1 
= ma T Ulla a) (e *«—1)(—а +b + c)(-a+b+ c+ 1)(a -b+ с)(а— b + с + I CT ке 


i | 
2+1) ijo a) (a + 1)(–а + 09 + c)(a - b + с + 1)(a--6 – сј(а +ђ + с + 15 C2 аза 


l N Iſis plex © + (в + а Ib ben I(at+b+e41)(a+b+c+2)}} 


X Calla . (28) 


(bx 8) E ку Cg 


Ы tamary о + ala K- 1)(-a-- 6 -- + 1)(a 64 c)(a -5 — е)(6+8 + + DICE iens 


m 1) (a(a + 1) + b(b + 1) — c(c + 1))((a + а (а F a+ ТОН usns 


2a Ilie Ille at Mera +2)(-а ++ 4а - be 1)(a 4 5 — с + 1)(a +6 + c 2)]* 


хСаћлажіьв+1 (29) 
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[(ф = 5) F A + C1 


1 
= nary ааа att- e)(a b e 1(а be (а ++ е 2 CT „әз, 


КЕСЕ ы с 
2 je ај(а a 4 1)(-a 4 b c  1)(a –ђ Tela Tb — с + 1)(a +b + e 2) СО аза 


"ата пе + Dat HCA Ca bet D- -b e 


XC, тыры . (30) 


8.6.7. Arguments c, ö, ), % Change by 1 
(шамында cte T 1)(a +b + c+ 1)(2c — 1) em 
(2c + 1) m 
= [(6+ 8)(®— 8 + 1)(с+л)(с + т - t — 242 – РЗ 
I A)(6+ 8 + (c = e %- (31) 


[(6 &)(b = 8 )“ C22, 


„[. mies 96-1596 ttet аза аі. eren ! eim 
^ Qe (2c — 1)(2c + 1) | aabp F1 
CEST jj at + 1)(–а +9 + сј(а–ђ+ с + 1 (а +b- сј(а + 9 + с 1)] С, 
FCC онімі. 
2(c + 1) (2c + 1)(2c + 3) dL 
[(b + 2) F ae 
= + [E320621- Corby давя озь eene been n $ сезілді 
Ши (2c — 1)(2с + 1) | aabpFl 
ее 1) +56+1) + ele + 1)) (e пева i CAF, 
" [exces ence eire ue eee $ etis 
МЕТЕ +1) (2c + 1)(2c + 3) | аа&81 (33) 


[0 8)(b = A+ "mE Caab 15 
d с сезне 1)(a- bcd езеді сес 


2c (2c — 1)(2c + 1) аав 1 
1 a 
Faery ee at I) (Ca TTT 1)(a - 6+ c)(a +b- с + 1)(a - b с + 2)5 Cre, 


(34) 


1 [(сву+1 (сву + 2)(а –ђ + c)(a –ђ Te „AAT -e) (aT be )J uuu 
(+1) етте тат qe res ett аі enn сары. 
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8.6.8. Recursion Relations for the Regge Symbols 
Recursion relations for the Regge R-symbols are very convenient because each relation is equivalent to a 
variety of formally different expressions for the Clebsch-Gordan coefficients. The formulas given below represent 
some recursion relations |86, 103]. In these formulas we use the notation J = Or 1 Rik = оз, Rix =atbte. 


В Riz Ris КЕ -1 Riz Біз 
[В (J + E Кој Ко; Ras | - (В, Взз|3 Rai Rog — 1 Nas 
Ез; R32 Nas Rai Ез2 R33 – 1 


В4-і1 Riz Ris 
Rai R22 Ras — 1 
Ёз, R32 — 1 Rss 


+[ВозЁзә]% =0. (35) 


В11 +1 Rio Вз 
Вә – 1 Roz Ras 
Езу Ко; Bas 


Rit Riz ＋ 1 Ris 
Ез; Бор — 1 Nas 
Кај R32 Ras 


(Ваз + 1) £41]! + [(Ri2 + 1) Е22]% 


Ru RI2 Ris +1 


+[(®,5 + 1) Res]? Кој Ет Ras — 1|| = 0. (36) 
Rai R32 Ras 
А Ru Е;2 Ris i RII — 1 Ri Віз 
[Ri Ега(Ј + 1)]? || R21 R22 Res || — (R22 + Воз)[Ёзз|? Rai R22—1 Ras 
Rai R32 Езз Rs1 R32 R33 – 1 


В-1 Ry Віз 
Кој + 1 Воз — 1 Воз – 1 
Кај — 1 Rag Rag 


Ras Rs (R21 + ЦВ =0. (37) 


Ry Еј; Rig 
R21 Rzz Ras 
Ез, R32 Ras 


Ry, В2--1 Rig-1 
Ra, Ваз – 1 Ras +1 
Rai R32 R33 


(Rii + RI2 + 1)[Е22]3 + [Ri3(Res + 1)(Ri2 + 1? 


Еу; — 1 К;2 Ris 
Ray R22 -1 Ras 
Hai R32 Езз-1 


—[RiiRsa(J + 1) =0. (38) 


Ву; -1 Riz Віз 
Rai R22 Rz3— 1 
Rs, R32 – 1 R33 
Ri; Ria R183 – 1 
Ra Roz — 1 Ras 
Кој – 1 R32 R33 
Ry Віз – 1 Rig 
Кај – 1 Ко; R23 
Ка Ез Езз — 1 


(R22 — Ra3)| R4 R5 R32}? 


t (ss — R31) Ваз Naa Rs]? 


+(Ri1 — Ко) R12 Rai Rss]! =0. (39) 


8.7. SUMS OF PRODUCTS OF THE CLEBSCH-GORDAN COEFFICIENTS 
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Sums of products of the vector-addition coefficients are more conveniently represented in terms of the 37m 
symbols than in terms of the Clebsch-Gordan coefficients, because the 37m symbols have simpler symmetry 
relations. The sums expressed in terms of the 37m symbols will be given in Sec. 12.2. Nevertheless the Clebsch- 
Gordan coefficients are also widely used. That is why we present the formulas which seem to be most useful 
for sums of products containing the Clebsch-Gordan coefficients. For practical convenience we consider various 
versions of the formulas which differ by permutations of upper and lower arguments. In these formulas we use 


the notation 


8.7.1. 


У" Сара (а + a)t(a — а)! + 8) (6 — Вел) ел) = о. 


apy 


8.7.2. Sums Involving Products of Two Clebsch-Gordan Coefficients 


II. „= (2+ (2 +1)... (2+1). 


Sums Involving One Clebsch-Gordan Coefficient 


У ааьо = II. бю, 
« 
uh e ОЕ = II, боо, 


ст! _ 
2.0. anabh Cabs = бес boyy! , 


П? 
8 Сааьв Caab = ТЕ бьь'бвв' , 
ay b 
b- П 
ever Сш» Oe e = (71) ГВ bee S., 
ap © 
a bp П 
У (– 1) e Cbgaa Gd ty = I. bce! бул! , 
af с 


-а- II. 
» суыр Ои Aa = (-1) у ig бес! бул! . 


с 
У беј Caa ын = бал брр' ; 
cy 
, 2 
>. II. Cae C ley = ck baa! bpp , 
У (–1) је II. Or ој 2 070 = 1, by,- 4-7! ôg,- —в’. 


аа 
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8.7.8. Sums Involving Products of Three Clebsch-Gordan Coefficients 


abe 
У Cz» Са» Свој, = = 1 IL, ee { ef A , 
aps 


| ве 6 
У С Сы Сге = к Паш efe | f | , 


aps 


abe 
> Cojaa Са С aate = |], Set. n 


айё 


У (7 1)7* С» Catus Са = ку II. o eM» 
авб 


с П а b с 
2 s Coss Che ge. С, = "IL fe е ) а 3 


У(—1)°-°С „С О = ка IL, Селу Је 
aps 


> ) cg Са» Crate SRy IL, ei» 
арб 


а-а (№ b 
X- ~1) OU M Савь-в Crate -«П, eM» dr f A ! 


aps 
where кі = (-) ,, қ = (1) f. 
8.7.4. Sums Involving Products of Four Clebsch-Gordan Coefficients 


n zu 
У. Съвет С, 727 e Св с; ест 


Prep 


оваа А ђса ђед " 
- ЕД, cr. cr. (115) (112) - TL, E es. a. [rei 


19 * 


cba 
> с doe 1 Chr- -p Copes cH, = (- I. s 2a Omi- -p as [ri] 


Bree 248 
2 cba 
с -b+ -j k 
2; Сара Сузы С bhgn feds = (-1)* 2457 IL. . би 0 абаа f ed}, 
Влер 248 


cba 
> с: abp Cac 4/е Cir. = (–1)4+*-°-3 IL So (ап ји“ Сук С ло f ed), 
Bree Кк 29 k 


cba 
У Crpa—a C4 РВ о er = (- 5 15; 2-04 ani- -u Со ( f е i}. 


Buse 748 


(12) 
(13) 
(м) 
(15) 
(16) 
(17) 
(18) 


(19) 


D 


(21) 
(22) 
(23) 


(24) 
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ba 
22 Cie- -y Са Cr an Cheju = = (1) -= H -u GER 6 е ЈЕ (25) 
Кк 


Влеф jgk 


abe 
У Съст C. ee cr. Cheju = => Поа o u 2 t de 1 (26) 


Bree Кај 


сђа 
O О Озу, б-н Сур (Шеннен Т] SCM. Ciba. fed (27) 
Bree Ек 7 9 k 


ba 
D Cose, С bhon Cf eds Сел = (- 17 = II. .o. mj- и Са 10 (28) 


prep jgk 

cba 
D Сва OÈ Xa Cipa 5 OT ey = (- үү II. ., Scan -~p Сабаа fe Sp (29) 
Bree 19 


№ (10 abf Cire С в = = (1 —Up—5 II. „, 2% 9n u С а B fe : i}. (30) 
Byte 7 9 


8.7.5. Sums Involving Products of the Clebsch-Gordan Coefficients and One 67 Symbol 


abe 
242 ) С С {; f 1) = Cras Cafe ' (31) 
с 5 е 
» нм II. Ch. Ode, { f : | } = Сальв Се» | (32) 
Je 
> -1 електер с“ co с fb Fee аа 33 
( ) ae ]- 958 “ева-а dea ~ 9,846 / раб › ( ) 
ey 
d- 9 abe 
» 1) ока Піс: аађа C; eee b 7 ij Ет Chire CH дев › (34) 
е ст Се афс 
УЭ II са © a8 Sf per » f ЈЕ $545 Caasy : (35) 
? e abe 2 
D IL, eni са,» [а с f | - ФВаа Cases , (36) 
SG П.а С" ев абс 25 с” с” | (37) 
Il. aabp oc e f dí | b—Bee aaf 
cy 


еу ресу, бды (af a = uu c. (88) 
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8.7.6. Sums Involving Products of the Clebsch-Gordan Coefficients and One 97 Symbol 


cba 
2 Пы Созу Соту, Сала ( fe : |- Crete Св 2 , (39) 
29 
| I cba | қ 
SIL, em, Сења on Í e ч = Са. сё, Ф С, , (40) 
7 9 
Ж с % а 1 56 
2 1 Т dee a HE c a m zt f е ЈЕ Ce „С s e C cns (41) 
19 
| : cba 
= b, 
2E шы П ср. „а eef e Сабаа {i fe i} eS. 3 Cf in (42) 
74 
Ty освоена Паз в јере. 
У (тј пе" с „см, И 46 frere Cb 22 Са. (43) 
ој 29 


Sums of larger numbers of the, pecie Gordan coefficients ma he obtained. from the above equations using 
the orthogonality relation (Eq. 8.1(8)). . 
8.7.7. Some Additional Sums of Products of Two Clebsch-Gordan Coefficients 
We note also shme other sim’ of prodtiets of {К Clebsch-Gerdan coeficients. The rst two umi, obtained 
by Morgan [136], are written as 


т (сызу. 4% 
2 (2! Е 1)(21 - 20 + 27 + 1) (cs) E 27+1' (44) 
and | | | t | i | 
1 1 1 1 ТЯ 
Ж (s TL ЗЕ 105 27 427 1 (вые) = ` (45) 


In these equations l, Г, J are integers. 
Din proved the following identity [134] 


c+b 


211 Js со к)? =0, (46) 


101 t) —ala +1) 799, 7 
сы ifi + 1) ala +1 r 
where a, b, c are non-negative integers, with a -- b + c Ө, which satisfy the triangular condition 
e b Se < è +b. 


The sum runs only over values of ¢ for which the Серген Gordan coefficient does not vanish. Dunlop and Judd 
[135] give the following relation i 


ТТТ (2a + 2e 51) (2a — 02е +k + 1) 
У, атко СЕМ тко — -(- -1)* 77 + l (22 = Буда + k+ 1)! , (47) 


тп 


which is valid for a — c > |M]. 
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8.8. GENERATING FUNCTIONS 


The Clebsch-Gordan coefficients may be generated by expansions of some functions in power series or finite 
sums. Below we present several generating functions. In these relations J = a + Б + с. 


8.8.1. Regge Determinant to Power J 


uj U2 из Бај Ку; Ris uf цз „ә „Ёз Каз указ wP yE y Fas 
о 02 03 МЫ + | Ва Roa Ras RIiIRI2lRISIRaII Raa Ras Rel Roa! Roa (0 
Ші wz Us Riz | Езі R32 R33 


(Regge [94], Shelepin [106]). Here R. are the elements of the R-symbol (see Sec. 8.1.3). Тһе R-symbols and 
the Clebsch-Gordan coefficients are related by Eqs. 8.1(14) and 8.1(11). 


8.8.2. Products of Binomials 


(ti — tz) ^?" (t; — ta)?" (ts — t1) 7 2 


[CD20 20) ( — 22) 3 Ка 
i | 2 +1 | — (-1) > 
1-0 

іа+а +В +7 КА | 

(в + аа—аўф + ПЕТЕР 6 — у om (2) 


х 


(күчә — моз) Y (wiv — 291) 724 (uswa — шуша)” 29 
22-1 > (-1) 7 
a+p+7=0 
ur * ugtey 5-8, bt Beet 4 
— — Cie . 3 
lla + a)!(a — a) IU + )1(6 — 8)!(с т) Це - If "^ (3) 


8.8.3. Exponential Function 


ехріті i - ts) + то (13 - t1) + zs(ti - ЯН 
re 22 бе 13 beatz et 


- У (15759 аг9+0+ела-0+едаь-сата рафт С 
Смак) [Get пе + аа-а СЕТИ С, 


a,b,c 


4. 5.1 
where A(abc) is given by Eq. 8.2 (1). 


(4) 


8.8.4. Hypergeometric Function 


Ce EDU | cire eai sachen) 


(7 = гају – го) Це - U Ii] d = 
= > Сам а + ајца = a)t(b + 8)1(6 — В) . 
«+ @:=‹у 


(Akim and Levin [46]) | (5) 
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8.8.5. Wigner D-Function 


(cos g) C -e ( sin . 355 ·%% 


er |? - | 
о то 0 EM (а + a)( — а) (5 + В) В) 


Күл 


where a—b=7',|a-—b| Se Sa b. 


8.8.0. Generating тозе for the Coefficients С 


1 _ quc 7+1)! С щ7-24,7-25,7-2е 
1 + ur +02 + w? = 24 ay [gem as, ag у —9a)t(J — 20) (J — 2с)!|# ` 


(Schwinger 10 10 


8.9. CLASSICAL LIMIT AND ASYMPTOTIC EXPRESSIONS FOR 
THE CLEBSCH-GORDAN COEFFICIENTS - 


(8) 


(7) 


Asymptotic expressions permit us to simplify calculations of the Clebsch-Gordan coefficients. Note that these 


‘expressions appear to be accurate even if the arguments are not very large. 


8.9.1. Asymptotic Expressions for a,c >> b 


Се в Fe [(8 + B)!(b — B)!( + 6)1(b — 6) 3 


—1y75-*( cos 2 2e B6 $\26-8-5-2° 
* 1 тебін 2 — = 5-м Dgs(0,9,0), 


where 6 = с — a, 9 is the angle between the momentum € and the z axis, 


9 c+ y+ с+44+% 9 c-yti +44-1 Л 
— = 4| — = 37 M — 22 = °t 7 - 
05 2 241 бе C ба; = жа Cea ,› Фет. 


This formula was obtained by Edmonds [64], Brussard and Tolhock [60]. In particular, 


са ES DE al- 1)" [кту] C =) (ain 725 


Собр & бв,с-а Dpa (O, O, O) = бв ag e- a, 
т 
Co вьв f$ DB. -a (0, 2 29 D \ 


Селье = en $), 


CSE S50 ~ (zi). 


(1) 


(2) 


(3) 
(4) 
(5) 
(8) 
(7) 
(8) 
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If a,c > b > 1 опе can use іп Eq. (1) the asymptotic expressions for the Wigner D-function (Eqs. 4.18(1)- 
4.18(4)). Then the Clebsch-Gordan coefficients may be represented in the form 


(-1)9-% [2 (b+ 8)!(b f +1)! 3 cos [(25 + 1)2 — £(8 — 6 + 1)] 
Слав = р 3s (5 + 5) 5 — 5)! | е (9) 


#8>6,8>0, 


„ „ [2 6510-54 1)]* I- 
cu N LE SANA „ (10) 


ifó2 8,620. 


8.9.2. Asymptotic Expressions for a, b, c, у > a +6 — 4 


NT (- (с+ JT) | (2c + 1) (a — b + с) (а - а) (5 + 8):(с - Ye + 7)! | 3 (11) 


(a—-b—a) (ab- с) -a + 5 + с) (а + 5 + с + 1) (а + a)!(b - В)! 
(Akim and Levin [46]) . 


8.9.8. Semiclassical Formulas for a,b,c > 1 


2c+1 
Caabs & F 275 C% ЕА + 2202 + 363 — торі + түрә + =], (12) 


(Ponzano and Regge [89]), where 


А | | 1 
л=а+ 5, e e mi =a, т = В, m=-7, 13) 


1 , К | 
S? = пала 1 7 +207032 + 2128 + йз) + 4d тата + тать + ig mim) 
о Д-т -m 1 
1 | 72 — mi 0 jà—mi 1 
1 1 2 3 0 3 1 А (14) 
1 1 1 0 


Шт: = m; = тз = 0, Eq. (14) reduces to 


1 5 1 1 1 
65 = (atb+e42) (сене) (8) (о++-‹+4) қ (15) 


27 m¹ + m? — 12 + 22) 


(16) 
132 – 32 – јр — 2тьти 
2 (ж m) - mi) 
Indices i, k, l in (16) are those which may be obtained by cyclic permutation of 1, 2, 3. The quantities which 
enter Eqs. (14) -(16) have a simple geometrical interpretation. Three momenta 71 = а + i, 32 =$+ i and 
33 = <+ і form a triangle oriented in space іп such а manner that the projections of its sides on the z axis аге 
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equal to m,, та and та, respectively (Fig. 8.1). S is an area of the triangle projection onto the (2, y)-plane. 
Let us construct а trihedral prism whose sidelong edges are parallel to the х axis and one of the crods sections 
coincides with the oriented triangle. Then 0; is the angle between the normals to the planes adjacent to the 
edge j;. The angles p; are shown in Fig 8.1, | 

In particular, if a = f = * = 0, we get 0, = 0; = 65 = = ж/2. 


сам (с per ZER 


ші. (17) 
Equations (12)-(17) are valid, if 52 > 0. 


Fig. 8.1. Geometric interpretation of the parameters in the asymptotic relation Eq. 8.9(12). 


More accurate expressions valid not only for 52 > 0 but also if S? < 0 ог 52 ~ 0 were obtained by Schulten 
and Gordon [140]. In the case of 52 > 0 they derived 


[2с +151 

са, = ети S 2% 
x l сов Mo Ai(—Z} – sin NoBi(-Z), if n- No « 0, 1187 
cos Np Bi(—Z) — sin Mp Ai(—Z), if n о » 0, 5 
while for 82 < 0 | 


4 


e -(- 17 971 2c+1 gi 


215] 
{ cos По Ai (Z) — sinQoBi(Z), if - N K O, (185) 
cos io Bi(Z) — sin io Ai (Z), if n- % O. 


In these equations Ai (Z) and Bi (Z) аге the Airy functions 


= (о = 0); , 


flo = ле + 00) + Абу! + тир! ma, 
N = 9191 + 1202 + јзбз — mapi + mips, 
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Du and eo being determined by the relations 


4 if 0 < Вей; < 1/2, 
E Er if 7/2 < Кеб; Ст, 


"ec if 0 < Rep; < 7/2, 
Pe т Шл/2 < Кеф; < т. 


8.9.4. Squares of the Clebsch-Gordan Coefficients in the Classical Limit 


According to Sec. 8.1.1 the square of a Clebsch-Gordan coefficient represents the probability of the coupling 
of two angular momenta j; and jz with projections mi and m; into the resultant angular momentum j with 
projection m. On the other hand, the same square is equal to the probability that the momenta ji and ja 
coupled into the momentum j with the projection m have the projections ті and то, respectively. Let us 
consider the square of the Clebsch-Gordan coefficients in the classical limit [60]. 

If the vector j as well as the magnitudes of 31 and 72 are given, the possible positions of the end of the 
vector jı form а circle (Fig. 8.2). The probability in question is proportional to the length of the circle arc 
confined between the planes z = m; and z = mg. In the classical limit (for 31, 72, 7 > 1) this probability may 
be expressed by 

(Ciim) © шін) +j + Jt) + 207% + 325? + 9257) – 4(7 mam +  тіт-14тіта) 3. (19) 
Equation (19) is valid only on the average, because if 71, 7? and 7 are large, even fairly minor relative variations 
of these quantities lead to rapid oscillations of the Clebsch-Gordan coefficients (See Eq. 8.9(12)). When 
та = m = т = 0 and д + 7; — 7 is even, one has 


В » 5 2. 2 D . —1 
[- (21 + 22 +“) 420232 + 929? + 7277) 5. (20) 


0 ізісі |2] +1 
С озо м(-1) * E 


x 


Fig. 8.2. Addition of angular momenta in the classical limit. 
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8.10. ZEROS OF THE VECTOR-ADDITION eal а | 
А Clebsch-Gordan coefficient Crabs and associated Зут symbol Ce f- 2) vanish unless triangular conditions 


are satisfied (Eqs. 8.1(1) and 8.1(2)). However, there exist nontrivial cases when the Clebsch-Gordan coefficients 
are equal to sero although the triangular conditions are fulfilled. This leads to some additional selection rules 
which forbid the quantum transitions whose amplitudes are proportional to the appropriate Clebsch-Gordan 
coefficients, Here we point out the most important relations between the arguments for which the Clebsch- 
Gordan coefficients vanish. 

(a) Саю = 0, if J=a+b+c is odd; 

(b) Cad = O, 022,54 = O, Сва = O, if = га + с is odd; 

()C US momo 0002 | 

(4) Ce x0, үл %; 


санлы — atl, 
(e) С = 0 H t 
f) С C = = 0 if a(a + 5 — BB. +1) = (a — Phe, in particular 
aab ~ i T 


Cadaa = O. 
(8) Oi = 0 if а(2+1) – c(c + 1) = -(a +7)b, in particular, 
5-170. 


Below we list particular 3j m symbols with J = а ++ 17 which vanish in nontrivial cases. They аге 
arranged in the order of increasing J and a < b < с. Roots of other 37m symbols may be obtained by the 
use of the simplest symmetry properties of the 37m symbols, concerned with the permutations of momenta 
a, b, c and sign changes of the projections о, 8, 7 (see Eqs. 8.4(5) and 8.4(6)), Hence, any 37m symbol from the 
table given below generally represents 12 formally different versions of the 3j m symbols or the Clebsch-Gordan 
coefficients which are equal to sero. One should bear in mind that the 3jm symbols and the Clebsch-Gordan 
coefficients are related by (see Sec. 8.1.2) 


ab c = 1 
(15.2) emma 


8.11. CONNECTION OF THE CLEBSCH-GORDAN COEFFICIENTS AND THE 
3jm SYMBOLS WITH ANALOGOUS FUNCTIONS OF OTHER AUTHORS 


Sun - Wigner [43], 
AID ms |= Eckart [15], 
OL n; ; ‚ Van der Waerden [40], 
(h32mima Jem] - Condon and Shortley [10], 
Cin. (mi ma) Fock [68], 

jm = X. m, 31, ја mi) - Boys (59), 

Јата јата Е 
Cm; mi ma) -Blatt and Weisskopf [7], 
C: т - Biedenharn [115], 
2. да - Rose [30], 
papa - Yuteis and Bandzaitis [45], 

mi m; m 


(дута јат | (5122) m). - Fano [66]. 


Ј= 


J= 
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* (ооо) 
= (000): (ааа 0. 


=" (000): food ТЕРА ЕТ?) 


-* (2—2). (ша зи) 


„% (ооо), (бо). ТЕ 
(2, uo) (зао c), (% s a) (32 aa ) 
( 


ox) (ooo): (12 –)' (боо): i) (22 =) 
64): (Оаза), Cs ата) (ала ов), (аа =) 
7/2 7/2 4 3/2 9/2 5 5/24 9/2 

Ws 3/2 a ls 3/2 A) lis 3 5 ji 


11 


yo 166 (Са 346) [355 du 445 
m 0 00 9000 И eo 


““ 


ра 2 e А 2 11/2 2 | 9/2 а Г. in 
11-2 22 —4]' \-4 1/2 1½ \5/2 —1/2 —2]* %, 1 —7/2/' 
( 4a 4% (Саза эш)" (иа % =); база ==) (уг h . 
ды ( = о}. C | - Қ И =) (o : M (5 : =) B 1 . 
(а ar)" (аач а). Gre a dg) (ола ). (ija 2 =ar)" (92 12 =) 


15 (177 267 ( 0 11 0 60660 3 6 in (5 66 
pu 0 9 05 овој 1 00 0 90 0 КӘНІ zo 


(2507 60 a) 6900 P қ E DR: h : к M | о}. 
р йа, 
9/2 5 14/2 9/2 9/2 6 9/2 9/2 6 9/2 9/2 6 

b: 0 Г Ga 4/2 za | 3/2 ЕЛІ [52 5/2 ЕГ 


dius 188) /278\ /368| 73 6 P 377 377 6 5 467 
600 00 [ono]: esca ead 22: 1000 (осой 


557 55 7 55 7 55 7 566 5 66 5 66 
(0 9005 (; 1 ы h 2 4). (% 3 а) (o 0 0): ‘Be 1 i): a 2 з). 
2 15/2 15/2 3 13/2 15/2 4 13/2 13/2 4 13/2 13/2) 75 11/2 13/2 7/26 15/2 
с 4 4/2 RAT b 3/2 E (25 1/2 IE G 3/2 1 (2 1/2 zu 105 5 M 
9/2 6 13/2 [ 6 13/2 11/2 11/2 6 855 11/2 6 11/2 11/2 6 9/2 11/2 7 
Ga —5 A —7/2 1 9205 (i v M 3/2 3/2 A) s 5/2 A bs 1/2 us 
3/2 15[2 8 9/2 9/2 8 9/2 9/2 8 9/2 9/2 8 9/2 9/2 8 9/2 5 15/2 

( ) ( ) | 3/2 p pn 5/2 8) ; Ge 7/2 ә) Ge 2 08)" 


1/2 5/2 —3]' \4/2 4/2 —1/" 


270 Quantum Theory of Angular Momentum 


(I) - (дру, тітата) - Racah [91], 
(—1)—22422 493 (11223, mimgm3) - Fanoand Racah |18), 
А (-1)7 799 5, та тарту - Landau and Lifshitz [25], 
(à 5 = 4 (E) 152 (ji mr, вто, јата |0) - Fano [66], 
X (1725, mi mama) - Schwinger [101], 
(-1)h 5*5 U (Ji 39mimz | ја — та) - Lubarskii [26], 
(12235) mi тата - Sharp [102]. 


8.12. ALGEBRAIC TABLES OF THE CLEBSCH-GORDAN COEFFICIENTS 


Below we present tables of algebraic formulas for the Clebsch-Gordan coefficients os with b — 1/2,1,3/2,2, 
5/2,3,7/2,4,9/2,5. If b = 3,7/2,4,9/2,5, we give Сода with f > O, while Соль, with В < 0 may be obtained 
from the symmetry property 

Cus = (-I) Tg Сас аьр. 


The algebraic tables of the Clebsch-Gordan coefficients are also available in Ref. [10] for b — 1/2,1,3/2,2; 
in Ref. |121, 125] for b = 5/2; in Refs. |117, 130] with b = 3; and in Ref. [126] with b = 7/2,4,9/2,5. 


8.18. NUMERICAL TABLES OF THE CLEBSCH-GORDAN COEFFICIENTS 


In Table 8.11 we present numerical values of the Clebsch-Gordan coefficients for a,b,c < 3. These values 
are given in the form of square roots of rational fractions and in decimals. The Clebsch-Gordan coefficients 
are separated into groups with respect to the values of c. The arguments a, a, b, В for the Clebsch-Gordan 
coefficients given in Table 8.11 satisfy the inequalities (a) a > b, a > 0; (b) а > В for a = b. Other Clebsch- 
Gordan coefficients with a, b,c < 3 may be reduced to those in Table 8.11 by the use of the symmetry properties 
Cip (-) * C («уыс Co вала 

Numerical values of the Clebsch-Gordan coefficients are also given in Refs. |126, 127]. Reference [127] 

presents the Clebsch-Gordan coefficients for } < a < 4, 3 < b,c < 9/2 in decimals. Reference [126] gives the 


Clebsch-Gordan coefficients for i Sb < 6, а = 5,11/2,6 in the form of rational fractions. Numerical values of 
the 37m symbols are also available in Ref. [113]. 


Tables 8.1. — 8.10. Algebraic Formulas for the Clebsch -Gordan Coefficients. 
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Table 8.11. 
Numerical Values of the Clebsch-Gordan Coefficients. 


а а b | В | Cenis | а а b | 8 chg 
0 0.577350 
1/2 45 0.707107 —0.516398 
— 0.258199 
1 1/V3 0.577350 9.447214 
1 —17/ —0.577350 0.365448 
3/2 1/2 0.500000 
32 185 —0.500000 0.534522 
—0.487950 
2 1/№5 0.447214 0 248218 
2 1/5 --0.447214 0 438436 
0.447214 ` 
: ne | ae Bees 
5/2 ijv2-3 0.408248 —0.377964 
5/2 --0.408248 
5/2 0.408248 
3 0.377964 
3 —0.377964 
3 0.377964 
3 —0.377964 


4 1.000000 
1 1.000000 
ИГ 0.707107 


1.000000 

1/2 | 12 | 12 | 12 М2 0.707107 
НБЈ 0.707107 

0 0.000000 


12 | 12 | 0 0 1 1.000000 1 0 0 

1 1 1/2 | —1/2 V2j3 0.816497 3/2 | 32 | 12 | —1 КЕ 0.866025 
1210 [аз] y| — ма —0.577350 M 1/2 | 12 | 12 me _ —0.500000 
з2 | 32 | 1 |— ЦУ2 олоно | 3 | 12 | 12 | —12 — 0.707107 
3/2 | 12 | 1 0 13 0.577350 3/2 | 32 | 32 | —1/2 V3j2-5 0.547723 
32 42] 1 | NUETE) 0.408248 3/2 | 3/2 | 3/2 | —3/2 3/(2V5 ) 0.670820 
2 2 | 32 |—32 9275 0.632456 | 32 ½% 32 | 12| —V25 —0.632456 
2 |a | 32 |—уг] —уз25 —0.547723 | 32 | 12 | 32 —½; —1QV5) | —0.223607 
2 |a | 32 | —з2 1/¥2-5 0.316228 2 аа |-1 МЕТЕ 0.774597 
2 0 3/2 1/2 17 0.447214 2 1 1 0 — V2.5 —0.547723 
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a a b | B | cist | а a b | 8 | сз? 
2 1 1 21 V2 5 0.547723 a2 | 3/2 | 1 0 ҮЗ / 0.774597 
2 0 1 1 102 5 0.316228 32 | 32 | 1 1—1 v2 [V5 0.632456 
2 0 1 0 | _Уф — 0.632456 32 | 12 | 1 1 | —V2/v5 —0.632456 
2 2 2 Е 1/05 0.447214 32 | 12 | 4 0 13-5 _ 0.258199 
2 2 2 |—2 V35 0.632456 32 | 12 | 1 1-4 202 [3-5 0.730297 
2 1 2 0 |--У3/2.5 —0.547723 2 2 12 |-12| 2/v5 0.894427 
2 1 2 |—1 | -4/у2:5 —0.316228 2 1 4/2 | 12 | -а4уу5 --0.447214 
2 |0 | 2 0j 0 0.000000 ү > 1 | 12 lal y 0.774597 
52 | 52 | 3/2 | —3/2| av? 0.707107 | 2 0 1/2 1/2 | —Y2 / Y5 --0.632456 
5/2 | 32 | 3/2 | —12| —V3j2-5 —0.547723 2 2 32 |421 УМЕ 0.632456 
5/2 | 3/2 | 3/2 | —3/2| 1/5 0.447214 | > 2 32 |—32| УМ 0.632456 
52 | 12 | 32 | 12| УЗЇ@$) | 038795 |» % 4½ уу 0.632456 
5 | 12 | 3/2 | —1/2| —У3/2:5 —0.547723 | 2 1 32 |—i12| 0 0.000000 
52 | 12 | 3/2 | —3/2| 1/(2V5) 0.223607 | 2 4 32 |—3/2 | У2)У5 0.632456 
52 | 5/2 | 52|-32| а/Т 0.377964 | 2 | 9 | 32 | 32| 1№ 0.447214 
52 | 5,2 | 52|-52| У5//2:7 0.597644 | 2 | 9 | 32] 12| —1N5 —0.447214 
5/2 | 32 | 5/2 | —12| —2У2//5:7 | —0.478091 52 5/½ 1 1-4 v2 [Уз 0.816497 
52 | 3/2 | 5/2 | —3/2| —3/V2-5-7 —0.358569 5/2 | 32 | 1 0 |—2jv3:5 —0.516398 
52 | 42 | 52 | 1/2] 35-7 0.507093 52 | 32 | 1 |-4 У /У5 0.632456 
52 | 1/2 | 52 |—1/2| 1/У2.5-7 0.119523 52 | 1/2 | 1 1 4/У3.5 0.258199 
и à dr | us n 0.654654 52 | 12 | 1 0 |—Vv2/v5 —0.632456 
з | 2 | 2 |- | ул —0.534522 | 52 | У 1 1—1 | 15 0.447214 
3 2 |2 —2 ТМ 0.377964 | 52 | 52 | 2 —1 v2 /У7 0.534522 
3 1 2 0 2 55 7 0.414039 52 5/ 2 |—2 2У2/ҰҘ.7 0.617213 
3 1 2 |-1 |-2У2/У5:7 | —0.478091 5/2 | 32 | 2 0 |—2у3//5-7 | —0.585540 
3 1 2 |—2 4/¥5-7 0.169031 5/2 | 32 | 2 |-4 |—V2/V3-5-7 | —0.138013 
3 0 2 1 | —03/5-7 --0.292770 52 | 3/2 2 |—2 4V2/V3-5-7| 0.552052 
3 0 2 0 3/У5-7 0.507093 52 | 12 | 2 4 3/У5.7 0.507093 
з | 3 | 3 |-2| v3/(2v7) 0.327327 | 92 ½% | 2 | 0 |-У2У5-7 |--0.239046 
з | 3 | 3 |-3 | 3/(2v7) о.зввит | 22 | 12| 2 1—1 |-У5М3:7 | —0.487950 
з |2 | 3 |= | —v5/(ev7) | —0.420577 | % | |2 |-2 25-7 0.338062 
3 2 з | —2 | 4/7 —0.377964 3 3 32 |—a2| 2/7 0.155929 
3 1 3 0 v3 /V2-7 0.462910 3 2 32 | —4/2 | У VT —0.534522 
лч Кл л ол к ена 
| 4/2} 2/57 0.338062 
3 1 3/2 |—1/2| —2V3/[V5-7 | —0.585540 
e jajb | 8 cay 3 1 | 32 |-32| 2/57 0.338062 
3 9 32 | 3/2 | —1/У5-7 —0.169031 
1 1 1/2 12] 1 1.000000 3 0 32 | 12| 3/57 0.507093 
ibo L2] ммт | | | | № ee МЕТ | ов 
! 3 3 5/2 | —5/2 У5 /У2:7 0.597614 
32 | 32 | 0 0 1 1.000000 3 2 5/2 |—1/2 | УЗ [VT —0.534522 
32 | 12 | 9 0 4 1.000000 3 2 52 |—321 «м5 -202318218 
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3 2 Ү5/У3:7 0.487950 · | 52. V2-5/V3-1 0. 690066 
311 ГҮЛ 3/7 9.507003 | 5/244 % | 3/2 —32 0-7 0.597614 
з |1 12} —1V3-3-7 | —o.09590 | 52. | 32 | a2 12| —2V2/V3-7 617213 
з ја —8 | 07025355 | --0.48%46 | 52 | 32 | ap —4½ | 1N32-37 0.154303 
з ја —5/2 | 1/27 0.267284 "| 52 | 32 | 32 |32 | УЗУ? 0.654654 
3 0 --У2:3/Ү5-7 | —0.414039 5/2 | 12 | 32 | 32| а/ут 0,377964 
3 0 2/4571 0.338062 52 | 4/2 | 32 | 42 5/2 3-7) | —0,545545 
— -| ma} 4/2 | 32 |—12| / 7 0267261 
| сав 5/2. | 12 | 32 |-32 | 3/2У7) 0,566947 
Г 52 | 5/2 | 521-421 5/2 F) 0,422577 
A |е : 1.000000 5% sp | s2 2| УБМЕЛ | 0.597614 
1 | d. 7. 0.707107 % | 52 | sp 52 | 5020377) 0.545545 
|1 {12-3 0-408288 » | s» | 32 | 52 | af / v) | ~0,566947 
1 | 0 V3 0.816497: ⁴ sp | зе | sizi taap | «МТ. 0.377984 
) 2 | 2 = У3:7 Е 
4 3% | iz % fe | emen ||| 2 42 de | suus 
32 | 12 | 12 | 18| vip 0.866025 | 5/2 | 1/2 | 52 —1½ | 2/7377 —0.436436 
3/2 | 12 | 12 |-12 | 1/2 9400 {з із [4 L4 VENT 0,845154 
32 | 3/2 | 372) 12| ам 2 0.707107 23 | 2 |1 | о |—V5/3-1 | —0.487950 
32 | 32 | 32 |—12| 1/5 0.707107 |3 |2 | 1 fu У2:5//377 | 0.690066 
9 12 4 12| a 0.0000 үз | ја | 1 | 153-3. | 02828 
32 | 12 | 32 |—1/2| 1/2 0.500000 3 1 1 —2V9 [03-7 | —0.617213 
2/2 lo 0 4 1.00000 3 1 121 VN 0,534522 
2 1 0 0 1 1.000000 | 3 0 1 4 УТ 0.377964 
o 4285 «Viae SMe (hy a 10000 |з |o |a | o | М —0.654654 
ЕБЕЛЕК ЕЛІ 0.81497 | 3 із |; |4 | Ум 0.597614 
MEE zm o 0.9739 із |3 |; |.2 | % 7 0.597614 
ЖЕМЕ —0.577350 % |; |2 | о | уу lr 9.597644 
2 |{ 1 2-3 0.408248 | 3 2 |2 1 0 0.000000 
2 аа |— 1/2 0.70207 | 3 2 |2 2 / A7 0.597614 
2 |0 1 1 | —1/v2 —0.707107 | 3 4 2 1 52:7 0.462910 
2 |0 |4 |0] 0 0.000000 3 |, |, 27 0.377964 
2 2 2 0 02 МТ 0.534522 | 3 1 2 |—1 | 4/7 —0.377964 
2 |2 | 2 j~ үз IVT 0.654654 | 3 1 2 [+2 v3 /V2-7 0.462910 
2 |2 2 |-2 V2 V7 0.534522 | 3 0 2 2 | —1/V2-7 —0, 267264 
2 4 2 1 V/ —0.654654 | 3 0 2 1 V2 УТ 0.534522 
2 |a |2 | 0 [4/7 —0.267261 | 3 S j2 jo 0 0.000000 
2 1 21-1 1/V2 75 0.26761 | 3 3 3 1 ‚ У5 [У2:3.7 | 0.345033 
2 0 2 о |-У2/У7 —0.534522 | 3 3 з |—2 s/(2 ¥3-7) 01545545 
52 | 52 | 12 |-2 | 5/93 0.912871 |? |3 | 3 |-3 | М0У57) | 0.545545 
52 | 32 | 12 ½ мал —0.40848 | 3 |? |3 | 0 |05977 | 0.487950 
52 | 32 | 12 —½ У УҘ osa |3 12 13 Ізі | УТ) 9.650505 
52 | 429 A | 42 p = —0.577350 |3 Ja (3a |a | угут 0.534522 
52 | 4/2 | 12 |—уг 1/У2 0.707107 | 
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| 
вв Е. cii | „ сыр 
SED | 
3 1 3 0 1/V2-3 1 0.154303 | 52 | 3/2 | 2 o |—1/V3:573 | —0.119523 
3 1 з |—1 | —V3/(2 V7) —0.327327 | 52 | 32 | 2 |- У2:3/У5:7 0.414039 
3 0 3 0 23.7 0.436436 5/2 | am 2 |-> 3V3/¥2-5-7| 0.621059 
42 2 2 ¥3 /V2-7 0.462910 
12 | 2 1 | —V2-3/¥5-7 | —0.414039 
4/2 | 2 о |-2У2/У5:7 | —0.478091 
| 12} 2 |—i 0 0.000000 
d eet A m vies 52 | 42 2 1-2 3У3/У2:5:7| 0.621059 
32] 32 | 4 0 У25 0.632456 
32 | 32 | 1 |—1 1/У2-5 0.316228 3 3 12 —1⁰ 2 УУТ 0.925820 
32 | 12 | 1 1 9575 0.774597 3 2 | 12 | 12| —0.377964 
32 | 12 | 1 0 ҮЗІ5 0.774597 3 2 12 / | УЛ 0.845154 
3/2 | 4/2 } 1 1—1 У3]2 -5 0.547723 3 1 1/2 1/2 | —V2/7 — 0.534522 
2 2 12 | 4/2) 1 1.000000 3 1 12 1—1/2.| 27 0.755929 
2 2 1/2 |—12| (ҰБ 0.447214 3 0 4/2 | 4/2 | --V3/7 —0.654654 
i : 12 > a 2. з 3 | 32 — va-5(2v7)| 0.731925 
2 0 5 E vis 0 774597 : 3 32 |—32 | 3/2 Ут) бошу 
; ` 3 2 3/2 | 12| —У5 /v2-7 —0.597614 
2 2 3/2 12| 2/Vv7 0.755929 3 2 32 |—12 | 10277 0.267261 
2 2 | 32 |—12 | 4У5-7 0.676123 | 3 2 | 32 |—32 | УМ 0.654654 
2 | 2 |32|-32| У2-3/У5-7 0.414039 3 4 3/2 | 32| v3/(2Vv7) 0.327327 
2 |1 | 32| 32| —зл —0.654654 | 3 1 32 | 421|-УТ/2У5) | —0.591608 
2 1 a2 | 12| 15-7 0.169031 3 1 32 |—12| —4/v2-5-7 | —0.119523 
2 |1 | 32 |—1/2| Ұ5/У2.7 0.597614 | 3 1 | 32|-32| 3V3/V2-5-7| 0.621059 
2 1 32 |—32 | 3V3/V2-5.7| 0.621059 3 о |a2| 32| 3/У5-7 0.507093 
2 0 3/2 | 3/2 | —3У2/У5-7 | —0.717137 3 0 32 | 4/2 | —V2.-3/V5-7 | —0.414039 
2 о 32 12| —3/75-7 —0.292770 

52 | 52 | о б : 4000050 3 3 52 — 7/2 Ұ5/У3-7 0.487950 
5/2 32 0 0 1 1.000000 3 3 5/2 | —3/2 2У2/Ұ3-7 0.617213 
5/2 | 12 | 0 0 1 1.000000 3 3 5/2 |—5/2| / 37 0.487950 
52 | 52 | 1 0 УП 0.845154 3 2 5/2 | 42|--У5/У2:7 | —0.597614 
52 | 52 | 4 |- У 0.534522 | 3 2 | 52 —½ | —1/№2-7 —0.267261 
52 | 32 | 4 1 |097 0.534522 3 2 5/2 | —3/2 1/2 -7 0.267261 
521032114 0 3/5 0.507093 3 2 52 |—5/2 | Vv5%/ 27 0.597614 
52 | 32 | 1 |— 41577 0.676123 3 1 5/2 | 32| У 0.534522 
52 | 12 | 1 1 |—4№7 —0.676123 | 3 1 5/2 | 1 2|-—1/V5-7 —0.169031 
52 | 12 | 1 0 1/У5-7 0.169031 3 1 | 5/2 |—12| —2V2/V5-T | —0.478091 
52 | 12 | 1 |- 3V2/V5-7 0.747137 3 1 9/2 | —3/2 | —1/V5-7 —0.169031 
— 3 1 52|-52| Var 0.534522 
52| 52 | 2 0 V5 /V2-7 0.597614 3 б sp | 52 | // 7 | —0.345033 
52| 52 | 2 |—1 үке 0.654654 3 0 52 | 3 2 VINIS | 0.483046 

52 | 52] 2 |—2 3/V2-7 0.462910 Vu piece 
| 3/2 | 2 1 | УЗ —0.654654 Ы j лалы, 
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a a b В | Ci | а а b | 8 | сын 
32 | 3/2 | 32 | 3/21 1 1.000000 |. 5/2 | 3/2| 5/2 | 3/2} —2/3 —0.666667 
32 | 3/2 | 3/2 | ар! 1/2 0.707407 |: 5/2 32 | 5/2 | .$/2| —1/(2V3) —0.288675 
3/2 | 32 | 32|--4/2| 1№ 0.447244 { 5/2 | 32| 52 —/2 1/V2-3.5 0.182574 
3/2 | 3/2 | 3/2 |—32| 1/(2V3) 0.223607 | · 5/2 32 | 5/2 | —s2| 7/23 v5) 0:521749 
32 | 1½ 32 | 12| УЗ)У5 0.774597 | 5/2 12] 5/2 172 —2/\3.5 —01516398 
32 | 12 | 32 |—1/2| 3/(2У5) 0.670820 |. 5/2 12| 5/2 | —4/2| —2/(3¥5) --0.298142 
2 2 1 1 1 1.000000 | 3 з 0 0 1 1.000000 
2 2 1 /3 57735 3 2 0 0 1 1. 
0 1v3 0.577350 3 1 0 0 { 1) 
2 2 1 |-4 43.5 _ 0.258199 | 3 0 0 0 1 1.000000 
2 1 1 v2 /У3 . 
! 2! 2. 0.816497 | 3 3 1 0 V3 0.866025 
2 1 1 0 2V2/V3-5 0.730297 | 3 3 1 |—1 |. 42 0.500000 
2 1 1 —1 1/5 0.447214 | 3 2 1 11—12 —0.500000 
2 [о |1 1 | УМ 0.632456 | 3 2 ја о | 1№ 0.577350 
2 0 4 о | v3jv& 0.774597 | 3 2 4 |- У5 /(2 V3) 0.845497 
_ 3 1 1 15d V3 —0.645497 
2 2 2 1 1/2 0.707107 |. 5/43) 
| 3 4 ја 0 4/(2 УЗ) 0.288675 
2 2 2 0 17 0.707107 „„ 
__ 3 4 1 |- ИЙ 0.707107 
2 2 2 1 У3/У275 0.547723 иа 
— 3 о ја 4 | —1/v2 --0.107107 
2 |2 | 2 2 | ам 0.316228 | 3 0 |1 0| 0 0.000000 
2 [1 |2 | 14] 0 0.000000 | 
2 Ja |2 0 ae 0.472413 | 3 | 2 | 0 | 5/23) ne 
2 |+ | 2 |- | УМ 6.632456 | 3 з |2 = | У5/2У3) 0.645497 
2 0 2 0 | о 0.000000 | 3 3 | 2 |—2 1У2:3 0.408248 
52 | 52 | 12 | 121 1 1.00000 3 2 12 | 1175/0) | 7009000 
32 | 52 | 12 |—12] 173 0.405248 | 3 212 |- | 12 0. 
5/2 | 32 | 12 | 22| Ve W273 0.912871 | 3 2 |2 |— УЗ 0.577350 
52 | 3/2 | 4/2 |—1m2| 1/3 0.577350 | 3 4 2 2 4/23 0.408248 
52 | 4/2 | 12 | 12| У УҘ 0.816497 | 3 1 | 2 1 | —1/2 —0.500000 
32 | 12 | 12 |—2] 1½ T 0.707107 | 3 1 | 2 0 |—Va/(2V5) | —0-387298 
„ „ із | — 3 5 0.182574 
52 | 52 | 32 ½ У5/(2У2) 0.790569 3 ! И ; 2 65 5 0.052456 
52 | 52 | 3/2 ⁴—½ У5/(2У3) 0.645497 | . 412 2 " d 0.977350 
52 | 52 | 3/2 |--3/2| 1/(2V2) 0.353553 37 | 
- , i 3 0 2 а 1/235 —0.182574 
5/2 | 3/2 | 3/2 | 32|—V3/(2V2) —0.612372 | , 0 2 о | —2N3-8 —0.516398 
52 | 32 | 32 ½ i/(2V3) 0.288675 | 
52 | 3/2 | 3/2 |—12| 7/(2vz-3-5) | 0.639010] 3 з |3 0 1/v2-3 0.408248 
52 | 3/2 | 3/2 |—3/2| У3/М2-5 0.547723 | 3 3 3 |- КЕЗ 0.597350 
32 | 12 | 3/2 | 32|—1/V2 —0.707107 | 3 з | 3 |— МҰЗ 0.597350 
5/2 | 12 | 32 | 4/2|—1/(2 v35) —0.129099 | 3 3 з |—3 4/У2:3 0.408248 
5/2 | 12 | 322 |—12| а/5 0.447214 | 3 2 |3 1 | —1/¥3 —0.517350 
5/2 | 12 | 32 |—32| 3/0У5) 0.670820 | 3 2 |3 о | —3/№2-3 —0. ама 
: =H ү: 3 2 |з |-4 0 . 
5/2 5/2 5/2 4/2 үз Кз У2) 0.527046 | 3 2 з |—2 12:3 9.600000 
5/2 | 52 | 5/2 |—12| % 2 J) 0.645497 | 3 1 3 1 Ü 0. 
52 | 5/2 | 52 |—32| 1/V3 0.577350 | 3 1 3 0 | —12-3 — 0.408248 
5/2 | 52 | 5/2 |—5/2] V5 /(2-3) 0.372678 | 3 1 з |—1 |-4/Уу2:3 — 0.408248 
3 9 8 9 9 0.000000 
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Table 8.12. 
Numerical Values of A (abc) for + <4, b,c « 5. 


a b с ELS A (abc) a b c Екі 28 A (abc) 
A (abc) A (abe) 
12 4/2 1 V2 3 0.408248 2 5/2 5/2 |4V3-5-7 0.243975 - 10-1 
12 1 32 273 0.288675 2 52 12 |2.3У2:5.7 0.199205 - 1071 
12 32 2 2У5 0.223607 2 52 92 |2-375-7 0.281718 - 1071 
12 2 5 /2-3.5 0.182574 2 3 3 2.373-5.7 0.162650 - 10-1 
12 52 3 У2.3.7 0.154303 2 3 4 4.3У5:7 0.140859 . 1071 
42 3 7/2 202-7 0.133634 2 3 5 V2-3-5-1-11 0.208063 - 1071 
12 7/2 4 2.372 0.117851 2. 3p 12 2 0.115011 - 1071 
12 4 9/2 3У2.5 0.105409 2 72 92 |2V2.3-5-7.11 0.104031 - 1071 
12 92 5 V2.5.11 0.953463 - 1071 2 4 4 2.3У5:7.11 0.849412 - 10-2 
4 4 1 2У2:3 0.204124 2 4 5 4.3У2:5-11 0.794552.10-2 
1 4 2 У2.3.5 0.182574 2 92 92 |4-3У3:5-11 0.648749 . 1072 
1 3/2 3/2 23-5 0.129099 2 5 5 3V2-3.5.11-13 0.508921 - 10-2 
1 32 5/2 23.5 0.129099 5/2 52 3 4-3V5-7 0.140859 . 20-1 
1 2 2 22.3.5 0.912871 - 1071 52 52 4 2-3-5Ұ7 0.125988 - 10-1 
4 2 3 ¥3-5-7 0.975900 . 1071 52 5/2 5 2.3У7-11 | 0.189934 · 10-1 
1 5/2 5/2 у2:3.5.7 0.690066 - 10-1 52 3 12 |2.3.5У2:7 0.890871 - 10-2 
1 52 12 23.3.7 0.771517 - 107 52 з 92 |2-3У5:7-11 0.849412 · 1072 
1 3 3 47 0.545545 . 40-1 52 72 4 2.3V2.5-1.11 0.600625 . 10-2 
4 3 4 2.3У7 0:629944 - 10-1 52 12 5 2.3V2.5- 7-11 0.600625 - 10-2 
1 72 7) 2.3У2-7 0.445435 - 10-1 52 4 9/2 |4-3У5:7-0 0.424706 - 10-2 
і 72 392 2.3V2.5 0.527046 . 10-1 52 92 5 4.3 V5 11-13 0.311649 - 10-2 
1 4 4 4.3 v 0.372678 - 10-1 3 3 3 4.5V3-3-7 0.771517 . 1072 
1 4 5 3 V5-11 0.449467 - 1071 3 3 4 3-5У2 27-1 | 0.537215 · 10-2 
1 92 9/2 3V2.5.11 0.317824 - 1071 з 3 5 4-3 v3 7-11 0.548293 - 107? 
1 5 5 2V2-3-5-41 | 0.275241 . 10-1 з 72 72 |2.5V2.3-7.11 0.465242 · 10-2 
32 32 2 2.3V5 0.745356 - 1071 з 72 92 |2.3У2.3-5:7.41 | 0.346771 - 1072 
32 32 3 2V5-7 0.845154 · 10-1 з 4 4 4-3V2-5-7-11 0.300312 - 10-2 
32 2 5/2 2У3-5-7 0.487950 . 1071 3 4 5 2.3У5-7.11-13 0.235584 - 107? 
32 2 12 2V2-5-7 0.597614 · 10-1 з 92 9% | 4У3-5-7-11-13 0.204022 - 10-2 
32 52 3 2V2-3-5-7 0.345033 - 10-1 3 5 5 4V2.3.5-1.11-13 | 0.144265 - 1072 
3/2 52 4 2.372:7 0.445435 - 10-1 72 72 4 2.3.5У2:7-11 0.268608 - 10-2 
32 3 702 2-3V2-3-7 0.257472 - 10-1 72 12 5 2.3V2.3-7-11-13 | 0.215058- 10-2 
32 3 9p 2У2-3.5-7 0.345033 - 1071 та 4 92 |2-3У2.5.7.11.13 | 0.166583.10-2 
32 72 4 2.3У2.5-7 0.199205 - 10-1 72 92 5 2-7V2-3-5-41-13 | 0.109054. 10-2 
3/2 72 5 2V2-3-5-41 | 0.275241 - 10-1 4 4 4 3-5У2.7.11:13 0.148997 - 10-2 
32 4 92 2.3V2.5-11 0.158910 - 1071 4 4 5 4-3-7 V11- 13 0.995526 - 10-3 
32 92 5 2.3У3.5-01 0.129750 - 1071 4 92 92 |2-3-7У5:11:13 0.890426 - 10-3 
2 2 2 3V2.5.7 0.398410 - 1071 4 5 5 3-5-7V2-44-13 0.563155 . 10-3 
2 2 3 4 v5 7 0.298807 - 10-1 92 92 5 2.3.7V3-5-11-13 | 0.514088 - 10-3 
2 2 4 3V2-5-7 0.398410 . 10-1 5 5 5 8-3-7V3-11-43 0.287384 · 10-3 
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Chapter 9 


6; SYMBOLS AND THE RACAH COEFFICIENTS 


9.1. DEFINITION 


9.1.1. 6j Symbols 


The Wigner 67 symbols [110] are related to the coefficients of transformations between different coupling 
schemes of three angular momenta. The angular momenta 31, Ja, Js тау be coupled to give a resultant angular 
momentum j and its projection m in three different ways: 


I) ji 732 =Ji2, јә +јз=ј, 
П) ја +јз = јәз, JI +јаз =], 
Ш) jitis=jis, Jis+j2= J. (1) 


Let |7172(712) 232 m) denote Mies Nas уен corresponding to the coupling scheme I. These vectors are eigen- 
vectors of the operators Ji, J, J, 12,7 А 7, and may be written аз 


Аы) У) тт, Chieti, imi, Jama, Jams) . (2) 


mi mam; 


The state vectors corresponding to the coupling scheme II are eigenvectors of the operators 11,73, 2, 5, 1, J., 


Іл, Алты У) Corm amas Come im, |та, Јата тә). (3) 
mimams 


ш the state vectors corresponding to the coupling scheme III are eigenvectors of the operators j 3532,32 ; 
ў 254^ y 

bi lis) i) = У) СІН Қарға Comm, imis fama, Jams) . (4) 

тутуту 

States belonging to each coupling scheme form a complete set of states. A transition from one coupling scheme 
to another is performed by some unitary transformation which relates the states with the same total angular 
momentum j and projection m. The coefficients U of this transformation differ from the 67 symbols only 
by normalisation and, phase factors. These factors are chosen in such a way to make the 67 symbols more 
symmetric (Sec. 9.4). 
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One defines the Wigner 67 symbols | 7 A | by the relation 
з 3 


(51720712) m 51, 2223 (J23) m) = 655+ Sam U (3172325; 12223) 
= фу (—1|%+*%»+%з+7 i 1273 1 (E: A 2 у 5 
ji бтти (—1) (2712 + 1) (2723 + 1) m Ma (5) 
From Eq. (5) one may obtain |92, 64) 


(51 (12) 7 7т] 123 O13) 2) m!) = буу блем, (1) t ai U (5551338; 312713) 


= 573 Жылы (2712 + 1) (2715 +1) 15 л J12 | | (6) 


97 As 


(ја, 3253 (923) mb 23 (13) 327" m^) = бул бит - 17 1 5 U (315370 13723) 
= 551 Sm! (71)1*7*99 (23 + 1) (2323 + 1 „„ T 
77 mm'( ) (2713 X 223 ) 57 Jos (7) 
According to the definition (5) the 67 symbols may be given in terms of the Clebsch-Gordan coefficients 


H 2 м 1 . 
jm o Jamia olm Jas mas 
J12m1 27m 71тізт3 ~ )19112)237%235 ~ J2™M2IsMs 


= борби Li) ын ағ ыт) {1222}. 6) 

Неге the sum is over mi, ma, ma, ті, mas while m and m' are fixed. This relation completely determines 
absolute values and phases of the 67 symbols. The 67 symbols turn out tô be real just as the Clebsch-Gordan 
coefficients are. 

The quantum-mechanical rules of vector addition impose some restrictions on possible values of momenta 
A 2272 
BI A3). 

(a) All momenta are integer or half-integer nonnegative numbers (with one exception considered in Sec. 9.4). 

(b) Each triad (7172712), (712737), (7233723) and (723717) should satisfy the triangular condition (Eq. 8.1(1)). 
The unitarity of the recoupling transformations implies the orthogonality and normalization conditions of the 
6j symbols. 


which are arguments of the 67 symbol { 


Ys + 1) (2323 + 1) B J2 A2 } | 22 Ј12 | = брану, (9) 


FTE 31 33) |3] 2з 
А | 71 В J12 \ J J1 92 Jiz 
У (2 + 1)(223 + 1) 4 7". "27. 55 = O j ge 10 
(2% + 1) (22s + 1) i J 23 } |. 7 jas } nana (10) 


jas 
Below we shall use Latin letters a, b,c, etc., to denote arguments of the 67 symbols. 


9.1.2. Racah Coefficients 


Instead of the Wigner 67 symbols the Racah coefficients [91] are often used, especially in spectroscopy 
theory. These coefficients differ from the 67 symbols only by a phase factor: 


{ d | ; } = (-i) (abed; cf). (11) 
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The Racah coefficients were introduced independently of the 67 symbols. The phase of the Racah coefficients 
coincides with the phase of the coefficients which describe the transformation between I and II coupling schemes 


(Eq. (5)). 


9.1.8. R Symbols 


The 6) symbols and the Raceh coefficients may be written in the form of a 3x4 array N. all ($ = 1,2,3; а = 
1, 2, 3, 4) which is called the R-symbol (Shelepin [105]) 


Ra Rig Ris Rig abe | 
Rai Raz Ras Ва | = [а е ЛЕ (-1)****4** W (abed; cf), (12) 
Ез, Ву; Rss Вз; 
where 
Еі = c due, Rzg=b+d-f, Ris Sa Te- f, Rye=atb—c, 
Nazi -b T dT, Ra=cet+d-—e. Ras a- bc, Rasa e, 
Rei -а+е+], Rz abc, ss c- die, Rs = b d,. (13) 


The inverse relations are 


2a = Rig + Ra. = Rig + Ros, 
2b = Rig + RS. = Rig + Raa, 
2c = Rog + Rss = Ваз + Raa, 


24 = Ву, + Rog = Riz + Rai, 
2e = Ву + Rss = Ris + Rol, 
‹ 2f = Rai + RS. = Raa + Roi. (14) 


АП 12 elements Ё;„ are integer nonnegative numbers. The differences between corresponding elements of rows 
and columns are constant: А | 


Ria — Ека = Rig — Rep, 
Ria — Rip = Rea — Rep, 


Note the following relations: 


(i, x = 1,2,3;0, = 1,2, 3,4). (15) 


3 203 
> Ва =2(d+e+ f)-a-b—c, | У Ris = 2(a c e) - b d-, 


$z1 | ӛзі 
3 3 
Do Ва =2Ab+e+d)-a-e-f, J Ru=2(a+b+f)-c-d-e, (16) 
$=1 ізі 
> Ra = 2(a b e dre f). 


са 


One may also use the following parametrisation of the elements Ria [45]: 


Ria = Ay – Bg. (17) 
Неге A;, Ва are integer nonnegative numbers 
Ay =a+b+d+te, В: =atb+e, 
Аз=а+с+4+ f, Ваха-е-?, 
Аз =b+et+et+f, Ba =b+d+f, 


В =<+4+е, (18) 
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with 
3 4 
YA = Y Ва = 2(a b cde f). | (19) 
t=1 asl К 


The inverse relations are 


2a = А, + Аз – Вз – Ва, 2d = А, + Аз — В, – Ba, 
25 = А, + Аз — Bo - Ва, ге = А, + Аз — В; — Bs, 
2с = A2 + Аз — B5 - Bs, 2f = Ag+ Аз – В, — Ва. (20) 


The R symbols provide the simplest formulation of the symmetry properties of the 67 symbols and Racah 
coefficients. 


9.2. GENERAL EXPRESSIONS FOR THE 6; SYMBOLS. 

RELATIONS BETWEEN THE 6; SYMBOLS AND OTHER FUNCTIONS 
The 67 symbols : : р 
triangular conditions 8.1 (1). The expressions for the 67 symbols given below are valid if all these conditions 
are satisfied. Corresponding expressions for the Racah coefficients may be obtained by the use of the relations 
between these coefficients and the 67 symbols 9.1 (11). 


vanish if at least опе of the triads (abc), (cde), (ae f) and (бај) does not obey the 


9.2.1. Expressions for the 67 Symbols in Terms of Finite Sums 


In the expressions presented below the sums are over all integer nonnegative values of n so that no factorial 
in denominators has a negative argument. The quantities A(abc) are defined by Eq. 8.2(1). Numerical values 
of A(abc) are given in Table 8.12. 


ЈЕ ў } = A(abc) A (cde) A(ae f) A (bdf) 


(—1)"(n + 1)! 
А ores er CEN сүс ТЕ eee ET ES) Гули үтү и 


xX(a+c+d+f—n)'(b+ctet+f—n)! 
(Racah |91)) (1) 


By the replacement п — a +b + d + e — n one can rewrite Eq. (1) in the form 


| : р } = (-1)2***4** A (абс) A (cde) A (ae f) A (bdf) 
s (I) (a TbTdTe T1 n)! 
ni(atb—c—n)'"(-c+d+e—n)!(at+e—f—n)'(b+d—f-—n)! 
x(-at+e-—d+ft+n)'(-b+c-—e+f+n)! 
(Racah [91]) (2) 


n 
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Some other expressions for the 6) symbols which cannot be easily reduced to (1) and (2) аге |45, 50). 


abe dm A(aef)A(bdf) 
| еј } аа E A (abc) A (cde) 


- (a +5ђ + с +) (с-не + п) (а—с+4 + ] – п)! 
I= ni(a—e+f—n)'(-b+d+f—n)'(-a+b—d+et+n)'(b+c+te—f+itn)!’ 


abc]. а+с+а+у Alabe)A(baf) 
a HET ее] 


1)" b+dte—n)'(-b+ctet+f—n)i(atc+d+f+1—n)! 
За Е —b+d+f—n)i(atet+ft+1—n)'(c+d+e+1—n)!’ 


e bc } — A (abc) A (cde) A (ae f) А (бај (а + е + f + 1)! (b ＋ d + f + 1)! 
deff 


YXxay (-a+e+ftn)!(b—d+fin)"(a+c+d—f-—n)! 
x 2C ее F ny d- f nate- de f THF € 199]! 


f be ) = (пене A(abc)A (ede) A(ae f) A (bdf) (a + b + c + 1)! (b -- d + f + 1)! 
deff (a +b- с)! (с - de) d- e) lla - e f){-a+e+ 1) (5+а4 — f) 


2 (26—n)'"(b+c-—e+f—n)i"(b+ctet+tf+1-—n)! 
ee) Не 4+ { —п)!(а+5+с+1-п)! (6+ 4+ ] +1— n)! 


9.2.2. Bargmann Formula [53] 


П H (Re)! 


іші а=1 (-1)^(n + 1)! 


Пива њу | 5 Dea HI (vo)! 


В Ry Вуз Еј, 
Hj, R22 R23 R24 
Ез, R32 R33 N34 


abc|_ 
def, 


(a Tb с) (а b+ с) (-с+а4 + е) (с d- е)(-а+е + f)(b—d- f)! 


(3) 


(4) 


(5) 


(8) 


(7) 


Неге Ria are elements of the R symbol (Sec. 9.1.3), Ва are given by Eq. 9.1(18), z;, Ya are summation indices, 
n= DE 12+ Son 1 Уа. The sums are over all integer nonnegative values of z;, Ya which satisfy the conditions 
T; + Ya = Ria. These conditions show that only one of the summation indices is independent. The sum in (7) 
contains г + 1 terms where г = min (R.]. If we take the quantity n (integer nonnegative) as an independent 
summation index, then 2; = A. n, va = n Ba, А; and B, being given by Eq. 9.1(18). In this case the 


Bargmann formula (7) reduces to the Racah formula (1). 
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9.2.3. Relations Between the 67 Symbols and the Generalized Hypergeometric Functions 


The 67 symbols may be written in terms of the hypergeometric functions 473 with unit argument: 


i be ) = (—1)е+®+4+е A(abe)A(cde)A(aef)A(ddf)(a+b+d+e+1)! 
def (a -b с) (-с+ а + еј (ане f)'(b+d—f)'(-at+e—d+ f)'(—b+c—e+f)! 


—a—b+c,c—d—e,-a—e+f,-b—d+f 
ee ge асан n Ик. (Roae (30) (8) 


i. bc | (Cheer A(aef)A(bdf)(—a + b+ с) (с-а е) (а - d + f)! 
def A(abc)A(cde)(a — e + f)t(-6 + d + 1) —а T- а + е) (+ сже— ј] + 1)! 


x. F -atb+c+ic—d+et+l,-at+e-—f,b—d—f 1 (9) 
43| ~at+e-—d—f,-atb—d+et+lbtcte—f+2| |’ 


(нен ОА е ые тетет але ке уч) 
| A(aef)A(cde)(a — b + с) (—5 +а + ЛКа+е+ f + 1)t(c c d ed 1)! 


— 
& n 
~ ~ 
~ о 
—— 
| 


CCC (10) 


“Һ| CCC 


abe á А 
4.70 U +b+d+ 


T A (abc) A (cde) A(aef ) A (bdf)(a + е + f + 1)! (b-- d f r1) (ar c d— f)! 
(а+6—сј(а—ђ + с) (-—с+ а +е) lle d- еј (а+е— f)'(b+d—f)'"-a+ce—d+ 1) 2] +1)! 


~a~e+f,-b—d+f,-ate+ft+1,b—-d+f+1 
хаћ | -a-—c—d+f,-at+te—d+f+1i,2f+2 Ho (11) 


abc ote 
12 epatis 


T A (abc)A (cde) A (ae f) A(bdf) (2b)!(b + c — e + Г)! + се +] + 1)! 
(са +6 + сј (а +6— с) (с— а + е) (с+ d- еј (а—е + f)ut—a--e- f) (b--d— f)uMb—d- 7)! 


a—b-c,—b+d- f,-a-b-c-1,-b-d-f-1 
aB | -2b-b-cte-f,-b-c-e-f-1 8. (12) 


Equations (8)-(12) present Eqs. (2)-(6) in terms of the hypergeometric functions. 
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9.2.4. Relations Between the 6) Symbols and the 37т Symbols 


The 6j symbols may be written as sums of products of the Clebsch-Gordan coefficients (Eq. 9.1(8)) or 37m 
symbols. The relations between the 67 symbols and the 3j m symbols are 


abc = _1\4+е+/+6+е+е ab с ае f db f d ec 
ШЕЕ ) авт) \ає-р) \-6 Вр) \ 6-21] ` (13) 
In Eq. (13) the sum is over all possible values of a, B, J, 6, e, » with only three summation indices being 
independent. Some other sums of the 37m symbols which yield the 67 symbols will be considered in Chap. 12. 


9.2.5. Quasi-Binomial Representation of the 67 Symbols 


The 67 symbols may be written in terms of quasi-binomials [45, 99] which are defined in Sec. 8.2.2. These 
representations are widely used in tabulating the forniulas for the 67 symbols. 
Let us introduce the following definitions: 


ky Se- d, B= В = -b+d+f, FS В. = T d- р 
kg Sa- b, D = Ry = b- 4+}, E = В+ Rat RS +1=ђ-+а + ] +1. (14) 


Then the dependence of the 67 symbols on ki and kg is given by 


abe I b rz b с 
de fj а d+k, f 


(c + kz) *) BG - 5) p 71) -K gC 71) (eti) p 71) ti) 


(-1) ға that) 
(с + ki) (с - ky)!(2b ++ Е + 1) (2+1) (24 +е+ К: + 1)(2е+1) 


| | (u- ој(е-Ћа) , (15) 


The quantities u and у may ђе chosen in different ways. This depends on which equations in Sec. 9.2.1. 
are supposed to be written in a quasi-binomial form [45]. 
Equations (1) and (2) are obtained by putting 


u = (c ki) 9 (B – ka + k) pO), 


16 
о = (с – k,)O FO (Е + k + Ка) 1) . (16) 
Equation (3) is obtained, if 
и = (с + kj) BC (D + kz - k)” , (17) 
v = (e- ki) D(F + + ki) YEO), 
or 
и = (2d – с + ki) 0 DUX (F + ка + ki)”, » 
v= (2d c ky + 1) (D+ ky — КС РО), ( 
Equation (4) corresponds to 
ч = (2d + с + kj i) (B — k; + ki) EQ), 19 
v= (24 - c + k) С)ОВС ЈЕ + kot k,) C9. (19) 
Equation (5) is obtained provided 
u = (с + Ко) P(B — Ка + ki) P (D + ka — Ei) i), (20) 


о = (c— ki) (2b + с + ka + I) (24 — c + ki)”, 
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or 
u = (с + ki) (26 — с + ka) D (2d — с + Ку) 7), " 
о = (c+ ka) C FO N. (21) 

Equation (6) corresponds to 
и = DU Е) (2b + с + k; + 10), (22) 
v = (р + kz Ei) СЕ + kz T ki) H — с + ka)” , 

ог 

u = (с + Ку) 1) (25 + с + ka + 1) (2d + c + в + 1)0), (23) 


о = (с + Ко) CD (F + kz + ki) CP (E + ka + ki) СУ. 


Equation (15) for the 67 symbols is valid, if all the exponents 2k2, Ко kı and x2 ＋ К, are integer nonnegative 
numbers, i. e., if К > || > 0. If some of the exponents are negative, the corresponding quasi-power should be 
replaced in accordance with 


p^ Шоқы E (24) 


Кг ea 
p II ey pile 


9.3. INTEGRAL REPRESENTATIONS OF THE 6; SYMBOLS 
Squares of the 67 symbols may be expressed by integrals involving the characters of the representations of the 
rotation group [110] 


| ; | = gays  4Ваававус Ue (Ra)x°(Ro)x (ова) l Er. (АВА). (1) 


Here 


Xn) = Y Di,, (R) = У Di, (a, 8,7) 


is the character of the representation of rank 7 (Sec. 4.14) 


[ mare [7 а f/ an pas P fte в, 


Note also the following integral representations for some special 67 symbols 


pri M J аваавах (вајху (ааа), (2) 
abg abg abc 
ЕН eder] 
— 1722 
= ay (аватававос (Ri) xo (Ra)x/ (R) xa (R4 Na) x* (Ra Ra Ra В, Ra) x (RI R. Rs) ’ (3) 


abe ае) ав) дес 

def abe abe abc 
2d 
(1) (Гатаватанавс (Ri) xe Бандыны ыы ie ВИА ) 
4 


~ (8ла)г 
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9.4. SYMMETRIES OF THE 6) SYMBOLS AND THE RACAH COEFFICIENTS 


9.4.1. R-Symbols 

The symmetry properties of the 67 symbols and the W-coefficients may be formulated in a fairly simple 
way if these coefficients are written in terms of the R symbols (see Sec. 9.1.3). 

The value of the R symbol is invariant under any permutation of its rows or columns [105] 
Ец В Ris Ri Ra Rz Ris Ris Ria Rig Ву, Ris 
Rai R22 Ros Ra. Rei Rpa Res Rpa Raa Hog Ra R26 
Rai Ез2 Rss Еза Rn Еш Nis Ru Naa Rap Ез; R36 
In other words, any permutation of parameters А; or Ва (see Sec. 9.1.3) leaves the value of the R symbol 
unchanged. These symmetry relations involve 3! x 4! — 144 generally different Racah coefficients. 


= 


(1) 


9.4.2. 67 Symbols 


The above-mentioned symmetries of the R symbol are equivalent to the following symmetries of the 67 
symbols. 

(a) Classical Symmetries [110]: The 67 symbol is invariant under any permutation of its columns or under 
interchange of the upper and lower arguments in each of any two columns: 


абс | facbh|_fbac| bea]. |сав)| [сфа 

deff |dfejf ledff lefdjf \fdef Ie d 
_faef\l_fafe|l_Jfeaf|_ fefal [ae]. fe a 
_ |ађсј idcb| јрасј |bcd] |саь| e bd А 
dec] dee]. ] еас |_ |еса)| |сдеД| feed (2) 
_ labfj јајђј аур \bfaf (fab] ifa 

db dfb bd b d db bd 
ECT 

These relations involve 3! x 4 = 24 different 6 symbols. 


(b) Regge Symmetries [95]: The relations below are functional ones, i.e. in general they cannot be obtained 
by interchanging the 67 symbol arguments. 


abe | jJas-bs-cl. | 52—а 5 з-с 
деј) (4з-ез-)) 162 de 2 7 
= з3—а 33—5ђ с | _ | 32-4 33—е 51—] | _ | 33-481 — e 2 — 7 (8) 
зз d ss -e ff (4-авз-8841-с| Is - a si —ђ з2 —с |’ 


1 1 
а = rete f), за = 2(9+0+4+ f), „ = 5(a+b+d+e). (4) 


where 


These relations are especially useful when s; equals one of the 67 symbol arguments. Combining the Regge 
symmetries and the classical symmetries, one gets all 144 symmetry relations. 


9.4.3. Racah Coefficients 


For the Racah coefficients the symmetry relations are the following. 
(a) Classical Symmetries [91]: 


W(abed;cf)- W(deba;cf)=  W(edab;cf)2 W(bade;cf) 

W(aebd;fc)- W(dbea; ўс) =  W(bdae;fc)- W (eadb; fc) 
£1W (acf d; ђе) = ei (df са; be) ei (f dac; be) ei V cad; be) 5 
€iW (afcd; еб) = ei (de f a; eb) ei (cdaf; eb) e1W (fade; eb) (5) 
E2W (ebe f; аа) = e;W (f ebe; ad) ea (e fcb; аа) = e2W (bc је; ad) 
= e3W (cebf; da)= e3W (fec; да) = e2W (bfce; da)= ea (ec fb; da), 


вии 
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where 


є = (је. єз = (-) e! | 


(b) Regge Symmetries: 


W (abed; cf) = W(s3 — a, зз — b, зз — e, 83 — dicf) = є (а, s1 — b, 8, — e, 4; 31 — c, 8, — f) 
= €,W(s2 — 4,33 — e, 83 — b, 82 — a; 81 — f, 81 — с) = 620 (82 — a, b, e, 82 — 482 — c, 82 — f) 


= €2W(s3 — 4,31 — 6,51 — b, 83 — a; 82 — f,82 — с). 
Неге 51, 32, 33 are given by Eq. (4) and ei, 22 by Eq. (6). 


9.4.4. “Mirror” Symmetry 
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(6) 


(7) 


The formulas for the 67 symbols may be extended to include negative integer or half-integer values of 
arguments. In this case one has the following symmetry properties [45] corresponding to the replacement 


papal, 
(еее сине 
песо ае (55) em (t5 
mater [115 = оте [215] = con {у} сенен [455] 
Here 


аш-а-1, b=-b—1, etc. 


Өіл%-с-е-М фо = 2(а + 0), рз=с+а+е+ 2], фа = а+ђ+с, рь = 2(с+ f) +1 


Similarly, for the Racah coefficients one gets 


W (abed; cf) = —W (abed; cf) = W (abed; cf) = —W(abed; cf) 
= (-1)¥!*!W (abed; cf) = (-1)*:И (а ehe - i(- 1% W (abed; cf) = 1(—1)"*W (арга; cf) 


= i(—71)^*W (abed; cf) = :(—1)"*W (abad; cf) = (—1)*W (abed; c 
Here 


фу = –ђ+с—е+ј, po=-cetdtet+2f, Vs ab- c, y4—2(d« f). 


9.5. EXPLICIT FORMS OF THE 6) SYMBOLS FOR CERTAIN ARGUMENTS 
9.5.1. One of Arguments is Equal to Zero 


For the 67 symbols one obtains 


15 be | = (—1)°+°+4 бьсбеу be ) = (103 бьу бее 
деў (26 + 1)(2е+ 1)’ Oe f (26 + 1)(2¢ +1)’ 
| Oc | m (—1)°+9+е bac Sat | be } 55 (1) бај bed 

ае) (га + 1)(24+1), 40] Vla + 1)(2c + 1)' 
is b " = (1) bab öde m be | = (—1)°+®+° баебьа 

def (га + 1)(2d +1)’ d e 0 (2a + 1) (25 4-1) 


f) = (71) (abed; гў). 


(8) 


(9) 


(10) 


(11) 


(1) 
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Analogous relations for the Racah coefficients are 


TE AN аде ст) = бе 
И (0а) = Fem, #/(а0°4с/) = e == 
abd: cf = бај bed abeO: cf) = ___ phoe ___ 

W (ab0d; cf) Mar Ge 1)" fee (25+ 1)(2e + 1)’ 


А are Cab de abed: c0) = (1-6 Sae5bd 
Piao ae "Tat 1)(2d+ 1)’ а М (да + 1)(25+ 1) (2) 


In this case all other arguments are supposed to satisfy the triangular condition. 


9.5.2. One of Arguments is Equal to the Sum of Two Others 


If one of the 67 symbol arguments is equal to sum of two others from the same triad (abc), (cde), (ae f), (bdf), 
one may use the classical symmetries of the 67 symbol (Eqs. 9.4(2)) to express it in the form 


ађа+ф Б а 
| : f } = (—1)°+5+4+ W (abed; a + bf) = (-1) bd 


« (2a) (20) (a -- b + 4 + e + 1) (a- b а + e)(a-- bf d— е)\(-а+е+ f) (-5 + 4+ f)! | 


(2a + 22 + 1)! (-а- bc d t e) (at e— f) (a—e- f)! (a et {+ r A= f)(b—d- f)i(b+d+ f+)! 
(3) 


In particular, 


Р л re ee Te (25) (ге) а +b + d- e) HU -b +d +e)! у 
ML xd [бекиту та 0 


ab a+b aT TAN 
„ 1) 


(25)!(2e — 1)"(a+b+d—e)!(a—b+d+e—1)! i 
x ае ba е6 оа О Cr a al (5) 


abat+b| _ ағы (2a)!(b + e)! 
| pps (2a + 26 + 1) (—5 + e)!’ (6) 


ab a+b } » (hela — 1)!(b+ e- 1)! [RA UA e)(2a +ђ + е + ar 
(2a + 25)! (—5 + e)! (2a + 26 + 1)(-5 +e + 1) | (7) 
(orb flat b+ f+ i B 


a ba rb „ 2442 (2а) (20)! 
| i ја [(2а — /)!(2а + f + 1)!(2b— f) (26 + +1 (9) 


(10) 


| 
| 
| batb ) - (aper? (2a)! (25)! 
| 
| 


abatbl _ а42ь (2a)! (20)! 
} spp (га + 25 + 1)!’ 
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„„ (ш) 
ы -iper Li, (a >b), (12 
(at dei -C FHs (баки as 
|ы ее (а) 


9.5.8. One of Arguments is Smaller by Unity than the Sum of Two Others 


If the 67 symbol has one argument which is one less than the sum of two others from the same triad 
(abc), (cde), (aef), (bdf), one may use the classical symmetries of the 67 symbol (Eqs. 9.4.(2)) to bring it into 
the form 


TER 
de f 

= (-1)****4**2(ab(a + b) + (a + b) (] + 1) - ad(d + 1) — be(e + 1)) 
«| (га — 1) (26 —1)!"(a+b+d+e)!"(a+b—d+e-—-1)"a+b+d—e—1)"-a+e+ f)!(-6b- 4 + f) | 
(2а + 25) (a — b + а +е + I) (aT e— /)!(а— e TF) (а+е +] + 1) (2 ＋ d- f)Q(b—d-- f)'(b+d+f+1)! 


| = (-1)****4**W (abed; a + b — 17) 


(15) 
In particular 
| ? 4441) (71)****4** 2(a(a + b -- e — 1) (a +ђ + е) — ad(d + 1) — 25e) 
| (2b — 1) (2e – 1)"(a+b+d—e-1)(a-b+d+e-1)! 1% m 
(2a + 2b)!(2a + ге) (а ~b+d+e+ н ! (16) 
| : iom 1 = (-I) 2 2(b(2a + b — 1) (2a + b) — be(e + 1) — 20) ETIN ENT „ (17) 
85 uos га P ED 2(ab(a + b) + (а + 5) /(f +1) – a^(a +1) 
Қ le- 1)!(2b — 1)! 
БЕ C Қа ва FI (18) 


(га — 1) (25 — 1)! 


l; ba+b-1 
(2a — f)'(2a + f + 1)!(2b — f)!(2b + f + 118 (19) 


ET ) = (-1)2**?* 2((a + 5) (f + 1) – ab) 


a b a + 5 = (- езе 2% 2е i (20) 
atbte—-leace-l (га + 2050) (20 + 26 — 1)(2а + 2e) (20 + 26 — 1) | ` 
Some other cases are given by Eqs. (5), (7), (11). 
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9.5.4. Arguments a,b,d,e are Equal in Pairs 


If a = b and d = e or a = e and b = d, the Wigner 67 symbol may be rewritten as [56] 


E а +} - T bf | = (–1)28+% W (aabb; cf) = (—1)?**?^ W (abab; fc) 


bac 


= (—1)%+?+°+/ 0185 : V.(a, F, ö), (21) 


where с is integer, and У, (a, f,b) = V.(b, f, а). According to Eq. 9.6(6), the quantities У, satisfy the recursion 
relation 


2c+1 с 
Vera = = 1 VV, – с(2с + 1)У, – сұ 1 Ма(а -1)41- с21[45(5 + 1) +1— c?2]V..,. (22) 
Let us denote 
&=а(а+1), b=0(b+1), 2 8 (7+1) ala ＋ I) - 6+1) =  - 8-9. (23) 


Then for some special values of с the functions V, are given by 


Vola, J. b) = 1, 24 
Vi (a, Ј,5) =—2т, (25) 
У,(а, f, b) = 612 + 6z — 825, (26) 
Уз (а, J, 6) = —202° — 8012 — 16213 + 4 + $ — 325) + 80%, (27) 
Vi (a, f, b) = 70z* + 70023 + 4022[39 + 5% + 5$ — 646] 

+ 80z[9 + 64 + 6b — 1786] — 4826[27 + 44 + 45 — 225], (28) 


ужа 2 7 7 (га) (За — 1)! (20 + 26)!(—a +b + f)! 
Фа 6) МН СЕРІНІ aa b Isla bfai 


(29) 
1 
(seni) 
Ша Tox (25)!(25 — 1)! (2a + 200) (a — b + f)! 
Vo5—1(a, f, b) = (-1)17****/ 202 + f ta + IH Tb THA Tb fat bf Ij Fe аа): (30) 
1 
(+ <а+ 5) , 
(. a (2a)!(2a)!(2a + 2b + 1)!(—a + b+ f)! 
Vaala fb) Ce E aat fila ++ ав 71] (31) 
(a <b), 
Vala, 8) I- (20) (25)! (2a + 2b + 1)!(a — b + f)! (32) 


(2a — 26)!(a +b — 1) (—а +5ђ + f) (а +9 +] + 1)! ' 
(b € а). 


6j Symbols and the Racah Coefficients 303 


For special values of f one has 


ува =) = 6204 Titel. (e20) (33) 

Valad- 0,8) = EA, (ахы), (34) 

Vela, a- b + 1, 0) = 2(2b(a-- 1) — (a — b + 1)e(c + DEL (35) 
(a 2 b— 1), 


V.(a,6 — a + 1,5) = 2(2a(b + 1) + (a — b — 1) с(с + pec қ (36) 


(6>a-1), 
Ve (a, a +b — 1,5) = (—1)**! 2{(a + b)c(c + 1) – 250 Ge (37) 


V.(a, a + b, b) = (-1)% па I E (38) 
See also Eqs. (9) and (19). 


9.6. RECURSION RELATIONS 
9.6.1. Relations in Which Arguments are Changed by 1/2 


ово ов ена esd [182] 


| а b- = 
= —2e(6+d+ I- 


d-i e f 
+[(@+6—е+1)(а-6+ ‹)(-с+а+е+1)(е-а+е)}3 [а : PE А (1) 
(а-%-4-е)(а-%-с-1)(с-4-е-1)|2 15 i} 
a-i b c~} 
e ebe eee Dee ren | | 

d e-i f 

a b-ic-i 
ИКЕ : р | (2) 


тажа (еве De- ауаға + [ot " 
28-5 


a+ с 
= [(c+d—e)(c—dtet+i(atet+f+2)(b+d—- Д | 
d-i eti f 


ағ%%-і с 
мевае ot] | (3) 
а 
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(24+ 1)(2f + 1)[(at+b+e+1)(a—b+e)]? {4 : Я 


а- і 5 с- і 
bee ede edente teu 3 | 

a-i b c-i 
seater ee Dci Feet Ленана} | 

а-геу-і 


a-ibc-i 
denen Dezet bedeute. | 


4+%е]-% 
+((-ate+ftij(ate—f\(btd+ft2)(—b+d+ ft (-c+d+e+i(e—d+e)]? 
a-lbc-l 
x . (4) 
d+ihe f+} 


9.6.2. Relations in Which Arguments are Changed by 1 


(2c + 1){2[a(a+ 1)d(d + 1) + b(b + 1)e(e + 1) — c(c + 1)/(f + I) 
—[e(a + 1) +b(b + 1) — cle + 1)][d(d + 1) + e(e + 1) — c(c + 1)]) { 1 И ; } 
= —с[(&+6+с+ 2)(-a- bc I) (a- b c 1)(a b с) 


dN e + c42)(-d- ec с + 1)(4–е + с + 1)(4+ е c) $ b 1) 


de f 
—(c+1)[(a+b+e4+1)(—a+b+c)(a-—b+c}(a+b-—c+1) 
rene DEAN f ee 5 (55). (5) 


In particular 


б Case U- 290 1) e 2/( +1) ce 1 [557] 


= (c + 1)[(2a + c + 2)(2a — c)(2b + c + 2)(25 — с)|% T 41) 


+e[(2a + с + 1)(2a — c + 1)(2b + с + 1)(25 — с + 1)]* T % 7) (6) 


(2c + 1) (lala + 1) ++ 1) -e P = зари - ele 2/0 {5 i 7 
=c(a+b+e+2)(-a+b+e+1)(a-b+e+1)(a+b- c) {5 b n 


e ME санада b+ -e Н ғи; (7) 
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9.7. GENERATING FUNCTION 
The 67 symbols turn out to be the coefficients of a power series expansion of the generating function f (a) 
[53], which depends on 12 variables па (i = 1, 2, 3; а = 1, 2, 3, 4), 


Е «ex Пе =] = DW (Ria) % H Hex 0) 


іші алі a=li=1 Ria $=1 а=1 
The exponents Ria are elements of the R symbol. The relation between R;a and arguments a, ö, c, etc. is given 
by Eqs. 9.1(13)-9.1(14). The normalization factors М are 


N(Ria) = |F] , (2) 


where B, are given by Eqs. 9.1(18). 


9.8. SUMS INVOLVING THE 67 SYMBOLS 

In this section only the most important sums involving products of the 67 symbols are presented. We shall 
use the notation {abc} for the symbol which is equal to 1 if a,b,c satisfy the triangular conditions 8.1(1) and is 
zero otherwise. In the equations below the sum is over all possible values (integer or half-integer) of X which 
obey all triangular conditions. 


Deren MESE (1) 
Liye ext y (% | = вауба +1 +1), (2) 
Ун) ее, » 
У ПАСА [ate] ЕТІ 0 
оная. s 


аи РАИ () 


(R=a+b+ct+d+e+f+pt+q+r) 


— Раз 
abX сах FX R X14 —n -pb 
% // № 
% аеа- 
Centrex eg (133 cix (ipn А), “л 
= сар еј 4 ghr bas ME ET х 


(T=atb+ctdtet+ftgth+ptqtrts). (8) 
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Many other sums, involving the 6) symbols as well as the 37m symbols and the 97 symbols, will be given in 
Chap. 12. 
9.9. ASYMPTOTICS OF THE 6; SYMBOLS FOR LARGE ANGULAR MOMENTA 

9.9.1. Asymptotic Relations Between the 67 Symbols and the Clebsch-Gordan Coefficients 


ИВ» 1 and a,b,c etc. are arbitrary, one gets the following asymptotic relation 


l a b c | (ih 


d+Re+Rf+Rf~ 2В(2с+ 1) % (0 


where a = f- e, 6 =d- , = d e. 
For the 67 symbols and the 3jm symbols this relation assumes the form [47] 


a b c (—1)otbte+2(d+e+J) а b с 
PME в VaR (.*, а): 


The asymptotic relation between (һе R symbols which correspond to the 67 symbols and the Clebsch-Gordan 
coefficients is written as 


(2) 


-cCtdket2R b+d-f а-е-) actb-c 
—b+d+f+2R с+а-е a- bc а-е+ } 
—а+е+ {+28 -а-%8-с c- dre b-—dif 
-atb+c a- be actb-c 
at+e—f b-d+f с+а-е 
а-ек) btd—f с-а+е 


(—1)%+®+°+2(4+е+/) 


УЂЕ 


~ 


(3) 


In particular, when d = e = f = 0 one obtains |60) 
abe (-1)¢ co 
fd — О0о. 4 
(яла) V2R(2e +1) ^'^ (4) 


9.9.2. Asymptotic Expressions for the 67 Symbols 


The asymptotic behaviour of the 67 symbols { 1 Á р ) for large angular momenta is closely associated with 


geometric properties of the tetrahedron whose edges are a + lb + i, etc. (Fig. 9.1). 


Fig. 9.1. The tetrahedron associated with asymptotic behaviour of the 67 symbols. 
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(aj The Ponzano-Regge Formula [89] (semiclassical approximation to the 67 symbols): If a, b, c, d, e, f > 1, 
then 


MIEL AF 2 
— леди + 7 „ (V? >0). (5) 
Бе M Fran 
Here 
| 1 5 1 А 1 
йз 4 f 2, йз b 2, 714 , 
у 1 . 1 Я 1 
J23 = f + 2 . ez, 4 4d , (6) 


Ak JJ ж = 0. 
V is the volume of the tetrahedron, Ө; is the angle between two external normals to the planes adjacent 


to the edge дк. 
The tetrahedron volume is equal to 


? 234 24 2 1 
1 234 0 914 213 1 


у? = 363. 0 351]. (7) 
3)? |724 Ла 12 
2600 E 15, 5 0 1 
111 10 
The angles O. are given by 4 
S; S, sin O;k = 2 U hie, (iz К). (8) 


Неге S; is the area of the triangle opposite to the vertex p; (Fig. 9.1). One can evaluate 5;, using the standard 
formulas. For example, 


0 712 Л 1 
2 1 s. $ А А Р % . * . . . . 712 0 1% 1 
бүл Те (712 + As + 14) (712 + 13 J14) (712 — лз + Z4) 7712 + 13 + jia) = 16 7 % 0 1 9) 
213 ЛА 
1 1 10 


The asymptotic expressions (5) are valid only if V? > 0 (classically allowed domain). If V? « 0 (classically 
forbidden domain, when an associated tetrahedron does not exist), the asymptotic expression becomes 


4 
abc 1 . 
cos Фехр { - Im ©; „ (V <0), 10 
P У] PL eee E (19) 
where 


= » (» " 3 Веб». (11) 


In this case the 67 symbols are exponentially small even if the triangular condition is satisfied. 
Near the classical domain boundary, where V? e 0, Eqs. (5), (10) are of little use, although опе may use 
the improved expressions [89] 


| ; f ) sli (П я) {cos ФА (2) + sin ®Bi(z)}, (12) 
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Ai(z) and Bi(z) being the Airy functions [27], 


-1 
- (зу) ( ЇЇ 5) if V? > 0, 
$21 


2 = : -4 (13) 
(3|V|)? (4 II в) НУ? <0. 
t=1 
Note that the Ponzano-Regge approximation is sufficiently accurate even at comparatively small angular mo- 
menta a,b,c etc. Asymptotic expressions similar to (12) but extended over the entire domain of angular 


momenta are obtained in Ref. [140]. 
(b) The Edmonds’ Formula [16]: If f, m, п are arbitrary integers or half-integers and a,b,c > f, m, n, then 


a b c (-) aer tm at е 
us а+п s} Mar Df 09: (14) 


where dh (8) is the rotation matrix (Chap. 4), Ө is an angle between the tetrahedron edges а + п + 1 and 


b+ т + (Fig. 9.2) 
cs o = 2+ +b(b+ 1) – с(е+1) (18) 
2 /a(a + 1)b(b + 1) 


Fig. 9.2. The angle O which enters Eq. 9.9(14). 


In particular, if т = n = O, a, b, c Ж f and f is an arbitrary integer, then (14) turns into the Racah formula 


[93], 
abc (-1)+5+е+7 
{ baf } У Va + 12 + 1) Руме) (16) 


where Ру is the Legendre polynomial. If, in addition, f is large (a, ö, c > f > 1), one can substitute into (16) 
asymptotic expressions for the Legendre polynomials to obtain 


j 
abc _q)\atbtets 4 1 ook 
|; а HET итне Есе 1)2541)2/% У sis [(7+ У E a ; (17) 
This expression may also be written in the form (cf. Eq. (5)) 
Irrer 
барје m 19-1. a) 


where the tetrahedron volume is given by 


у = (2+1) (++) (7+5) sine. (19) 
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(c) If a,b,c, d, e, f > 1, m, n, p one has 


abc a b c e(V?) 
4% Lien t 72e A cos (moi + n95 + рӨз). (20) 


where V is the tetrahedron volume (7) 


1, #У?>0, 
eus { о, НУ? <0, (21) 


Ө; is the angle between two external normals to the planes adjacent to the edge l; + i (Fig. 9.3), with 
п = 4,1 = e, 13 = f. The angles Ө; can be evaluated from 
РА 6, ES cos Pik cos Pil — COS Pki ( 2 2) 
SIN (ik sin Ой 


where combinations $, К, аге obtained by cyclic permutations of 1,2,3. 


Fig. 9.3. Geometrical interpretation of the angles in Eqs. 9.9(20)-9.9(23). 
In Eq. (22) pix = фы is the angle between the edges |; + 3 and lj + 1 of the tetrahedron (Fig. 9.3) 


cos фк = 2 F iji +1) ; (23) 


with i #k Aland 31 = а, 32 = 6,3 = с. 
(d) In particular, for m = n = p = 0 Eq. (20) yields the Wigner formula [43] 


2 
abc e(v?) 
5. мау, (a, b, c, d, e, f > 1). (24) 
This formula is valid only on the average because the 67 symbols oscillate rapidly with momentum variations 
in the region of large angular momenta. 

(e) If a, b, c, etc. are fixed and А — оо, one has [89] 


p b+R Rene (шенеді e+ Лета dm $esa(erfotesg 
de R f R (2+6 с) (ане – 7) {-с+а+ е)! (6+4 – f)! 


nm [1+0 )]- (25) 
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In this case 


p=atd+min {b+e,c+ f), 


. Ее if 4 2 0, (26) 
"ERES Ne GP p< Oy 


9.10. RELATIONS BETWEEN THE WIGNER 6; SYMBOLS AND 
ANALOGOUS FUNCTIONS OF OTHER AUTHORS 


Racah [91]: 


W (abed; cf) = (-1)****4** | : џ | ‚ 


Jahn [73]: А 
U (abed;cf) = |(2c + 1)(2f + 1)]*W (abed;cf), 
Biedenharn, Blatt and Rose [56]: 


Z(abed;cf) = 17?***7 (2a + 1) (25+ 1) (2d + 1)(2e + 1)]3 C (ated; cf). 


9.11. TABLES OF ALGEBRAIC EXPRESSIONS FOR THE 6; SYMBOLS 


ae d with d = 3, 1, 2,2, 3, 3, 3, 4 are presented in Tables 9.1-9.8. 


Algebraic expressions for the 67 symbols { de 


We use the following notations 


s=a+b+c 
= ala + 1) + 9(5 + 1) + с(с + 1). 
The tables of algebraic formulas for the 67 symbols and Racah coefficients are also given in Refs. (3, 45, 
56]. 
9.12. NUMERICAL VALUES OF THE 6; SYMBOLS 


Numerical values of the 6) symbols | | р | with a,b,c,d,e, f € 3 are presented in Tables 9.9-9.11. These 


values are given exactly (i. e., as square roots of rational fractions) and in decimals. All arguments a, b, c, d, e, f 
are supposed to differ from zero. Otherwise one should use Eqs. 9.5(1). Arguments of the 67 symbols given in 
Tables 9.9-9.11 satisfy the following conditions: 


Table 9.9. 1. a, ö, d, e аге half-integers; c, f are integers. 
2. а 2 b, d, e and с > f. 
3. If a = b, then d > e; Ис = f, then b 2 е. 
Table 9.10. 1. a, Б, с are integers; d, e, f are half-integers. 
2.a2b2c. 
3. Ка = b, then d > e; if b = c, then e f. 
Table 9.11. 1. All arguments a,b, c, d, e, f are integers. 
2. a> b, c, d, e, f; bd Z c, e, f. 


3. Ка = b, then d > e; if b = c, then e > f; На = d, then с> f. 
Any 6) symbol can be written in one of these forms by using the classical symmetries (Sec. 9.4.2). 


к. 
— 
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Tables 9.1.—9.8. Algebraic Expressions for the 67 Symbols. 


Table 9.1. 
a b c 
s e | 
7 е==с-+-1[2 | nm, 
d (s + 2) (s — 2a + 1) 5 Sif ( 2e L 1 ( — 20% Y 
bti} (0 U ҮЛЕ. c) Lar 00+ e РЕ! 
| (--22)(6-255-4) Ws WAP _(s+4)(s— 20) Y 
b— 1/2 (—0 tbe Sr) (—1) DER 
Table 9.2. 
а b c 
1527 
1 е=с +1 


әй (s + 2) (s +3) (s — 2a + 1) (s — 2a + 2) ГА 
6+1 sen НОВ | 


а + Gagne nee ћ 
b (-1) b (26 + 1) (b F 1) (2с + 1) (e + 1) (2c 223 
(s — 2с — 1) (s — 2с) (s — 2b + 1) (s — 2b + 2) J½ 
Е г Al Boneh wrest | 
Í е=с 
V eee " 
b+4 u S LGB 1) (63-1) ЕЯ 
1 х 
b E E 1) (Б-Е1) e Qe 1) 6 07^ 
LAT +1) (s — 2c) (s — 2b + 1) (s — 22) ТА 
b—1 (—1) ЕЕ) exe] 
f еш-с--1 


SCA (s — 2с + 1) (s — 2c + 2) (s — 2b — 1) (s — 2b) YA 
5--1 c1) 21 (26 + 1) (6-F 1) (26 + 3) (2с — 1) c (2 + 1) 


poe тала ue 7 
b (55972 F 88 -er | 
"ES s (s + 1) (s — 2a — 1) (s — га) Ma 
b—1 (2-4) т | 
Table 9.3. 
а be 
1% / 
Í e =c + 3/2 
T пен | {s + 2) (s + 3) (s +4) (s — 2a + 1) (s — 2a + 2) (s — 2a + 3) |" 
77 | Q8 471) (26 F 2) (26 F 3) (29-2) (бе + 1) (24-2) (26 + 3) Ge + 4) 


ds : [eia (s +3) (s — 2c) (s — 2b + 1) dog e npe 
| (—1)" | "3b ОБ 1) (26 + 2) (26 + 3) (2c +1) (2c + 2) c 4-3) 2c 4- 4) 


qa [13 @ + 2) (в — 2e — 1) (5 — 2e) (s — 2b + 1) (в — 2b + 2) (s — 2a + 1) ТЬ 

(—1) [ (26 — 1) 2b (25 F 1) 26 + 2) (2e 4-1) 2c + 2) (2 2-3) (9-4) ” 
m „Ee — 2) (s — 2e — 1) (5 — 2c) (в — 2b + 1) созар 

SR (—1) [ (26 — 2) (26 — 1) 2b (26 - 1) (2c F 1) (2c + 2) (26 4- 3) 2c F 4) 
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Table 9.3. (Cont.) 


РА | е=с + 1/2 


Р 3 (= + 2) (s + 3) (s — 2с + 1) (s — 25) (s — 2a + 1) (s — 2a + 2) Ps 
5--3/2 (—1) [ (264-1) (25 F 2) (2b ＋ 3) (2b £ 4) Ze 2c 4- 1) (2c + 2) 2c +3) ] 
г 4 (s 4- 2) (s — 2a + 1) Th 
b+ 1/2 (—4) (3X — zbe) | (26 + 1) (2b 4-2) (25 F 3) 2с (2с + 1) Qe 3-2) Qc 3) | 
(s — 2c) (s — 2b + 1) ћ 
b= 1/2 (= X T2005 U- 15-2 LET acu] 
» ; 3 (s +1) (s — 2с — 1) (s — 2с) (s — 2b + 1) (s — 2b + 2) (s — 2a) ТА 
acce (=1) [ 77126 — 2) (26 — 1) 2b (26 F 1) 2c (26 1) (дс 4-2) (2с F 3) 
Í e =c — 1/2 
3 (s + 2) (s — 2e + 1) (s — 2e + 2) (s — 2b — 1) (s — 2b) (s — 2a + 1) 1^ 
b + 3/2 сре (2541) 20429) (26 23) (26 4- 4) (2c — 1) 2c (2c 4- 1) c 2) 
: Ө (s — 2с + 1) (s — 25) h 
b+ 1/2 (—4)" (3X + 2b (c + 1)) [55 (5-1) (26 4-2) (26 423) (2с — 1) 2c (2с 4:1) (2 == | 
b— 1/2 1 (3X — 2 (b41 4) ae eT ы усыл | 
x (—4*f* (3X —2 (b +1) (c F1) | 25—1] 25 (26 3-1) 26 3-2) (2e — 1) 2e (2с + 1) Ge 45) 
; 3 (s -+ 1) s (s — 2с) (= — 2b + 1) (s — 2a — 1) (s — За) h 
b — 3/2 (25%) Е 25 — 2) (2b — 1) 2b (26 £ 1) (2с — 1) 2c (2с + 1) Gc + 2) ] 


f | e — c — 3/2 


‚[_@ — 2e +1) (s — 2с + 2) (s — 2c 4-3) (s 25 — 2) (s — 2b — 1) (s — 2b) ТА 
b+ 3/2 C1) [£ (25 +1) (26 - 2) (2b F 3) (25 F 4) (2c — 2) (2с — 1) 2с (2с F 1) 
„SET (s — 2e + 1) (€ — 2c 4.2) (s — 2b — 1) (s — 26) (s — 2a) ТА 
bim s 5 (2b + 1) (26 + 2) (26 F 3) (2c — 2) (2c — 1) 2c (2c + 1) 
„ 36-1); s (s — 22 + 1) (s — 26) (s — 2a — 1) (s —2a) Th 
b— 1/2 (—1) Е-Е 1) 26 (2b + 1) (2b 4- 2) (2с — 2) (2с — 1) 2c 2c 4-1) | 
(s — 1) s ( +4) (s 20 — 2) (s — 2a — 1) (s — 2a) Th 
b — 3/2 (—1)* [ (2b — 2) (2 — 1) 26 (26 + 1) (2c — 2) (2с — 1) 2с (2 + 1) 
Table 9.4. 
abe 
|: e 7 
Р е=<+2 
„. 6451—2444) ! (2b) 1 (20)! TA 
b+2 —9 L eee eT | 
„„ 5E 4) 1 (s — 2e) (s — 2b + 1) (s — 24 4-3) 1 (2b — 1) ! (20) 17А 
5-1 En Zi 7 (53 1) (5— 2а)! (264-4) I (2с 3-5) 1 ] 
F9 3) 1 (s — 20) ! (s — 2b + 2) 1 (s — 2a + 2) 1 (2b 2) 1 (22) 1 Th 
b (—1) Enn 3) 1 (s — 2b) I (s — 2a) | (26 F 3) ! (2c 4-5)! | 
pen of (5:52) (5 — 26) 16 — 2b +3) 1 (s — 2a +1) 26 — 3) ! (20)! , 
b—1 (—1) [+ — (6—2c— 3) 1 (з — 20) 2b 3-2) Ve 3-5)1 
06 20) 18—26 4-4) 28 —4) (20)! Y^ 
кеё (=> U аЙ eT | 
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Table 9.4. (Cont.) 
е=с +1 


sero f (5 +4) ! (s — 2e + 1) (s — 2b) (s — 2a + 3) 1 (25) 1 (2e — 1) а 
ж. 20 (s+ 1)! (s — 2a)! (2 1 Qe 3-4) 1 | 
| Ба 2-91 (2b — 1) 1 (2e — 1) ! We 
aA EFIE а) 1 (26491-91 | 
ИА 6 (s + 2) (s — 2с) (s — 2b + 1) (s — 2a ＋ 1) (2b — 2) ! (2с — 1) 1 Fh 
(—1) 20 82308-9003 a | 
» (s — 2c) ! (s — 2b J 2) ! (2b — 3) ! (2e — 1) 1 ЛА 
cora aces e m ET are ту реза TOe йт] 
a o (5 +1) (s — 2с)! (s — 2b + 3) 1 (s — 2a) (26 — 4) 1 (22 — 1) 1 А 
(-4) 20 (5 — 2с — 3)! (s — 26) 1 b ＋ 1) 1 (064)! ] 


e =c 


(s +3) ! (s — 2c + 2) ! (s — 2b) ! (s — 2a + 2) ! (2b) ! (2е — 2) 1 Th 
c» Гете 16 2b —2) (s — га) | (2b F 5) | 2c 3-3) | ] 
: (s -+ 2) (s — 2e + 1) (s — 2b) (s — 2a + 1) (2b — 1) 1 (2e — 2) UA 
(—1) 26 —¼ν (26 + 40 J 2c +3)! 
b — 2) 1 (2c — 2) 1 Ps 
„ 
F6 (s + 1) (s — 2с) (s — 2b + 1) (s — 2a) (25 — 3) | (2с — 2) 17% 
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Tables 9.9-9.11. Numerical Values of the 67 Symbols. 


Table 9.9. 


1/2 4/2 4 | 4/2 4/2 4 12-3 0.166667 13/2 1/2 2| 3/2 1/2 2 2.2.5 0.050000 
3/2 4/2 1112 1/2 4) —1/ —0.333333 13/2 3/2 2| 3/2 1/2 2| —1/2.5 —0.100000 
3/2 4/2 1 | 3/2 4/2 1| —1/2-2-3 —0.083333 |3/2 3/2 2| 3/2 3/2 2 3/2.2.5 0.150000 
3/2 3/2 1 | 4/2 1/2 1 V5 [2.302 0.263523 15/2 1/2 2| 3/2 1/2 2| —1/5 — 0.200000 
3/2 3/2 1 | 3/2 1/21 12.3 0.166667 |5/2 1/2 2| 5/2 1/22| --1/2.3.5 —0.033333 
3/2 3/2 1 | 3/2 3/2 1| —414/2-2-3-5 | —0.183333 |5/2 3/2 2| 1/2 3/2 2 3/2.2.5 0.150000 
5/2 3/2 1 | 4/2 3/2 1| —1/2:2 —0.250000 15/2 3/2 2| 3/2 1/22 У7/2.5У2 0.487083 
5/2 3/2 1 | 3/2 3/2 1 | —1/2-5 —0.100000 |5/2 3/2 2 | 3/2 3/2 2) --/2.5 —0.100000 
5/2 3/2 1 | 5/2 3/2 1| —1/2-2-3-5 --0.016667 |5/2 3/2 2| 5/2 1/22 1/3-5 0.066667 
5/2 5/2 4 |3/2 3/21 V1/[2.5 Y2 0.187083 15/2 3/2 21 5/2 3/2 2} —47[2.2.3.5.7 —0.111905 
5/2 5/2 1 | 5/|2 3/2 1 1/3-5 0.066667 D/ 5/2 2| 3/2 1/2 2 —V2/5V3 —0.163299 
5/2 5/2 1 | 5/2. 5/2 1| --31/2.3.5.7 | —0.147619 |5/2 5/2 2| 3/2 3/2 2| —1/2.5У3:7 —0.021822 
3/2 1/2 2 | 4/2 3/2 1 1/2V2-5 0.158114 |5/2 5/2 2| 5/2 1/2 2| —1/2-5 — 0.100000 
3/2 1/2 2 13/2 4/2 1 2.2 0.250000 |5/2 5/2 2| 5/2 3/2 2 2.2/5-7 0.114286 
3/2 3/2 2 | 3/2 4/2 1| -(Ц2У5 —0.223607 %% 5/2 2| 5/2 5/2 2| —1/2.2.3.5 —0.016667 
3/2 3/2 2 | 3/2 3/2 1 1/2.2.5 0.050000 |3/2 3/2 3| 3/2 3/2 2 1/2.2.5 0.050000 
52 4/2 2 | 1/2 3/2 1 | —1/V3-5 —0.258199 |5/2 1/2 3| 3/2 3/2 2 1/2V2-5 7 0.059761 
5/2 1/2 2 | 1/2 5/2 1 72. 3 v5 0.197203 15/2 1/2 31 5/2 1/22 12.3 0.166667 
5/2 1/2 2 |3/2 3/2 í | —1/2V2-3-5 —0.091287 | 5/2 3/2 3| 1/2 5/22 | —1/¥3-5-7 —0.097590 
5/2 3/2 2 | 1/2 3/2 4 V7 /2.2V3-5 0.170783 | 5/2 3/2 3| 3/2 3/2 2 | —V2/5 V7 —0.406904 
5/2 3/2 2 | 4/2 5/2 1 1/3V5. 0.149071 | 5/2 3/2 3| 3/2 5/2 2 11/2-2-5 V3.7 0.120020 
5/2 3/2 2 | 3/2 3/2 1 У7/2.5У% 0.152753 | 5/2 3/2 3| 5/2 1/2 2| -<2У2/3Ұ5-7 —0.159364 
5/2 3/2 2 | 3/2 5/2 1 | --3/2-3-5У2-7| —0.115813 | 5/2 3/2 3| 5/2 3/2 2 23/2-3-5.7 0.109524 
5/2 3/2 2 | 5/2 3/2 4 12.2.5 0.050000 | 5/2 5/2 3| 3/2 3/2 2 3.3/2.5.7 0.128571 
5/2 5/2 2 | 3/2 3/2 1 | -У7/2.5Ұ9 —0.152753 | 5/2 5/2 3| 5/2 1/22 УЗ [25.7 0.146385 
5/2 5/2 2 | 5/2 3/2 1 | -У2БУТ —0.106904 | 5/2 5/2 3] 5/2 3/22) --УҘ/5.7У2 —0.034993 
5/2 5/2 2 | 5/2 5/2 1 23/2.3.5.7 0.109524 |5/2 5/2 3| 5/2 5/2 2| -29/2.2.3.5.7 | --0.069048 
3/2 3/2 3 | 3/2 3/2 1 3/2.2.5 0.150000 |3/2 3/2 3| 3/2 3/23 1/2.2.5.7 0.007143 
5/2 123112 5/2 1 V5 /2-3V7 0.140859 |5/2 1/2 3| 5/2 1/23 1/2.3.7 0.023810 
5/2 1/2 3 | 3/2 3/2 1 1/2У2:3 0.204124 |5/2 3/2 3) 3/2 3/2 3| —1/5.7 —0.028571 
5/2 3/2 3 | 4/2 5/2 1 —V2[aVT --0.178174 |5/2 3/2 3| 5/2 1½ 3| —4/3-7 — 0.047619 
5/2 3/2 3 | 3/2 3/2 1 | —Y2/5 Y7 —0.163299 |5/2 3/2 3| 5/2 3/2 3 71/2.2.2.3.5.7 | 0.084524 
5/2 3/2 3 | 3/2 5/2 1 | 1/2.3.5У2:7| 0.008909 |5/2 5/2 3| 3/2 3/2 3 3-3/2.2.5.7 0.064286 
5/2 3/2 3 | 5/2 3/2 1| --1/2.5 --0.100000 15/2 5/2 3| 5/2 1/2 3 12.7 0.071429 
52 5/2 3 | 3/2 3/2 1 12.5 0.100000 |5/2 5/2 3| 5/2 3/23] -1/2.5 —0.100000 
5/2 5/2 3 | 5/2 3/2 1 УҘ /5 VT 0.130934 |5/2 5/2 3| 5/2 5/2 3 79/2.2.3.3-5.7 0.062698 
5/2 5/2 3 | 5/2 5/2 11 —11/2.3.5.7 | —0.052381 
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6) Symbols and the Racah Coefficients 


—1/3 
—1/2.3 
У5 [2.35 
~1/3V2-5 
—1/2 У2-5 
V7 [2.35 
— 13 V5 - 7 
1/2 УЗ 
—1/2 V2.8 
1/2 V2.3. 5 
—V2 [5 V3 
— 12 V5 
Vi[2.5V2 
73. 5 WU 
—1/2.5 V2.3 
1/2.5 
—2.2 У2 [3.5 VT 


—1/2 V5 
—1/3 Y5 
—4J[2 V2.5 

V7 /2-3V5 
--3/2.5 [V2 

1/5 V3 
--12.3-5У2 
—4/2.5 V3 

V7 [2.52.3 
—1/5 V2 

У7 [3.5 
--11/2.3.5ҰТ 

4/5 VT 

V7 /2-5V2 

0 

1/2.5 
—1/2 02.7 
--У2/5 УЗ 

1/7 У223 

1/7 2-3 

1/3 Y2 

1/2 V5. 
—173 v 

1/3 У2.7 

1/2.5 
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—0.333333 
—0.166667 

0.263523 
—0.105409 
—0.158114 

0.197203 
--0.056344 


0.288675 
--0.204124 
0.091287 
--0.163299 
--0.223607 
0.187083 
--0.124722 
--0.040825 
0.100000 
--0.142539 


--0.223607 
--0.149071 
--0.458114 
0.197203 
--0.212132 
0.141421 
--0.023570 
--0.057735 
0.108012 
—0.141424 
0.176383 
—0.138587 
0.075593 
0.187083 
0.000000 
0.100000 
—0.133631 
--0.163299 
0.055321 
0.058321 
0.235702 
0.223607 
—0.149071 


0.089087 
0.100000 
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1/V2-3-5 
—V2 [5 УЗ 
ҮЗ |5 YT 
12.5 V3-1 
—1/5 02-7 
1/3 У2-5:7 


-2.2.2/3.5.7 

3У3/5.7У2 
—1/5 V2 
—1/5 v2 

4/5 V2 
—1/5 v 
—1/V5-7 

1/5 YT 

У2 [5.1 
—3/5-7 V2 
—1/V2-3-5-7 

13/2.5.7У3 
--3.3|2.5.7У2 
—V2 [a VT 
—\5 2. 3 YT 
—1ÿ7⁵ 7 

V7 /2-2-3V5, 
—1/У2.3:5.7Т 

V3 /2V2-5-7 
—V2-5/3-7 

17[2 3.7 V2.5 
—У2 |7 vs 

V/ V5.7 

УЗ /5 VT 

/3/2.2.5 VT 

11У3-5.7 

3У3/5.7У2 
--47/2.5.7У2.3 

1/7 
-11/2-2.5.7 
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—V5 [702-3 
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17/2.3.7 У2-3-5 
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с 

1 

—0.142539 
0.182574 

—0.163299 
0.130931 
0.021822 

—0.053452 
0.039841 


—0.076190 
0.104978 
—0.141421 
—0.141421 
0.141421 
—0.141421 
— 0.169031 
0.075593 
0.040406 
—0.060609 


—0.069007 
0.107222 
--0.090914 
--0.178174 
--0.140859 
—0.169031 
0.098601 
—0.069007 
0.103510 
— 0.150585 
0.127997 
--0.090351 


0.146385 
0.130931 
0.032783 
0.097590 
0.104978 
--0.099146 
0.142857 
--0.078571 
--0.004762 
--0.078246 
--0.117369 
—0.130410 
0.013041 
0.073899 
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Table 9.11. 
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12.3 Y5 
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2.3 
У7 [2.5У3 
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—1/2.5 
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1/3 v 
15 
1/5 V3.7 
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—V2 |5 УЗ 
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2.2/5.7 
—1/5.7 
1/2.7 


0.166667 


0.166667 
0.033333 


—0.223607 
0.074536 
—0.100000 
0.166667 


0.152753 
0.152753 
—0.100000 
—0.042857 


0.149071 
0.200000 
0.043644 
0.066667 
0.009524 


—0.163299 
0.000000 
—0.106904 
0.114286 
—0.028571 
0.071429 


©з 9 WwW фо WWD C02 0200 00 02 002 ОО фо 00 о 00 Фо 00 59 59 59 00 о 


осом www оса сз со со 02 Ww с с wow о 


ua кк кь қы — 


CQ: 02 о 55 Wwe  tototot2 N to t5 ~ ~ DY WL ~ 


© 


од Co мо М to н 


Ons м м e — — 


w 52 C29 ho to to to CUNN = PR Мз — oo 


ою мю м WHF 52 e — e HS — YB WS WH 


Co to > М — HS — 
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1/2-3 V2.7 
—14/М3.5.7 
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172 57 
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V2 / 7 
1/2 V2.7 
УЗ 5 VT 
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2У2-3/5.7 
—13 [5.702 
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—V3/2.7V5 
—1/7 У2 
2/7 v3-5 
12.7 
1/2.3.7 
—1/2.7 


--0.178174 
0.044544 
—0.097590 
—0.159364 
0.119523 
—0.047619 
0.130952 


0.106904 
0.133631 
0.130931 
—0.059761 
0.139971 
—0.034993 
—0.064153 
0.057143 
0.078246 
—0.100000 
—0. 107143 
0.045238 
--0.110657 
—0.055328 
--0.101015 
0.073771 
0.071429 
0.023810 
—0.071429 
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Chapter 10 


9j AND 12; SYMBOLS 


10.1. DEFINITION OF THE 9; SYMBOLS 
10.1.1. 97 Symbols as Recoupling Coefficients 


The Wigner 97 symbols [110] (or Fano coefficients [66]) are associated with the coefficients of unitary trans- 
formations which connect state vectors corresponding to different coupling schemes of four angular momenta. 

Let us consider an addition of four angular momenta j,, 2, Js and j4 to form а resultant angular momentum 
j with projection m. There exist different coupling schemes of these angular momenta. We pay attention to 
the following schemes! 


I) 3172 Ji, јз +ја = јза,  jı2+ja =j; 
П) “ізсіз јә J. = јә, J18 1324 =j; 
Ш) ју +], = ја јә +ј3 = јә, ја +јәз =); (1) 
Let 3102 (712) 2374 (134) j m) be а state vector which corresponds to scheme I. This vector is an eigenvector of 
the operators 32 ,32,32,32,32, 324 2 and 7. and may be written as 


51720012) 3404) jm) = У O minimi un p jimi, iz ma, J3ma, ата) à (2) 
^im 


Here jimi, јата, Js ma, јата) is eigenvector of the operators 1 Йа and 7, на (i = Li 2,3 4). A state vector which 
corresponds to scheme II is the eigenvector of the operators 12 m 32, $, 3232532, 3? 1% and Jz. It can be represented 
in the form 


... . ... . B < jm 2ізтіз 33434 N У , 9 
EVA 6013) 1244 (224); т) је 2. ТИ О min С, тайт |ті, Јата, ата, Ja ma) у (3) 
mimamsama 
misma 


сау а state vector, which corresponds to scheme III, is the eigenvector of the operators 3 ; 12, 3,32,32,,323, 


р and . This state vector is given by 


и. — efo me Im латпа 333723 y 9 у 
|i.34(314)J293(923)3m) = >, ть C riim, Ст, ama, та, jama, jama). (4) 
mi mama m. 
mie mas 


1 Along with the coupling schemes (1) there exist some other ones, e. g., jı +j2 = 312,312 +јз = 3123 3123 tj = j. However, 
the coefficients of transformation which connects a state vector in this coupling scheme with vectors in coupling schemes, I, II or 
III are related to the products of two 67 symbols rather than to the 97 symbols. 
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The state vectors associated with each of these coupling schemes form a complete set of functions. Any 
transformation which connects the state vectors in different coupling schemes, is determined by a unitary 
matrix. Such a matrix relates the state vectors with the same resultant angular momentum 7 and its projection 
m. It may be shown that the transformation matrix is independent of m. The Wigner 9) symbols are 
proportional to the matrix elements (transformation coefficient). Thus, the Wigner 9j symbols (or, equivalently, 
the Fano coefficients) 


А 72 Aa 
I3 14 ја 
113 74 27 


are related to the coefficients of the transformation between state vectors in schemes I and II by 


(2122 (912)9394 (284) 7121 23 (213) 92.94 (724) 2 m^) 
| | л 2 n 
= буу' fmm 2912 + 1)(2713 + 1) (2724 + 1) (2734 + mg Js J 234 . (5) 
213 2242 


Using this definition, we may also obtain 


(122 (212) 3394 (234) 2 m| 3 ЈА (714) 9293 (223) j m") 
71 J 1з 


= буу бее - 1) (2512 + 1) (2714 + 1) (2723 + 1) (2784 + 1)? А Js 24%. (6) 
24 223 2 
(91.93 (913) 9294 (224) 7191.94 (914) 32 28 (223) т) 
чи. | | | ‚| B лз 
= буу Emm (- 1) 747798 $936 (25,5 + 1) (2714 + 1) (2724 + 1) (2723 + 1]: р 74. (7) 
Ла 223 J 


As follows from definition (5) а 97 symbol can be represented as a sum of products of the Clebsch-Gordan 
coefficients: 


912713 зат jm Jism зат j'm' 
>. С та јата Cimma С ата јата Ста јато Ста јата С, ата ma. 
түтік 
. . . . л 92 hz 
= 6; бат 212 + 1) (218 + 1) (2724 + 1) (2734 + "E Js Ja 2%). (8) 
Jis J24 J 


This equation unambiguously fixes the absolute value and phase of the 97 symbol. The 97 symbols are real. 
Below we shall also use Latin letters (a,b,c, etc.) to denote arguments of the 97 symbols. 
In accordance with the quantum mechanical rules of angular momentum addition, arguments of the 97 
symbol 
abe 
def 
ghj 
satisfy the following conditions. 
(a) Arguments a, b,c... , 7 are integer ог half. integer non-negative numbers (generalization of the 9) symbols 
to the case of negative arguments will be considered in Sec. 10.4.3). 
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(b) А 97 symbol vanishes unless the triangular conditions (see Sec. 8.1.1) are fulfilled for triads (abc), (def), 
(gh), (adg), (beh) and (272). 
The 97 symbols satisfy the orthogonality and normalization relations 


авс 
20 T жен 
ee 1) А f f) = 66у {abe} {def} Le Gr ITI (9) 
abe abe 1 
2 Uere) : А ! > i И = бууы (adg {beh} {ghs} тту" (10) 


These relations follow from the unitarity of transformations which relate state vectors in different coupling 
schemes, 


10.1.2. 97 Symbol and г Symbol 


А 9) symbol may be represented as a 3x6 array ix, rar (Shelepin [105], Wu [111]) which is called the 
r-aymbol;? 


t , , 
abe 711 712 713 11 712 713 
de f = | r21 722 r23 21 72 ros 5 (11) 
ghj 731 732 733 731 732 733 


where 


711 = —at+b+e, rig=a—b+e, rig aT bc, 


721 d t e * f, 
таз = -9+А+ j. 
ти = —a+d+g, 
гр a- dg, 
rei ad- g, 


The inverse relations are as follows 


, i 
2a = rig + r13 = 721 + 731 
2% 


— | # 
Tii +113 = 722 + 732) 


= — "а ! 
2c = түү + 712 = 723 + 733, 2f 


722 = d— e f, 
"2-4-Һ-1, 
rig =—bt+erth, 
rho be h, 
та be- k, 


e — galt , 
24 = r22 + r23 = 711 + 7317 
— — 1 , 

121 + 723 = 112 + 732, 


2 , 
721 + 722 = 113 + 733» 


тоз = d t e — f, 
733 = gh — 5, 
т\з = ef, 
оз=с—/+], 
133 =с+{- 1. 


, , 
29 = r32 ras = Ti + 721, 


, , 
2h — 131 +733 = Ti2 + 722 


Я t (Д 
2] = r31 + 732 = 113 + 723. 


(12) 


(13) 


All eighteen elements туь, are integer and non-negative. Only nine of them are linearly independent. The 


2The array rex, Tik || under discussion (Wu [111]) differs from the r-symbol introduced by Shelepin |105). 
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elements rj, and rj, satisfy the following relations 


3 3 3 
Dru sabe, У ти = def. У ти = ghe 
$=1 іші $=1 
3 3 3 
Dora = В- 2(а+а+а), La- R- 20 Te h), J ris = R- 20 +3), 
$=1 $=1 $=1 
3 3 3 
У): =R-Aatbte), Ут R- Ade), LW. =R-Ag+h+3), 
іші .=1 $=1 
Suess Y beh Уи, =e+ft+y, 
t=1 t=1 
3 3 
$3 rin = Ё, >, te = В, 
$,k-i $,kz1 


where 
R=a+b+c+d+e+f+g+h+j. 


10.2. EXPLICIT FORMS OF THE 9; SYMBOLS AND 
THEIR RELATIONS TO OTHER FUNCTIONS 


(14) 


(15) 


The expressions given below represent the 97 symbols in the forms of algebraic sums and sums involving 
products of the Clebsch-Gordan coefficients, 37m and 63 symbols. Unlike the 37m and 6) symbols the expres- 
sions for the 97 symbols in terms of the generalised hypergeometric functions are still unknown. Convenient 


expressions for the 97 symbols in terms of quasi-binomials can be obtained only in some special cases. 


10.2.1. Expressions for the 9) Symbols in the Forms of Algebraic Sums 


4% о | _ A obe) (def) A (beh) A (ghi) 
4.1 A(ads)(cf3) 


(а+4—4)!(се+ /—1)(4+Һ+ 7+ 1)! 


Х(а+а+а+1)(а—Ё+с)!(—а+5+с)!(4—е+ /)(— dre Yb -e TK- Te h) 


* EHU eee (2a Т 2):(2% — у)!(24 — *)!(2е = t)! 


! 
iy z!ylz!t! 


(-at+b+c+z)'"(-b+eth+y)"(—dte+f+z)"(b—-et+g—7+t)(-a—e+ftgt+ztt)! 


“(atb—c—a)ibte—h— y)!(d+e— f-z)Mbte-g+j—t)(at+d—g—z—a)i(e—b+ht+y—t)! 


(с-4+е+7 +2 — 0)! 
МЕГЕТЕЗЕТЕІЛІЕТЕТЕ j-ytt)"(-at+c-e+g—jtazt+t)!x 


х(-а+с-а+ј+9+ј +1+2 +2)!. 


(1) 
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In Eq. (1) the sums are over all integer values of =, у, 2, t for which the factorial arguments are greater than 
or equal to zero. An expression for the 97 symbols in the form of triple sum was proposed by Alisauskas and 


Yutsis [131]. 


10.2.2. "Wu Formulas [111] 

Ju 712 Лз NE 8 a! д 
Ја J22 23 = A(j11912913) А (721722723) A (931932933) А (711721231) 
231 232 J33 

zu oA TENE n+1)! 
x А (712722232) A 71323733) Dieu. niim tu... , 

a П vel П wa! 
p,q=1 а=1 


where 


3 6 
n= 22 ра + У wa. 


p. = а=1 


In Eq. (3) the summation is over 15 integer and non-negative variables e (p, 4 = 1,2,3), ва (а = 1,2,... 


These variables satisfy the following conditions owing to which only six variables are independent: 
, 

Wy + 4 + Vai + Уз] = 711, Wy + ща + #12 Низ = 711, 
I 

w3 + we + V22 + V32 = 112, шз + Ue + Vii + Vis = riz, 
I 

w2 + ws t V23 + V33 = 713, ша ＋ 5 T vii + 012 = fs, 
i 

w3 + 05 + Vii + Из: = 721, w3 + + V22 T V33 = 721, 


I 
w2 + ма + V12 + V32 = 722, 2 + G + V21 + V23 = T223 


41-546 + Vis + V33 = 723, 
w2 + we + ii + V21 = 731, 
wi +ws +142 + zz = 732, 


w3 + 004 +13 + V23 = 733, 


, 
ші + Ue + V21 + V22 = Г23) 

(А 
w2 + we + V32 + изз = 731) 

(А 
Q1 +W5 + 31 + 33 = 732; 


Й 
w3 + W4 + V31 + V32 = 733 


Ира and Wa are related to arguments of the 97 symbols by 


3 


3 3 3 
` у; E = -) ; 5 ) = -) у , 
Ура = ^ Tpq: Ир ^ ^ Top . 
4-1 4-1 4-1 


4-1 
n+ Us + ws — 21 = 722 + 223 + 211 + 231) 
N+ Wa + 04 122 = 721 + 223 + 112 + 792, 
n wy + We — из = J21 + J22 + 213 + J33, 


n+ wy + wa — И: = Ji2 + јаз + 721 + 31, 
n+ шз + шв — 2 = Л: t јаз + 222 + 232, 
п + wo + Ш5 — is = Л: + 112 + 223 + 293; 
n+ we + шв — из: = J32 + 233 + J11 + 221, 
n+wy +45 — уза = J31 + Jas + 12 + Jaz» 
п + Us +04 — изз = 331 + 232 + J18 + 723. 


(2) 


,6). 


(4) 


A choice of independent summation variables can be made in many ways, leading to formally different герге- 


sentations of the 97 symbols. Some of them are given below. 
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711 712 Лз 
$i J22 Jaa } = А(7 1712713} 4 (221722223) A (931932933) A (911921931) A (912922932) A (913923933) 
231 232 333 
з 
AR+h У) eterne ne 6 
(-1) рт. 1+ У, 28 |! 
В=1 


a aren т. 
** П (oa -i {з ( у, s) + 20 M) 


рт В=1 
where 
211 212 213 21 + 24 23 +26 22 + 25 
(гра) = | 221 222 223 | = | 23 + 25 22 + 24 21 + 26 |, 
231 232 233 22 + 26 21+% 23 + 24 


hi ЕЛ: + 223 + 232, ha = hic 222 + 233, 
ha = J31 + J22 + Аз, hs = Jai + 232 + Jis, 
Һз = 721 + 712 + J33, he = јз t Jia + рз. 


3 
R= 2. ра" 
1 


P. N 


Summation in Eq. (7) is over all integer and half- integer 20 > 0. 


(b) 
Ја лә лз МИР У E па 
721 422 Jas = A(j11912913) (721722223) A (731732733) 4 (711721281) A (712722332) & (313923938) 
231 332 733 
6 
(—1)%« tss t46 (s+ 22 s)! 
Өлі 
ЕМЕС сасады 8 
СУ pe: : 
* П „(е — Jpq)! П Е - 2 zp + гр — hy |1(2ръз — раз)! 


рас p= 


(7) 


(8) 


(9) 


(10) 


(11) 


Summation in (11) is over all integer and half-integer Za > 0; zpg and hp are determined by Eqs. (8) and (9). 


(c) 
ET ji2 Jis 17. a 
721 J22 223 = А(ліл2713) A 721722723) А (781732733) A (711721231) A (712722132) А (713723733) 


J31 232 233 


6 
(7-1) +25 +26 | +R-2t+ У) zg- =) ! 
В=1 


3 3 ЖЕ 6 ' 
П 2 z4l(zs + 34) (26 + 24)! II (ты + tpg)! II ( — Jar — Jre ＋ 25 — У, z)! 
руа=1 1 


р= В-1 
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211 Ті2 213 Ti їз + Te 12 +15 

(тра) = | 221 222 223 | = | 23 + 25 22 21 + 26 |. (13) 
131 232 233 22-526 41 ＋ 25 23 

Summation in Eq. (12) is over all integer 2 > 0. 


tpa = Jar + Јер — Ipp — Jaas (p#q#r= 1,2,3), 
t = Л: + 222 + J33 · 


where 


10.2.8. 97 Symbols as Sums of Products of the Clebsch-Gordan Coefficients 
or the 37m Symbols [110] 


abc 
d А - 1 2 
E e f | = [2c 1)(2f + 1)(2g + 1)(2ВҺ++1)]7*(27++1)-* у, ССБ Cen „09 Сине ићи ‚ (15) 
9 h 2 af-46«o 
пици 
1 к (—1)?(е+2) а аа € ес jv 2 ( ) 
TCC 16 
V (2a + 1)(2e + 1)(27 + 1) 54 
bse 
пио 


афс : В 
dej „%%% P а (7 
E q тј 5 e Ф) \пвиЈ јабп/ VBepn] NY v 
287) cho 
The following two relations were obtained іп Ref. [45]: 


о. 
аћј © A(adg)A(cf 7) (2h +1) 


(c+ f — )(a-- d - g)! 


(3 Td Tg 1a съв) а +64 ea —e4 f) (7d es f)! 
т Y Cape (га — =)! (2d — у) (-а +b + с + z)(-d--e-- f + у)! 
= г!у(а +6 —с- 2) (4+е-}-у)!(-а+с-В+2=)!(-4+ 7 +28—2 +8 + у)! 
(-а + [+] – 8 + 2) (-а+ с + 9 + 8 + у)! [80069-79 hj-g 
(а+4—д—хх—у)!(—а+с—-4+]+д9+17+1+ + у)! [(6 + A)'"(e—g+ 7 – 8)! a no 
(18) 
= у -| (a-- d— 4) (6+7 — i) (g — ho о - A - j + 1)! | 
RG (—a+d+g){(a-d+g)!(a+d+g+1)(c+f+7+1)Hc— f 3) (7e f£ 7) 
" 1 Yam Е: e)(d- g - ај с + o + Ц/%7-а =a)" 
[(2е + 1)(27 + 1)(2 + 1)]* pr (a - ај Cd - 9+ alle - a- B) (f – 1 + а + 8)! 
«С-да СЫ». . 9) 
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10.2.4. 9; Symbols as Sums of Products of the 67 Symbols ог 
the Racah Coefficients |110, 74] 


а ма 


мемен о ою 


abe 
| def | = У (2 + 1)W (aech; zb)W (aeg; zd)W (chf 9; 21). (21) 
ghj z 
10.8. INTEGRAL REPRESENTATIONS OF THE 9; SYMBOLS 

10.3.1. Representation Involving the Generalised Hypergeometric Function 


[ Ж | ee Alabe) A(def)A (beh) 


| à ! 2 Per ` A(adg)A(cf 3) A(gh;) 


2 (a d- gc f — 3) (g — h + )) Ib Te T +1)! 
(a -b+ о) (а +) + ela e+ }}(-4+е+ f)!(a-* d g + 1) (7b o e A)t(b +е +) 9)! 


T У) (—1)**¥(2a – 2) (–а +b + с + 2)(–а– 2 + {+9+2)!(24 - у) (с — de y)! 
zy 


zly!(a +b- c- z)!(-a+c-e+g-j+z)!(d+e-— f- y)! 


1 
*(a+d—g—-2—-y\(-a-dt+gt+e+f+j+ 1+2+у)! 


1 р 
2e —b-e+g-j, -a-ectftgtltz,d—-e-f-yz-l 
xf a+ s| —a+c-e+g-j+1+z, -c+d-e-j-y; z+1 


ае” 


x (аа) rre = а)”А-5(1 + 2)-°+*+ а А (1) 


10.3.2. Representation Involving the Wigner D Functions 


: ] сін (-- [(27 + 1)(a b — с) (а - b - c + I) Hd e — (а +е + f + 1)! 
ghj ee (a +4+ 9 + 1)! (b + е + ћ + 1)! A(adg) A (beh) 
x ^ — 3) (g +h - + 18 ] dR,dRadRsByeg (Ва, Ra, Rs) DE a(R) DI а,» (Ва) Dj nulRs)- (2) 


In this equation y, р, р are arbitrary integer or half-integer numbers and 


1.2 . 
dR; 373 ein f dundf н, (4-1,2,3). (3) 


9j and 12) Symbols 341 


The integration limits are standard (see Eq. 4.10(4)). Вай (RI , R2, Вз) тау be presented in the form 


Bich (Ri, Ra, Rs) = Bi! Віз?" Вз; “19 B: Boy tet? Буе», (4) 


fi fs ei P ai Br о) 


By = е -%(өғак) T — cos — tk) — cos — sin 2 7 


=> (– D} (8921 Di- (8). (5) 
м 

The coefficients В;, possess the following properties: 
(Ba)? = У (-1) 7" Dj, (Ri) D} „(Вь) = (-ID, (Ri В»), (6) 
(Ba) = Y (-1) D? jm (R.) D? „(RT) = (ВВ), (7) 
B. = sin За | (8) 

where 

cos fl; = сов f; сов Вь + sin В; sin fy cos(^; — Yn) . (9) 


In particular, when a = b, d= e, g = h, from Eq. (2), one has [63] 


aac ài au 1 
Ld fJ n T OP" era с 


x[(27 + 1)(2a — с) (га + с + 1) (24 — /)!(24+ f + 1) (29 — 7)! (29 + 7+ 1)!]# 


x / df), d(15d13 B44,(0,, Qa, (5) P. (cos В.)Р; (cos Ва) P, (cos Ёз) . (10) 
Неге 
i. 
40; = 4 ein f. dg. dM, (11) 
2(a+d-g) 2(a—d+g) 2(-a+d+g) 
Baag (81, 22, 03) = (sin Ta) (sin => (sin r3 А (12) 


10.3.8. Integrals Involving Characters of Irreducible Representations of Rotation Group 


abe 
E у ЈЕ (8х2)5 E Г аљлавааваавааћох (ву (Ва)? Ut) (Rx Qa Rs x (Вава) 
g^] 


Xx* (Ra Rs) x? (Rs Ra) x^ (Rs Re), (13) 


aab 
| а 2) = ар / ав,аВзаЁзх°(В\)х°(Во)х®(Ёз)х°(В»В)х°(Вз R1 *)x°(RsRz*). (14) 
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10.4. SYMMETRY PROPERTIES OF THE 9; SYMBOLS 
10.4.1. Permutation Symmetry 


Any 97 symbol possesses the following symmetry properties with respect to permutations [74]: even per- 
mutations of columns or rows as well as transposition leave the 97 symbol unchanged; odd permutations of 
columns or rows introduce the phase factor (- 1) k, where R is sum of all arguments of the 97 symbol. These 
symmetry properties may be written as follows 


(a) Column permutations 


711 212 J18 Jii Ak Ju 
721 722 223 ( = € \ Jai Jak Ја . (1) 
jai 232 J33 Jsi Jak Jat 


(b) Row permutations 


Ju йз лз 2а X2 R3 
J21 222 J23 ( = € Jkl Јка Жз. (2) 
Jai 232 J33 Ju 72 23 
(с) Transposition 
ја лг Лз ла Ја 31 
Мі 722 рз ? = $ 12 22 232 | · (3) 
231 J32 733 213 723 133 
Неге 
1 for even permutations 
(cyclic permutations), (4) 
= = 
(-1)% for odd permutations 


(non-cyclic permutations). 


R= У. (5) 


k=l 


All these symmetry properties are independent and relate 3!x3!x2 = 72 97 symbols given below (Eq. (6)). 
The 97 symbols obtained by column permutations are arranged horizontally. The 97 symbols obtained by row 
permutations are arranged vertically. The six lower rows represent the transposed 97 symbols. 


abe cab bea bac cba a c b 
def >= fde d= efdprecedf pes fed p=ecdfe 
ghj 19 * hig hgj J hg gJ h 
ghj Jgh hjg hgj j hg gj h 
= abc p= cab p= Бса)ше4 Бас )=е4 са = е ас 
def fde efd edf fed dfe 


li 
— — 
ea a 
oya 
о ~. ~ 
—— 

| 
— — 
€ 5. ~ 
за &. 
＋ er с 
—— 

|| 


ја edf fed dfe 
79464 897 (-с%284%-с%(97Һ 
са Бас cba ас% 
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47 6677 155 "n ИН 475 
=Еф авс »-e4cab )у=е<е<4 фса = bac ›= c ba p= acb 
ghj Jgh hjg hgj jhg gjh 
47% (% 4% P (% 
= деј pred fde )=еје ја p= edf p= fed p= dfe 
abe cab bea bac cba acb 
abe cab bea bac cba acb 
nei 27) fire 75 
def fde efd edf fed dfe 
75 Ка gg 777 in 57 
= beh p= hbe p= ehbp=ecebh )=є« heb )=<4 bhe 
с] 2с] fic fej Je cj f 
P EE . 
= a dg = gad p= dgap=e аад ‚== даа)=е ада 
beh hbe ehb ebh heb bhe 
beh hbe e hb ebh heb b he 
ЕНЕМЕ ЕНІ 
adg gad dga dag gda ада 
77% ВЯ 77. gn (5%) Bn 
== айд ›==‹ дай »-e4dgap-— dag >= даа p= agd 
сј] 3с} fie fej jfe cj f 
147 44% 14˙ 445 (42) НИ 
=elbeh peevhbe y—eqiehby— «ебћр= (heb p= J he b}. (6) 
adg gad dga dag gda ада 
174 6% ) (42 Ur gda agd 
S deff See Ses fic? 110 (4470 gn 
beh hbe ehb ebh heb bhe 


10.4.2. Symmetries of the r Symbol 


Any r symbol possesses the following symmetry properties: 
(a) Permutations of rows introduce the phase factor є (see Eq. (4)). 


, , (А 
711 712 "13 711 712 713 

, , (Д 
721 722 723 "21 722 723 

t t t 
731 732 733 731 732 733 


(7) 


, / (А 
Tkl 7к2 ТАЗ Tki "he Таз 
U t , 
711 72 "ІЗ Та Ne 713 


, 1 , 
711 142 Tia Ті 712 Тә 
ше , 


These permutations correspond to permutations of rows for the 97 symbols. 
(b) Simultaneous permutations of appropriate columns in both parts of the г symbol (i. e., ri, and т) 


introduce the same phase factor e. 


I (А , 
Tii fik Ги Гы fik Ги 
ГА t t 
T2i Ток Tal Toi Тоқ 721 
i i / 
73$ T3k 131 731 Tak 73 


1 , , 
111 712 7183 711 712 Тіз 

, (А , 
Т21 722 723 721 722 723 

, (д I 
T31 732 733 731 732 733 


(8) 


ше 


This symmetry corresponds to the symmetry of the 97 symbols with respect to column permutations. 
(c) Transposition of both parts of the r symbol with their simultaneous permutation is equivalent to 
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transposition of the 97 symbols: 


Тїї 712 713 rii 712 тіз 
721 723 723 Thi 742 "23 
731 732 738 731 32 733 
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111 721 731 711 721 781 
112 722 732 712 722 732 
13 r23 738 713 723 783 


(9) 


10.4.8. “Mirror” Symmetry 


The original relations which define the 97 symbols may be extended to the domain of negative integer or 
half-integer arguments. Introducing the notations à = —a — 1,5 = —b — 1,... , etc., we obtain the following 


symmetry properties [45] 


abc abe abe abe 
деј }= ЕЛМЕНЕН 
ghj 957 ghj 2Һ7 
abe abt abc abe 
= ima def = im 4 dë f ШЕТЕН 
ghj 2А2 ghj 2А7 
abe abe abe abet 
ghj 2А2 ghj akj 
abe abe abc abe 
= ивјадеј men {tei bem [1] 
ghj 2А2 ghj 2А7 
abe abet abe abe 
= JEU [tiene] 
ghj 2Һ2 ghj 2А7 
abe a b & abe abt 
и 117 
ghj 2Һ2 ghj ghj 
abe abé 
ЕЕ (о) 
ghj ph; 
In these equations 
m = (-1)*7*-4*v, ns = (- 1) 7/7 9th, 
n = (–1)+4-*-0+%, пе = (—1)9-%-2, 
пз = (-I) o-, пт = (-) , 
т = (-1)*, пв = (-1)574**7/t1, (11) 


When tabulating formulas for the 97 symbols, it is convenient to use the “mirror” symmetry properties in 
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the form [45] 
d- e+e ft+o 4+6 Pun 
d е f -1i(-1)9** 9*4 d (12) 
g h j g 
а+бе-є ј]+ 2 d+6 Dd 
d e f %-4-)%-% а (13) 
g h 1 g 
а+б e+e - Ф а+ $ eg P 
а e 7 }=(—1)7##-4{ d (14) 
9 hkh 1 g 
d-Se-eft+y 4+6 += d 
d e 7 )-(-1te d н (15) 
9 hkh j g 
а-бе-е )-о А d+6 P 
d е ое" d : (16) 
9 h j 9 и 
d+5e-ef-—o d+6é+eft+o 
азе Морнар а € То (17) 
9 h Jj 9 hkh Jj 
d - e-e f- Фф | d+Sét+te }+ф 
d e f =) етс 0 a Ff }. (18) 
9 hkh 1 g h 1 
10.5. RECURSION RELATIONS FOR THE 9; SYMBOLS 
10.5.1. General Form of the Recursion Relation 
Recursion relations for the 97 symbols may be obtained for instance, using the following equation |77) 
(-1)*/***? Y (-1)?* (22 + 1) p | ; a b 2 | |1 fz 
А сла’ Ac f 
z 9 k 3 
в'+/'+д+е 2у ae v Je y gay 
= (-1) 2-0) (2y + 1) А : d Af Adal" (1) 


Specifying А = 5, 1,3 5,2, etc. and using explicit forms of the 6) symbols, we may obtain various recursion 
relations. Examples of such relations are given below (Eqs. (2)-(5)). 
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10.5.2. Relations Involving Four 97 Symbols 
Equations (2)-(4) are derived by putting А = $ in Eq. (1) and specifying the values of a’ and f'. In 


particular 


(a) for a = a , = f — 1, one has 


j 

zzi 633) (. (<+s-5+3) ЕЗІ 

I 1 1 mI . 1 
tyi [EXE (4-2) (^e rii) (:-7+2+2)] 


a—-ib 
ETE bes 


с 
— і n (2) 
2 , 
7 | 
(b) for a’ =a + 1, f' = f + 1, one obtains 


afabc+ 
i %) (нв) (еен) e g 9 
"ET i 
С (+++ 3) -) (+141) | 


a+} с 
= аи - et Ft ld tet T ö - 1)(a- d + 2i D ii 
g j 


Z III (8 +е +] e d- ф(а+4+ o 1i Е 


Q 


1 5 ata b A 
+19 + /+1)(4+е- /)(-а-449)а-4%441)%54-2е)-46; (3) 


(с) for a! = a — 1, f' = f + 5, one gets 


1 [a ber 
ER [ED CI) (-+ rei) (5-2) g Г 
"ESI (( еее) (-i (-+/-7+5) (в-ға 2) 


H 
J 
1 а-4 Я 
"ail -5*f + 14 же +] +2)(-а dg 1(2–4+ Ji а+1 еуі 
2 


4 

1 Й а- b с 

-яи(С9+е+/+1(а+е- f)(otd-g)(at dt gv1]5 4d 922 025% (4) 
J 
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The relation for a’ = a+ 1 and f' = f — i is equivalent to Eq. (4). 


10.5.3. Relations Involving Five 97 Symbols [45] 
Putting Л = 1,a’ = а and f' = f in Eq. (1), we get 


Ae (ab, f 7) 1 ке Ac(ab, fi) pes — Аа+ (еј, ag) d 1 er 
(2+ 1) (2c + 1) (2: / + "e(2c +1) 2% : 55 
Aale. ag) ,^ yp 
7 d(2d + 1) D 4 i 


2, (мез Ц-44-1)-4(4--1)14451)- e(e + 1) + f(f + 1)] 
d(d+ 1) 


ee ieee) 
c(c + 1) 


where 


A (pr, st) = ((-p +r + ф(р—т + д(р+7—4+ 1 (р+7+4+1) 
x (7st 9) (8 t (8 +1—4+ 1)(8+1+4+ 1)*. (6) 


We also present the relations of another type between five 97 symbols [75]: 


[te nr Семен] 2+3 b+ | 
(at+d+g+2)(a-d+g+1) = ; 


i i 
+ [Echte nore knee 5 
(a - d-- g t 2)(a - d g 4 1) duels 

2 


1 1 
ЕВ 9 155 а 6 
(a d — g t 1)(-a-- d 9) 


Дрейк е ышы ышым Dos 
(a d- а + 1)(-а +4 + 9) e 


- о (а+Ф+е+2}(а+Ф—е+) sts 
= (29+ 1)(2h+ 1) ІН EE acl | d 1 ы; (7 
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= Qo eh | 


= (2g + 1)(2h + 1) ee oa 
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[pt eh дф eee, 3 57 
(a+d—g)(-a+d+g+1) 2-%һ-іҘҙ 


— ee e eee eee“ : 24% 
(а%4-4)-а%4%4-1) ыы! 


а 1 
4 [We куук АЛАРЫН Ы ui, 
(a *- d g + 1)(a d + 9) 9+1 А-1) 


нь Len ve then ei М! 4-% 24% 
(a+d+g+1)(a—d+ 9) HTHL 


(a -- b -F c - 1)(a +6 — с) abc 
ЖЕРГЕ] BUE (8) 


[Cornet ова сазанды е- М)! 
(a+d+g+2)(a—d+g+1) 


- алде bres hei erm] 
(a * d g - 2)(a - d g 1) 


+ [e ЕЕ С 


(a d- g - 1)(-a d^ g) 4 


[АНА ГИР, КАШФ е М! atat 4 
(a T d- 9 T 1)(-a 4 d 4 g) TET hiki 


а- с -а с i abc 
(a b co 1) (-а+6+ с) | 147% (9) 
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10.5.4. Relation Involving Six 97 Symbols 


аи e ELN +] 2 
(2c + 1) п gh j 


(2/ +1) e-ftj 


He | : | 


(o ^1? – (у +ајај (у MEI [+] –у+1 3] f 
у БР 5 1571 


eee Mea іт! 
(-e+f+a)(e-fta)(e+ /—2)(с+/+7+1) 


ан ыы Ысы | — | бше 
4 2041 TORT de f 


„езе rop om | c- fj ІҢ: с | 


2/41 с—7+1+1 


(10) 


27-1 c+f-j+1 


шшс ешшм | ус ЕН Я ||. 


10.5.5. Recursion Relations for Some Special Cases 


Somewhat simpler recursion relations may be obtained, if arguments of the 97 symbols satisfy some special 
requirements, 


(a) If two columns (or two rows) are the same, then 


m аас+1 
26 Ia T a-, e- /+7+1)(е+/-7+1(+/1+7+2) 444 f 
99 J 


a ac - 1 
Tu „(важе + las- eere TT £6 f£ e fei g f | 
99 2 


аа с 
ТЕЗ ШАҒАСЫ A= тита 
gg ј 
aa с 
—— (24+ {+ 1)(24- f I) TFT) - FTT „ET F-) FTT а47-1». 
"а gg 7 )(11) 
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(b) If one of arguments in any triad is equal to the sum of two other arguments, one has [45] 


[teth ИА Fee e hr e у b р 
(2c + 2f + 2) (20 + 2f + 3) 9 14 


eee eee ae F 
7 (2c + 1)(2с + 2) e 


ghe+f+l 
rere ee Neves 00 а с 
+| (27 T Df +2) HN a8) 


(c) If one of arguments in any triad is equal to 0 or 1, one gets [32, 75]: 


abc abc 
t 4 | 2[c(c + 1)9(9+ 1)? |: | , (13) 


le(g + 1)(c + 1)(2c + 3)(2d + с + 2)(2d — c)]3 t 4 ла 
g 1 


аа 
99 1 
(2c + 1)[d(d + 1) + 9(9+ 1) — а(а  1)] |: d қ | , (14) 
990 
ab с 
ene 
99 1 


ab с 
(с + 1) (2 - 1)(d +e + c + 1)(-d- e c)(d — e+ c)(d+ e- с + 1)]* |; е сз) 
gg 1 


Е f. as 


= ве) (441) – ee) - де +1) + Не a Мел) 991 


where either a b and d # e, or a # d and b же. In particular, 


ab c 
2c ＋ 1 
| i Е ЕТІГІН С! 


"quet ee ee | 1 zal (16) 
2 2 
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10.00 GENERATING FUNCTION OF THE 9; SYMBOLS 
The following function of eighteen variables те, li, = 1, 2, 3) [111] 


h- © en- хы и (1) 


р,4=1 


may be regarded as a generating function for the 97 symbols. Here ap, and ба аге given by the arrays 


, 1 , t , t 
411 412 413 721 731 712 713 722 732 711 713 723 733 711 712 
x = Г , , n " , 
(ара) = | аі 422 423 | = | Tii 731 722 723 712 732 721 728 713 733 721 722 | (2) 
ГА i I , , t 
азі 432 433 Tii 721 732 733 712 722 731 733 713 723 731 732 
+ I 72 
by Tii Түү 732 732 723 723 
i t 12 
52 731 731 722 722 713 713 
, , ? 
(b )- bs = 721 721 712 712 733 733 (3) 
А b4 —711 711 722 722 733 133 
t , (Д 
bs --Т21 721 732 732 718 713 
, , , 
be —T31 731 712 712 723 723 


The elements ba satisfy the equation 


7 1 
Tii ni 712 112 713 713 
— Ц i 
2 ba = — |721 та 722 722 723 723 (4) 
/ (А 
Tai 73, 732 732 793 753 
The function (1) can be expanded into a power series whose expansion coefficients are proportional to the 97 
symbols: 


3 3 2 
— = »E . т тания CE def П (Tpq)"** (тра) 7 


6 3 
> Фра 7 2 ba er П раја! 9Һ7) ра=1 


рмі =1 рі 


сл 
— 


The exponents гра and foa are the elements of some r symbol. 


10.7. ASYMPTOTIC EXPRESSION FOR А 9; SYMBOL 
If a, b, c, d, e, f, g, k, J > 1, we obtain 


4 % (Велесова һ)& + (a )% + (b – 7) 0 
А В(2а + 1)(2 + 1)(24+1)(27+1)(2һ + 1)(27+1) | 
In this equation 


1 cos 83 cos 81 
В = cos s 1 созд, |, 2) 
cos 9; cos v2 1 


1 if BO, 
610 if B « 0. із) 
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The angles 61,6; and бз are determined by the relations 


Жа cos 91 cos 9з — cos 92 sinz sin 81 

i um sin 9, sin 9з ! sin бз sin ds 

"em cos 92 cos 94 — cos 9, sin б _ sin Vz (4) 
a dein ba sin ss ein 62 sindi’ 
ба = сов 91 cos 94 — cos 93 віп бз віл бз 

costs sind, 8nd,’ sinó, аш; 


The angles 91, 92 and 9з may in turn be evaluated using the equations 


885 _ ala . 1) + 909 +1) – c(c + 1) 2 
ý 2a + 6+1] ’ 059: <", 


4(4+ 1) -е(е+1) + f(f +1) 


cos 92 = — 2 4(4+ 1)f(f + 1) D 0<92 < я, (5) 


= 2/h(h + 120 +1) 


10.8. EXPLICIT FORMS OF THE 9; SYMBOLS AT SOME 
RELATIONS BETWEEN ARGUMENTS 
10.8.1. Two Rows (or Columns) are Identical 


In this case a 9j symbol vanishes unless the sum of all arguments is even [49], or 


abc 
abc, = O, if r hj = 26+ 1, 


222 (1) 


aac 
ddf )=0,ife+f+j=2k+1, 
991 


k=0,1,... 


10.8.2. One Degenerate Triad 


Let one argument of a triad be equal to the sum of the other two. For brevity, we shall refer to such a triad 
аз a “degenerate” triad. If some 97 symbol has one degenerate triad, it may be expressed as 


| pa i} А(ћ ја + d) | (га) (24)! | | 


aa ~ A(ab)A(beh)A(def)A (c7) | (2а + 2d + 1)! 


(b Te- ај -е—ћ)(е +] — а) (с+ /—2)!(а+4+Ь-+7+ 1)! 
(a b Ter 1)! (b er hr 1) ане f+ 1) (6 +] +2 + 1)! 
У (—1)*t¥(2c — =)! (26 5) 10% +f — с + z) (ho b—e- y) 
zly!(c+ f- -) e- А – у) (с—е— а +ћ—2+у)(е—с—4+) TY -) 


(2) 


ту 
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This equation may be rewritten in the form of a sum involving the Clebsch-Gordan coefficients [104] 


y 95 "leti Bi анд | (2а)1(24)! | 
Е А (abc) A (def )A (cf 7) (га + 2d + 1)! (2h + 1) 


(c - b — aM(f Te- а) (ј +с—))! 
(а+®+с+1)(/+е+4+1)(7+с+7+1)! 
х Е е ы) НЫЕ TEPA (3) 
= !(}+с—)—х)! (be -a) i- = d ) e 
Equation (2) may also be rewritten in the quasi-trinomial form 
(4 — BO сую = у (9 ( | *) (Y- сі? p) Ae (4) 
zy 
where А(%), BO) and C(*-*-9) are quasi-powers (Eq. 8.2(11)). Using Eq. (4), one gets [45] 
i 
5 x(b Leg a)(7 (®+е-5-2+4) (b +c- a) (I) -h 
itd (e = d f)!(d- e+ f)(d-e— Це та + f + 1) F — 2 + сј!х 
х(е + А b) — ＋ И] + 7 — с) +e + ha 1) (%% 
х (с + f+i+ 1)(27+1 (2a) 0 G4 0) 


| (га) (а + b + с + 1)(-Uh+s-b-c+4) (а — b Tc Hbtj-h-etd) x 
а с 

e f c (1) 74 

ћ 1 


= G(b—-exA)-D (fog ehe- + gen err 
(2/)! r cae e rr 

x (2e)!(2f)! 0 a — d) ЕТЕ) Gro А 
(5) 

If one argument is equal to the difference of the other two from the same triad, the expression for the 

97 symbol may be obtained from the above equations either by using the “mirror” symmetry properties 


(Sec. 10.4.3), 
a be а bc 
d e f ре d ef}, (6) 
а-аһ 7 aT d h j 


or by renaming and per mutating the arguments: 


a bc d+g be d f 
d е f umi d € Í = g j А ` (7) 
a-d h у) T| g hg d+gbe 


The equations of Sections 10.8.3-10.8.6 may be derived from Eqs. (2)-(5). 


P- a 


10.8.8. Two Degenerate Triads 


In this case there exist five types of relations which cannot be transformed to one another by renaming and 
permutating the arguments [45, 104]. All these relations are given below 


| | «| LL Aat dbt ej) | (2а)!(25)(24)!(2е)! ! 
ee ас ^ A(abc) A(def)A (cf j) | (2a + 2b + 1)!(2d+ 2e + 1)! 
(а+5+ а +е +) + I) (а – 5 + с) (4 -e + 1) (2 +] – 2)! 
(a b c-r Id Te TFT I) +] +) + 1) 
(-1)*(2f – 2) +c- f + 2)! 
2 Cre ы Есек сурап ск күтсүн 6) 


2 
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Equation (8) may be rewritten in terms of the Clebsch-Gordan coefficients: 


a b с 
d e f 
а+а bre 1 


= еы e EE ETICA m : 
(га + 2d + 1) (26 + 2e + 1) (a - 6 + c + 1) (a Tb с) (d - e f + 1) (d e— f) (25 + 1) 


—b4d-e 
xC; 1 , (9) 


5 | : ; = (-1)d*^-*-/ | (2c) 27) 12d) (29) i (d e— f)! 
3: Abd (2c ＋ 2f + 1) (24+ 29 +1)!] Д(4 + gbc)A(c + fgh) 
(Te- ^)!(а+9+6- с) (съ +А— д)! 
*A(beh)A(def)(d+ e ft I) Te TRT 1) (do gb cl) 
„ (2e — z)(h Tb е+ 2) (а+ уе+с— R- 2)! 


al(b+e—h—az)'(d+e—f—z)! (10) 


; ; p la 9965772 (200 (2d)! i 
1 X A(beh) A(def) (2a + 2b + 1)!(2a + 2d + 1)! 
(a Lb f + 2 + ата + AT ITI) A- be) e- d f)! 
(1 +) -a d) i = a- d) e + ћ+ 1)t(do e у + 1) 
(– (а +) +фе+а4—)] – 2) () +] –а–—6ђ + 2) (] +" ћ— а — а + 2)! 
- за TF == =) (а d = j - 2) (у +e- a- -d) +1+ 2)!' Ы) 


Е 2. — [(2а — 25)!(2a — 24)!(25)!(24)!]# 
icd ух A(a — b f3)A(a — d hj) A(beh)A (def) 
(b+ f+j—a)'(dt+h+j—a)'"(h-b+e)!"(e-—d+ f)! 
“(a—b+ f+j+Ia—-dt+ht+j+iibreth+Iidte+s +1)! 
DL d T RTJ 2+ I) (a- bTF +2—2+1) 


хи 
＋ (27+1- 2) (6 + {-а-1+=- 1) (4+ AHT Кафе -5-4-2+1]!' Му 


FSI UE (Ab Alat è+ foh) | (гај (20)(2 f)! i 
* A(adg) A(beh) A(def) | (2a + 26 + 1) (24 + 26 + 2f + 1)! 
(a Tg +5+ 7+ 1) (д—–а+а)(е— 6 + А) (ае f)! 


(а+ћ—а—6— f)a- а+а + 1) Te +А + а +е + f+)! ° (18) 
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10.8.4. Three Degenerate Triads 


Below we present the simplest expressions of 97 symbols 


1 1 5 _Alatbdteg+h) (a+b+e+d+g+h+1)! 
ч 4. =  A(adg)A(beh)  (atd+g+ib+e+h+ 1)! 
2a)! (25) (2d) (2e) (2g) (2A)! i 
x| (2a)!(2b)!(2d)!(2e)!(2g)!(2h) 1 


(га + 2b + 1)! (2d + 2e + 1) (2g + 21 + 1 


e | ns - (ape A (c + b dg) | ({+е—с+д+Һ)! 
Я A(cd--eg--h)A(beh) (b-Fe--h-- 1) d—b—c- 9)! 


: | (2b)!(2c)!(2a)!(2e)!(2g)!(2h)! | 
и’ 


(2b + 2c + 1)!(2d + ге + 1)! (2g + 2h+1 


7 : E Ihe А(а--5-- fgh) (a+b+g+h+f+1)!(e-b+h)! 
p а А(аде + f)A(beh) (g+h—a—b—f)(b+e+h+ 1)! 
(e+ 9+ f — a)! | (2а)!(25)!(2е)! | 
(аже+ј+а+т1)! | (га + 25 + 1) (2e ＋ 27 + 1) (2а + 25 ＋ 27 + 1)! ] ’ 

; m c| _ А(а+аь+а+ fi) (atb+2d+ fei) (a- b i ec 1t 

A (abc) A (cf 7) (a bc 1)(с+ +3 + 1) (а —6—] + ))! 


at+d b+d+f 7 
Е a 


5 | (2a) 1025) 027)! | 
(га + 2d + 1)!(2f + 2d + 1)(2b + 2d + 2f + 1)! 


10.8.5. Four Degenerate Triads 


A(def) (d+e+f+1)! 


(2e)!(2d)!(2f)! | i 
ni * 


Ё [бекит 1)(2a + 2d + 1)!(2e + 26 + 1)!(2а + 264+ 2f +1 


d е f 


2. CP | _Alatbtfatdb+e) (а+%+4+е+/+1)! 
ard bre a+b+f 


с b с a 7 
о. Ale + b dg) (2а rb rd g- с)! 
2 h NE A(cd+b+hg+h) (d g — b — с)! 


(2c)! (24)! (29)! | i 


^ [= + 2h + 1)(26 + 2c + 1)!(26 + 2d + 2h + 1)! (2g + 2h + 1)! 
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(14) 


(15) 


(16) 


(17) 


(18) 


(19) 
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| a b a+b -A eh (a bg h- f)! 


atg bth f БЛ ЕЕ 2) санаш сал ылги JB 
2 CA. bbb A(atgb+hf) (-a—b+g+h— f) 


(2/),2о) (аһ)! i 
x ns 2b + 1)(2a + 26 + 2f + 1)!(2a + 29 + 1)! (26 + 2h + 5 , 


o ada “у. | Ара+ба+в) Qerbeaehe sear st h- f 
аға h at+b+f _ «A(dfb +h) (h+d+b+f+1)!(d+h- f- b)! 
x| (2d)!(2f)!(2)! Ы 
eC el 4 

а 5 a+b | | 
= (-1yi« 404654 f gh) | (a — b f ++) 
КЕ ИТ Сабља +) (аа 1) 
(қытығына eee) 
(ат Nat аура yer зутан) , 


| | nn Us |- Ala +) + ја + dh) (22 +5+4+ћ+] + DUH -= A f)! 


аға h ee A5, d + f, J) (b+d+f+h+i)!(h+d—f-—})! 


(200 (24) (24)! Џ 
Х| а + 26 + 1)(2а + 2d + 1)!(2d + 2f + 1)!(2a + 26 + 2f + т | 


: ne d = (па (6 * b fio d f+t) (25 +27 %а+4+9+1) 
а b+d+f atb+f A(adg) (а+4+9+1) 


«[ (га) (24)! à 
(га + 25 + 1)(2d + 2f + 1)(2a + 26 + 2f + 1)! (2d + 26+ 2f + 5i ; 


а b a+b 1 
d b+h f -(-1 Фр Дас, — — — o irai 
a+b+f+h h at+b+f к) Ald, J. b Ala, d, a +b + f +h) 


(b+d+h- f)! (2a)!(2f)!(2a +2b+2h + 2f + 1)! | 


“Qatd+b+f+h+ па 4 b -- h+ f + 1) L(2a + 2b + 1)(2a + 2b + 2f + 1)(25 + 21 + 1)! 


ЕЕ | ТТ” Кети 


е қ - 
V. A(f,a+ b, 3) (f+a+b+ 7+ 1)! 


«[ (2f)!(26)1(28)! ы 
(27 + 2е + 1)(2е + 25 + 1)!(2a + 25 + 1)!(27 + 2e + 2a + т 


(21) 


(23) 


(24) 


(25) 


{26) 
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10.8.6. Five or Six Degenerate Triads 


a b a+b 1 
d с d+e = .—ů—y—õä—6 ſ . (27) 
ара Coens eee [(2a + 2b + 1)(2d + 2e + 1)(2a + 2d + 1)(25 + 2e + 1)]* 
In particular, from Eq. (27) it follows that 
а b a+b 1 
а b a+b >= 55 ара SE (28) 
2a 2b 2a + 25 (2a + 2b + 1)[(4a + 1)(45 + 1)] 
а а га 1 
а а =. 29 
2a 2a 4a (4a + 1)? se 
a b a+b 
arg а+д+ј f 
g at+b+f+gatbt+f 
ee ee, (30) 
(2a + 2g + 1)(2a + 2b + 1)(2a + 2b + 2] + 1)(2а + 29 + 2f + 1)]3 
In particular, 
a b a+b (–1)2% 
a+b a+tb+ = ——— же 31 
; 51. ие (2a + 2b + 1)(2a + 26 + 2f +1) (5%) 
10.9. EXPLICIT FORMS OF THE 9; SYMBOLS FOR 
SPECIAL VALUES OF THE ARGUMENTS 
10.9.1. One of Arguments Equals Zero 
In this case a 97 symbol is reduced to а 67 symbol [110]: 
abe 
(—1)otet+d+9 (4 b | Ші 
а = бер bgr - = бу буһ|(2с + 1)(29 + 1)] ?W (беда; ае). 1 
| h | *I он еј а а A 


Using the symmetry properties, we get 


Occ c Oc 990 gbe agd bac ced dce 
gebe = адаф = (ede = Осср = (coc % = { 990 р =хева } = ас В 
gda egb bac gad bge edc 099 909 
FV 0 
$90 (2e + 1)(29 + 1)]? [689 (26 + 1)(29 + 1)]# ` 


In particular, if two arguments are equal to zero, one has 


abc E 
40] ) = бабы be Sgh TM. 3 
RS U ok def gh (25 + 1) (2c + 1) (3) 
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If three arguments are equal to zero, one obtains 


abc 
[21] — Leb _____ (4) 


= (са + 1)(2b+ 1) (2e + 1)]# ' 


000 

he Geladen n JL IE (5) 
Ode Od ОБ OR 2° 

9 * U (26 + 1) 


10.9.2. One of Arguments Equals Unity [32] 


abe 
BH = (-1)**4*e* "(tag + 2) (29 + 29026 + 2) (2c eff (а а 2 , (6) 


| у Hrs [бз Meot adeat te e e ты]! 
gtlgl : 


= (бо езе кета оженет ea [2 4 ды! 


+[(a—dt+gt1)(-a+d+g+1)(a+d+9+2)(a+d—g)]? bu (7) 


а bd 71 
| 4 е с ј teste ај на) tto niente nena 
9+19 1 


x[(2g + 3) (29 + 2)(2 + 1)(2с + 3) (2c + 2)(2c + 1]? (CU) 


_ 1 1 adg 1 1 abc+1 
= (c - дЈ Ад, (40+ 2b. + 5) $ b T) кезіме ( 262) |. а 9 } 


1 1 ab с 
-(g* 14,44 (% 22) (471) 8) 
The quantity 4% (Л, и; o, v) is defined by Eq. 10.5 (6). 


10.9.3. One of Triads Equals (1/2, 1/2, 1) 
In this case a 97 symbol may be expressed in terms of the 67 symbols [16]: 


абс 2 b4d- 
сј1] (-) јаве edf (-1) 9 (афс 
(ИН) 3 3% 11% eQex1) 442] 9) 
2 
In addition, the 97 symbols in question may be reduced to the 37m symbols [9]. If d, e, c are integer and 
d+e+c is even, one has 


[6(2c + 1)(2d + 1)(2e + 1)? o | i i 2) (10) 


V-A а 


юе а се 
=a о 
— 
| 
Lens 
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ab 
с+1ае 
(НЕ 
-(-унен 18—901) a 090441) (1 
[6(c + 1)(2c + 1) (2e + 3) (2d + 1)(2e + 1)]3 \3 


ab c 
c—lde 
Ge] 
утока [(4 = а) (2а+1) + (e - (2b ＋ 1) el (a be 
c dd [6с(2с + 1)(2c — 1) (2d + 1) (2e + 1)]# (2 -å Ji | (12) 


If d + e + с is odd, one gets 


ы 
н + • 


3 (11) 


1 
Nie < 


10.10. RELATIONS BETWEEN THE WIGNER 9; SYMBOLS AND 
ANALOGOUS FUNCTIONS OF OTHER AUTHORS 


abc abc 
de = Х| def], (Fano [66], 
ghj ghj 


Fano and Racah [18]) 


abc 
=Uidefl, (Arima et al. |49) 
ghj 
= (-1)***7*7^ S(abde; cf gh; j), (Schwinger [101]) 
(Gc + 1)(2f T 1)(29  1)(2h Ist (Jahn and Hope [74]) 
abc 
= [(2c + 1)(2f + 1)(2g + 1) (2^ + 1] ЗА [ e ] (Kennedy and Cliff 79] 
ghj 


10.11. TABLES OF ALGEBRAIC FORMULAS OF THE 9; SYMBOLS 
Tables 10.1-10.12 contain algebraic formulas for the 97 symbols represented in the form 


а+А DTA с+и 
a b с 
а B J 


0<о<3, 0<0<2, 4-0,, 


with 


The formulas are given only for the 97 symbols with a > В. The 97 symbols with a < В may be obtained 
using the symmetry properties. 
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Algebraic tables of the 97 symbols are also available іп Ref. [120] for a, В = 3;7 = 0, 1 = 0, 41: А, и = 43 
and in Ref. [45] юг0<а<3,0<В< 2; у= 0,0< Л<а;0 < и 5, = 0, +1. 
In the tables given below we use the following notations 


S=at+b+c, 
2 = ce +1) t a(a 1) +6(b+1). 


10.12. TABLES OF NUMERICAL VALUES OF THE 9; SYMBOLS 
In Tables 10.13-10.14 we present numerical values of the 97 symbols 


abc 
def 
ghj 


with (ghj) = (2, 2,0) or (1, 1,1). Other arguments of these 97 symbols are integer or half-integer numbers 
such as : 
O<a,b,c,de,f <4. 


All numerical values are given in the form of rational fractions and decimals. Each table contains the 97 
symbols with fixed с and f. In addition, all tables are divided into two groups. The first group contains 
the 97 symbols with integer c and f, while the second group contains those with half-integer c and f. The 
arrangement of tables inside each group is as follows: 


cand f are integer (Tables 10.13) c and f are half-integer (Tables 10.14) 
с f 7 с f 7 c f i с f i 
0 0 0 1 2 1 1/2 1/2 0 3/2 5/2 1 
1 1 0 2 2 1 3/2 3/2 0 5/2 5/2 1 
2 2 0 3 2 1 5/2 5/2 0 7/2 5/2 1 
3 3 0 2 3 1 | та m o sn ора 
4 4 0 3 3 1 1/2 1/2 1 7/2 7р 1 
1 0 1 4 3 1 3/2 1/2 1 
0 1 1 3 4 1 1/2 3/2 1 
1 1 1 4 4 1 3/2 3/2 1 
2 1 1 5/2 3/2 1 


Tables of numerical values of the 97 symbols are also available in Refs. [120, 113] for g, R = 1; 7 = 0, 1; a, ö 
0, 1, 2, 3, 4; d,e = 2, 2, 2,1 c, f = 0, 1, 2, 3, 4, 5 and in Ref. [128] for integer arguments 7 = 13 a, ö, e, f < 6; 
d, e < 11. In Ref. [120] numerical values of the 97 symbols are given in the form of rational fractions; in Ref. [113] 


they are given in the form of rational fractions and decimals; and in Ref. [128] in the form of decimals. 
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10.13. 127 SYMBOLS 


10.13.1. Some Remarks on the 3nj Symbols 


The 67 and 97 symbols represent special cases of the 317 symbols for n = 2 and 3, respectively. The 3nj 
symbols of higher orders (n > 4) are encountered in some special changes of the coupling scheme of five and 
more angular momenta. They are proportional to the coefficients of unitary transformations connecting the 
state vectors which correspond to different coupling schemes. The 3nj symbols are invariants with respect to 
rotations in three-dimensional space. If n > 4, there exist different kinds of the 3nj symbols which are not 
reduced to products of the 3n7 symbols of lower order. Among them one can distinguish the 3nj symbols of 
the first and second kinds which may be expressed as single sums of products of the 67 symbols. Using the 
notations of Ref. [44], the 323 symbols of the first and second kinds may be be represented in the following 
forms: 


(a) The 3nj symbols of the first kind 


л 2 6 


и lz... la p= У (22+ iC) --) 
Кі Ко . . n z 
x {2 aO 1 Ка-1 2 He E (1) 
ka р h № Js 02 kn In ln 71 ki In 


(b) The 3nj symbols of the second kind 


л № 6 
u k.. In| = У (22+ 11) EK 
ky kz . . Kn * 
х(% 5 ia D Ка-1 2 HE 5. (2) 
ka J2 1 ka Js la] 1 Ка on ln kn lj 


In these equations R. = у (I + 4 + К). 

If n > 5, there appear the 3nj symbols of other kinds (third, fourth, etc.). They may be represented by 
single sums of more complex products of the 67 and 97 symbols. The amount of different 3nj symbols rapidly 
increases with п. For example, there exist five different 157 symbols, eighteen different 187 symbols, etc. 

Here we restrict ourselves to the consideration of the 127 symbols because the 157 symbols and symbols of 
higher orders are rarely used in applications. So far, the properties of the 127 symbols have been examined 
[17, 44, 45, 74, 137-139, 141] less thoroughly than the properties of the 67 and 97 symbols. That is why our 
consideration is rather brief. 


10.18.2. 12) Symbols of the First Kind (12;(I)-Symbols) 
(а) А 127(1) symbol may be represented by the following invariant sum of products of eight 37m symbols 


а 42 аз 44 
hia b23 box bu m у, (1) T O. 
Сі сз сз C4 а Ват 


x [ @1 32 bio аҙ аз b23 fs a4 2 ( a4 Cy 2 
аі аз 512 аз аз fas аз aq Өзі -о4 Ті Pa 


e 62 515 сз es c4 "ri са 41 aa (3) 
71 72 812 72 73 823 "үз 74 Psa -44 0i Bar 
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Equation (3) unambiguously fixes the absolute value and phase of the 12) (I) symbol. The 123(1) symbols are 
real. 
(b) Arguments of a 12/1) symbol satisfy the following conditions: 
(i) All arguments are integers or half-integers and non-negative. 
(ii) The 127(Т) symbol vanishes unless the triangular conditions (see Sec. 8.1.1) are fulfilled for all the 
triads (a1b 120), (4262заз), (a3554a4), (4464101), (с16 1262), (сабазсз), (сэбзаса) and (c454121). 
(iii) The 127(I) symbol vanishes unless the tetragonal conditions are fulfilled for two tetrads of argumenta, 
(а1с1 азсз) and (a2c2a4c4). The tetragonal conditions for the tetrad (71727574) mean that 71 + 72 + J3 + J. 
is integer and ji < J2 + Js + Ja, 22 $ Ji t Js + Je J3 S Ji ＋ 22 1 Je JA S A 72 +1. 
(c) The 127(I) symbols satisfy the orthogonality and normalisation relations 


У (2a + 1)(2аз + 1) (2а4 + 1) 512 623 634 841 big 623 bsa ba 
азазаа бі 52 63 4 € c с с, 
бо сз бе су бе C4 


= {без 4 1) (2c, + 1)(2eq 41) 161202 Ң eabases }{esbsaca} (сабалат) ; (4) 


, [А 


аі Q4 a3 Q4 a1 42 ag G4 
У (2сз + 1) (2541 + 1) (2с4 + 1) 512 ӛз 634 bar ba bas baa 041 
Cybaicg бі с сз (4 бі с; сз с 
6a! аз ба аз бы bia 
= (209 + 1)(2аз + 1)(2b12 + 1) {4161242} Ңазбазаз (asbs4a4) (c1512c2) . (5) 


(d) The 12/(1) symbols may be represented by 


ај а2 аз аа 
12 ӛз 034 ба р = У (–1)5-%(22 +1) 
* 


бі 2 сз % 
x19 92 512 | J аз аз bas | [аз a4 634 | [а4 cr dar (6) 
ca ci X сз са T са сз T 41 са X ! 
where 5 = У (a. + e) + 612 + Боз + 634 + 841) 


a1 42 аз 84 
512 bas 634 bei | = (1) 1 en tes У (22 + 1) 


ĉi сз сз C4 * 
b23 аг аз 
634 аз 44 634 сз C4 
* haa » 541 T а barz’ (7) 
ee NOT МЕ 1 ba 1 ба 


(e) Symmetry properties: To discuss the symmetry properties it is convenient to separate all arguments of a 
12/1) symbol into two groups: (512525534541) and (a1a2a3a4c1c2c3c4). Cyclic permutations of the arguments 
or inversion of argument order simultaneously in both groups leave the 12/(1) symbol unchanged. These 
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symmetry properties relate 16 formally different 127(I) symbols 


41 42 аз (44 
12 b23 634 ба 

бі C2 cs са 

аз a4 C1 с2 
634 Мі 512 623 

C3 C4 41 а2 


а2 аз Gq Cy 

= Боз 634 641 612 

с2 сз са a1 

Q4 Cy CQ сз 
Мі 612 628 b34 

C4 аа 42 аз 


ii 


a4 a3 a2 а1 
634 Боз 612 641 
C4 сз с2 сі 


Сі а4 аз а2 
Мі 634 Боз #12 
41 са сз с2 


сз 62 Сі 44 
b23 512 Мі b34 
аз аҙ 41 C4 


| 
| 
= | bas baa "ha 612 
| 
| 
| 


03 41 Cy 63 (8) 
Cy 62 сз C4 
бо Боз 634 641 
ај ag a3 a4 ag аз a4 C1 
сз са 41 a2 
634 Мі 012 623 
аз 4а су C2 


C4 41 а ag 
Мі 612 623 634 
44 сү 62 (63 
41 C4 сз с2 
Ба bas Боз bız 
C1 a4 a3 ag 


Са 53 2 с 
34 Боз 612 ba 
аа аз 42 at 
ag ај са сз 
$12 Ба 634 боз 
с2 сі a4 аз 


аз а2 ај са 
b23 big Бај 634 
сз <2 сү 44 


| 
| 
IN 
| 
| 
| 
| 


(f) Recursion relations: These relations are very useful for the evaluation of the 12/1) symbols. Some of 
them may be derived from the properties of the 157 symbols. For example, 


‚ ci ал b a, ci b 41 42 аз (44 
ЗДЕРІ 1 44 ШЕНІ 1% "| 512 Ба baa 541 


А бај а, А bac 
ы, 41 44 41 44 01 €2 сз cl, 
D 
GT RM aa a, b! T b! ај a2 ag а, 
= (-1) ta €3—604 > (205, + 1) e 55 55 } > * Fd biz bas bha bai . (9) 
ы, Зил о C1 сз сз сї 


Неге А is any integer or half-integer non-negative number (A = 25 1, 3 ,2, etc.). Substituting explicit forms 


of the 67 symbols for a given A, we may obtain a recursion equation which relates the 127(I) symbols with 
arguments су = c4 + А, 04, = 541 tA, а, = a4 А, 534 = $34 + A. For example, when А = 3, a4 = a4 — 1, and 
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„ 1 
c4 = с, + 5 we have 


1 REI 
(2534 + 1) (ЕС + с4 + 841 + 1) (01 + с4 + bar + 2) (44 — су + 841 + z(a + с1 + bar + 5| 


а 42 аз 44 
х 612 боз 634 bath 
б 2 ©з Cat i 


1 1,14 
С — c4 + ba)(ai + с4 — ba +1 (-44 + су + bar + 2004. + 1 — ба + 3) 


x 612 bzs 534 bar 1 


с са ©з са + 5 


1 133 
= (2541 + 1) С — а4 + 634 + 1 (as + a4 - 634) (es — са + 634 + 5) (6з + са — 634 + А) 


1 372 
+ [es + a4 + 634) (as + a4 + 534 + 1) (-с3 + с4 +634 + PC + са t 634 + 5)| : 


44 42 аз 1 44-2 
x 512 bas 534 — 2 541 . (10) 
бі 62 ©з са 


Another recursion relation is written as 


, Г Г а 42 43 44 
_1)41+64,—¢3 —b34 Д 41 <4 bi сз 634 C4 П 
(—1) ta У (2 +1) $ 541 са } (5 ca bha biz 623 ӛз , b 
СА сі €2 сз са 


! а о as 44 
= (7-1): tè-a 75) Nes, + 1) x 84 ба a | n Ka a } bia bas 534 541 . (11) 
4 34 Сі с2 сз са 


(g) Explicit forms of the 12 (1) symbols at some special relations between arguments may be obtained from 
Eqs. (6) and (7). Here we give some of such forms. 

If some argument in any tetrad is equal to the sum of three other arguments from the same tetrad, the sum 
in Eq. (7) contains only one term. For example, 


82 b23 bs4 А a 111% 
! 
сі c2 41 +аз+с са (2а, + 2аз + 2c; + 1)! 


x Di 42612) D(c1c2b12) РО (аза2ђ23) D (аза« bs4)D(a1c4b41) D(c184b41) 


| ај аз аз 95 1 | ——— (2a1)!(2a3)!(2c1)! 


D(a, + as + сі с262з) D(a1 + аз + сі сабза) (12) 
The quantity D(abc) is defined by 
(–а +b + c)! 5 
Dob) = crc ie те (29) 
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Equation (7) for the 12/(1) symbol may also be reduced to one term. For example, 


E S a3 7 i^ (254) 2541)! | 
12 боз 3 bar? m ТТАР Ae рРНҚ 
а "6s (2534 + 2541) (гај + 2541 + 1) 
b a a 
D(b34a5a4) D(b41c1a4) P 2 Я 
— — — — Sera à 14 
РО саа) са 512 сі саал +641 (14) 


a1 + бза + 641 ај 534 + 641 


Similar expressions may be obtained from Eq. (14) using the symmetries of the 125 (I) symbols (see Eqs. (8)). 
If arguments а; and с; satisfy the equalities a; = bik + ак, с; = bik + cy, (k = i 1) one obtains 


- (1) 2% +02: 7534 722 724 аз сз az e 
га; + 202 + 1 са аа за 


big tag az аз 44 
Мо bos 634 541 
512 -C 62 сз C4 


En 
(2a2)!(2c2)! (2512 = 2с2)! 2 D(a2a3b23)D(co¢3b23) 0 (612 — C2 b41a4)D(ag + с2 с484) (15) 
(2512 + 1)(2512 + га; + 1)! Daz + c2 czas) 0 (512 + а2 4541) ' 
(h) Explicit forms of the 12/(1) symbols for special values of arguments. If one argument is equal to zero, 


the 127(I) symbol is reduced to а 97 symbol ог to a product of two 67 symbols: 


аа аҙ аз 44 5-6 a1 612 аз 
41064401 


б 623 634 0 } = ша b ; 16 
12 023 034 Сал + je 4 1) сз C2 023 (16) 


бі 2 сз са b34 су аз 
т b Tb Abs. +641 аа —са 1 
Ғы i 5 im (2641 + 1) (2654 + 1) 
„„ an 


Simple expressions for the 127(I) symbols may also be obtained, if two of four arguments from one tetrad 
are equal to 5, i.e., in the cases: (1) a; = c; = 1( = 1,2,3,4); (2) а = ила = 4; (8) ci = cite = 4; (4) 
ci = а = Е (i 4 2 < 4,1—2 > 1). For example, when a4 = c4 = 25 one has 


а 42 аз 2 
biz бәз бза ба 

1 

бі 2 бз 2 


y- Dlaarbar)D (Zerbar)D(2asbo4)D (саћа) а, az bin) faz аз бөз 
20(1а1с1)Р(1азсз) со с 1 єз 2 1): 


where є = a2 + c2 + 612 + b23 + b34 + b41. На! = сз = zi then 


1 

2 02 43 44 5 ERES 
ha bes кы ba p= (Cumt [mn 

сі с2 5 C4 3 2 2 1 


ба, сл баз с2 баз сз 


7 2(2а + 1)(2az + 1)(2as + 1) 


(18) 


% ине + E е - a D(554104) 2 (20464) | 541 1 | 
255% +1 "Ue 2D?(5a39)  [(2аз + 2)! D(1b34ba1) аз аз 44 
(ciscus Вл) DG заса) D (1asc1) 
D($ei9) D(5as9) D(1b34ba1) 


$23 a2 аз 15 €2 сі уы 541 1 } 
х 19 
{ $ 9 s 5 9 bs с аз ај’ (19) 
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where g is an arbitrary parameter which satisfies the triangular conditions for appropriate triads of the 67 
symbols in Eq. (19). The expressions for the 127(I) symbols are more simplified in the cases: (i) а; = aj42 = i 
and c, = сво; (ii) с; = са = i and а; = 2,45; (Ш) a; = вла = i and с; = dz. In addition, if ag + 512 + c4 
is even, then 


2 42 43 44 


( ei- аҙ +02+1 быға (% a2 7 
„ „ М. a 2(2аз + 1) (2634 +1) |612 сә 5 
7 a3 v) 
+ (1) O Tb. +2аз D(4b34c4) (354164) (% 841 1 | i -1 1 (20) 
2 (газ + 1) (2с2 + 1) (2512 + 1) D( 1534541) аз аз а, 


as cz biz ’ 
00 0 


and if аз + biz + c2 із odd, one has 


1 
| us bo ы іш | (pee tente О ын) іле) (завы) 
1 


аз + 1 c2 1 са D(a3 + 144641) 
( а2 аз re) 
x (ca - Боз) (2523 + 1) + (512 — az) (2a + 1) Tag + 1 -і 0 i 


(газ + 1) (2аз + 2)(2аз + 3) /2(2cz + 1) (212 + 1) (= кіс 5 , (21) 


0 00 


n 
au us a ia Up eee Обе D asa Dios = tb) 
з-1 са 3 а D(asa4b34) 


аҙ аз боз 
„ V2 — 623) (2623 + 1) + (812 — a2)(2a2 + 1) — аҙ (3 o i ) (22) 
(газ — 1)(2аз)(2аз + 1)\/2(2с2 + 1) (2512 + 1) (% 1 big 4) | 


0 0 


(i) Relations between the 127(1) symbols introduced in this book and analogous functions of other authors 
are given by 
а 42 аз 44 big 41 42 аз 
| 612 Боз bsa ba | = [: Мі 44 сз | , 
су 52 сз са c2 са bos 634 
(Jahn and Hope |74)), 


бі с2 сз (4 
(Elbaz and Castel [17]). 


а 42 43 44 
= (-1)* $ 612 bas baa 5411 


(j) Tables of numerical values of the 127(I) symbols are presented in Ref. [139]. These tables contain the 
125(I) symbols whose arguments are less than or equal 2. Numerical values are given in decimals. 
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10.13.3. 127 Symbols of the Second Kind (12) (II) Symbols) 
(a) Instead of the 12) (II) symbols determined by Eq. (2), we shall consider the somewhat more symmetric 
123(П) symbols introduced in Ref. [141]. The latter 12j(II)-symbols may be represented by invariant sums of 
products of eight 37m symbols: 


— 42 аз 44 

by — ba b, = (-1)gta-« Y аҙ аз 27 is b4 2) b: сі 2 Б 42 2 
Сі 62 — са 4.57716, (A2 as a (at Pa Y N Nn % {ло ёз a 
di da 4з Е Него 


х P 8 a d Сі A ts 42 =) fs 8 е) (23) 
Ва Ра Pi) ХА m 61 бі 62 ӧз ӧз бз aaj ` 


Equation (23) unambiguously fixes the absolute values and phases of the 12/(П) symbols. These symbols аге 
real. 
(b) Arguments of the 127(II) symbols satisfy the following conditions. 
(i) All arguments are non-negative integers or half-integers. 
(ii) A 127(II) symbol vanishes unless the triangular conditions (see Sec. 8.1.1) are fulfilled for the triads 
(агаза4), (b1b3b4), (c1c2c4), (d1dads), (b1c1d1), (а2с242), (азђ343) and (a4b4 c4). 
(iii) A 127 (II) symbol vanishes unless the tetragonal conditions (see Sec. 10.13.2) are fulfilled for three 
tetrads (a2c4ds51), (asbadzei) and (agbscod1). 
(c) The 127(П) symbols satisfy the orthogonality and normalization condition 


— 42 аз 44 — 42 аза, 
У) (221 +1) (222 + 1)(225+1) 7 5% % J bi — 88, 
Е 74 е су 21 — са [ | с 21 — са 
212273 
dı 12 23 — 41 22 23 — 
ба, а, бы бь, ы 
= (a2a3a4) (b16sb4) (5101 di)(a4b4c4) . (24) 


(2a, + 1) (25; + 1) (254 + 1) 


(d) The 12) (II)-symbols may be represented as the following sums 


7 02 03 04 
bi — bs b4 
Cy ср — са 
di dz d3 - 


аз b4 2 аз bg 2 61 аз 2 са 02 т 
{к ds o a2 2. сі ne сі ae (25) 


" (s i: i: аз bs d3 42 di аз 
2 5 6; = (1) -a de У (22 + 1)4 a4 ба са cz Сі C4 f. 


с C2 — 
z a2 b, 2 az b 2 
41 42 d3 "3 2 91 2 91 


=( - 4 3 "(22 + 1) 


т 


(e) Symmetry properties: Any 12 (II) symbol is symmetric with respect to a permutation of any two 
columns and simultaneous permutation of the rows whose numbers coincide with the numbers of permutated 
columns. In addition, the 127(П) symbol does not change under transposition. These symmetry properties 
relate 48 formally different 127(П) symbols: 
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—— 
— 
—— 
— 

—— 

—— 

—— 

— 

— 

— 

—— 

— 


етит 
ғ Мот 

ғу of Angula 

Theo 

tum 

Quan 


— — | ИЦ 
— 
—— 
—— 
— —— 
| 
< < | 
~ 
e 
— 
— — 
—— 
— 
— 


b, " 
G4 = 95 
C4 Ф 
bs А 
ds |_ as 
=) la 
h - 
Сі = 45 
di ds 
bs - 
аз = 45 
ds s 
ba С 
C4 = as 
a4 45 
hl i 
di = | 
с М 
d; и 
4, |_ а 
ds |= 
га - 
са =. 4 
C1 a 
аз и 
аз = а 
G4 4 
62 - 
C1 = a 
C4 » 
" - 
ds | _ 2 
di а 
" - 
a4 = o 
аз 4 


C4 а, 
= MT LA 
1 8 , 
. — 
a а сз 4 
C4 4, da _ “ 
- а da а 
1 „. - 

44 Сі . 
с2 be h _ ; 
- be à х 
2 44 — а, 

са ca а, 
сі a а; _ ч 
— aa 
d, — | 


(27) 
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(f) Recursion relations: These relations are useful for evaluation of the 127(II) symbols. We present only 
one relation: 


- аз az a. 
, А аз az A a3 аһ bi — Ы, “ 
2-2 + 1) | b3 bg G2 44 а Сі 62 - (4 
E di d; dg — 
— аз аз a4 
A b, b A b, V, bi — bg b 
— (1\01 +аз 4з с , 4 9% 4 94 1 з 04 
= (—1)һ Уи + {А P oR b d tone rs (28) 
4 d, 42 аз — 


In particular, putting A = 1,a4 = a4 — 2 and bg = bs + 2 in Eq. (28) we obtain 


| 1 3,1% bi — bg + 3 b, 
(254 + 1) [(аз + bs — 4 + 1)(аз + bs + ds + 2)(— аз + as + as + z) (na + as + as 2] ki a e 
di dg 4 - 


| 1 1335 J 5 — 5+ 
t Cas + + da + 1) (as — bs + ds) (a2 — as + a4 + 5)(a2 + as — as + 5)| 65 8 4 s 
did; ds - 
А — 42 43 «-% 
1 1 by — bs bg + 
= (2аз + 1) [i-a + ba + c4 + 1)(a4 — ba + ca) (bs — bo + ba + 2) (b1 +bs = ba + 5)| 2 5 3 iid 
di dg ds - 
ï - 42 43 u- 
1 3 b, — 53 b.— 
+ [laa + be — ena + ba + ca + 1)(— bi + bg + ba 3) (b1 + ba + be 2)]" - hn 3 p" 2 
di dz 4 - 
(29) 


(g) Explicit forms of the 127(II)-symbols for some relations between arguments тау be obtained, using 
Eqs. (25) and (26). 

If one argument in any tetrad is equal to the sum of three other arguments from the same tetrad, one 
obtains 


— 61+с4+ ds аз 44 


bi m bs b. = (71) 7*er 7d _(2b1)!(2c4)!(2d3)! _ 
сі с2 — са (25, + 2с, + 243 + 1)! 


di 42 аз - 


d D(b1b3b4) D (сас1с2) 2(434142) D (6141 c1) (сеа) D (daba as) (30) 


D(b, + 43 + са ааз) D (b, + ds + са cada) 


Let each argument in any tetrad be equal to the sum of two arguments which form a triad with this 
argument. Then, the 125 (II) symbol may be expressed as a sum involving products of two Clebsch-Gordan 
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coefficients. 


- аз + а4 a3 а4 
Ба + b4 = ӛз ы 
сі с2 = 62 + сз 


= (-i) esa. 41 Ce f (as bs дү + do) f (a4b4 c1 + сә) 


x f (дусу bs + ba) (4222 аз + аз) Шы ыыы тыгы! | | 


(газ + 2а, + 1)!(2b3 + 254 + 1)!(2с1 + 2с2 + 1)!(2d; + 2d; + 1)! 
х У ІН (аз + а b3 + b, z)f (di + 42 сі + с2 z)] Cara. Lob. Cad 1 +4а —с1- са (31) 
2 


di Tdzas —бус1 ez di- be as Tad dz bs БЫ —с1 > 


where 
f (abc) = ((a +b + c + 1) (a- 6 — c)]7 5. (32) 
(h) Explicit forms of the 127(П) symbols for special values of the arguments. 
If one argument is equal to zero, а 123 (II) symbol is reduced to product of two 67 symbols: 
- 0 ag a4 
b — b3 b4 = (1) b. 4e: fasas беа» 


сі 62 — са (газ + 1)(2с2 + 1) 


di d2 dg — 
ы 8 “ Сі Co C4 
ЈЕ $i ia D i (33) 


If two arguments from any tetrad are equal to i we obtain 


- a 2 4. 

b; — bs i = Њу ds белаз cida 

сі 62 — са 2(25, + 1) (2с1 + 1) (2с4 + 1) 
di dg аз – 


«c» p ds 1 ү а2 1 | шын 26163) D($3c424) D(À bads) 
42 сі dı dz ci c2 2D(1bb3) D(1aac4) 


€ = bi + 63 + с2 + са + аг — a4 di + d3, 


(34) 


2 аз а4 


— bs Wi. (-1)25:+24 базса as аа 5 d; c; i 
с2 — са 2(243 + 1) | b4 ӛз аз cy di ds 
d; 43 - 


a3 8 d3 da di d3 
43(-1)5 34 -Ча+ез Жү ba C4 €2 Сі C4 . (35) 


1 1 
2 2 1 2 2 1 


~ 9 әр | 


At са = ds, d3 + 1, а 12 (II) symbol may be expressed in terms of the 3/т and 67 symbols: 


2 asa 


4 
— bs | _ (-1)ға%24 1 аз a4 i dz cz i 
с2 — ds 2(2d3 +1) [84 ӛз da J (с di ds 
42 аз - 


— „„ 
1)°3 ~ e 0 = = —1 = 3 +] 
(- ) . 7 2. 32 4. (36) 


20245 +1)уФа‹ 1 Gb. + тубе + 1222 +1) ee be е) % са [3 | 


омы | 
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This equation is valid, if a4 + b4 + d3 and су + c2 + dg are even. If these numbers are odd, one has 


ыж i аз a4 

i — bs b4 = (a4 = аз) (2аз + 1) + (54 - bs) (253 + 1) + 4з + 1 
бі c2 — 4+1 (243 + 1) (243 + 2) (243 + 3) 

di da ds - 


(% 8 | (% di |) 
„(2 — da) (245 + 1) + (ex = di) (24. +1) + do + 1 2-10 1-1 0 


(244 + 1) (254 + 1)(2сі + 1)(2с2 + 1) а4 b, dg +1 Сі C2 d3 +1 ? 
00 0 00 0 


(37) 


== i аз ал 

i — bs b, = (a4 - a3)(2a3 + 1) + (54 — bs) (263 + 1) — dg 
бі сз — d - 1 (243 - 1) (243) (24; + 1) 

di 42 ds — 


d b3 2] (% di | 
„(е2 — da) (2do + 1) + (c1 ~ dı)(2dı +1)- ds \%-0/\%-0 


ш He Hh ( 9 „00 B= I) (8) 


0 00 0 


(i) Relations between the 127(II) symbols considered above and analogous functions of other authors: 


— a2 43 44 2 аз 44 

bı — bs ba | [b bs ба 

С] 62 - C4 il Сі C2 са s 
а 4 аз — di dz аз 


(Sharp [141] 


a3 аз 42 а2 
ол олында аа ва ес Бы $3 di co a4 | 


b, bi с са 
| 


(Yutsis, Levinson and Vanagus [44]), 


аз d3 dz аз 
bg di со ал 


= (= 1) Poteet aa Tar barra mee 
ba bi cy c4 


(Elbaz and Castel [17]). 
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Tables 10.1.-10.12. Algebraic Expressions for the 9j Symbols. 


Table 10.1. 
ata b+p c-r» 
a 5 с 
1/2 4/2 0 


у--0 


= 
з 


8 ＋2) (6 — 20 ＋ 1 ћ 
2 | 12 ти 
(в — 2b + 1) (s — 2a) h 
[еее FH Er | 
г (s — 2b) (s — 2a + 1) 
— | та 2a F IJ 26 1-3) Q6 2) Qe + 1) 
(s 4- 1) (s — 2c) ћ 
[зе 
Table 10.2. 
ata b+p су 


a 5 с 


sl (s + 2) (s +3) (s + 4) (s — 2e + 1) (s — 2c + 2) (s — 2с + 3) | 
2 | бај 1) (2a + 2) (2a + 3) (2а + 4) (2b + 1) (2b + 2) (25 +3) (2b 4- 4) Qc -- 1) 
1 3 (24.2) (s 3) (s — 2c + 1) (s — 2c - 2) (s — 2b ＋ 1) (s 24) h 
3/2 | 1/2 se (Za + 2) (2a F 8) (2a 4-4) 26 (25 ＋ 1) (26 F 2) ( + 3) 2c FI | 
1f 3672 (s 26 + 1) (s 264-4) (s — 2b 4-2) (s — 2а — 1) (s — 2а) № 
3/2 | —1/2 [чиик кы ы ЕГ 
(s — 2b 4- 1) (s — 2b + 2) (s — 2b + 3) (s — 2а — 2) (s — 2а — 1) (s — 2a) ТА 
3/2 | —3/2 21% ЧЕТ) Za + 2) 2a 4-3) (2a 4- 4) (26 — 2) (20 — 1) (20) (25 3-1) 2c + 1) 
| E 3 (s + 2) (s + 3) (s — 2c + 1) (s — 2с + 2) (s — 25) (s — 2a + 1) | 
За (2а + 1) (2a 2) (2а 4-3) (25 4- 1) (26 -- 2) (26 4-3) (26 4- 4) (2с + 1) 
112 | 172 Е OEE OE Т 
| | 2 ( ab) | 25 (2a Е 1) (2a 2) Qa + 3) 2b (25 F 1) (26 4- 2) (25 4- 3) (2с + 1) 
"wm СИРЕ (s 25 + 1) (s — 2a) | 
/ І 2 (32 + 2a (b E) | таба F 1) (2a F 2) Qa 2-3) (26 — 1) 26 (0 1) 25 F 2) (2641) 
136 ＋ (s — 2с) (s 25 -+ 1) (s — 2b + 2) (s — 2a — 1) (s — 2a) Ws 
а 0 arae] 
11 3672) ( — 2e 4-1) (s — 2b — 1) (s — 20) (s 20 + 1) (s 20 4-2) Wh 
=ч баб Еу (ЕУЕН ЕЙ бе КҮ 
s — 2b) (s — 2a + 1 ћ 
—1/2 | 12 — 2 (32 + 20 +1) | apa (24 4-1) 12 2 BU PAROI (2543) бе) 
s + 1) (s — 2c) h 
—1/2 | —1/2 2 82 —2(2+1) +) [чагу ОЕ | 
1 3s (s + 1) (s — 2c — 1) (s — 2c) (s — 2b + 1) (s — 2a) | 
2 | (2a — 1) га (га + 1) Qa 4:2) (25 — 2) (26 — 1) 2b (25 F 1) Qe + 1) 
EE оле Du MIU nes h 
2| Qa — 2) (да — 1) 2a (Za F 1) (20 + 1) Q6 -F 2) (26 ＋ 3) (25 +4) 2c 1-1) 
VVT 
2 | — 3) (2a — 1) 2a (2a + 1) 26 (26 1 (25 F 2) (+ 3) 2c 4- 1) 
1 3s (s +4) (s — 2e — 1) (s — 2c) (s — 2b) (s — 2a +1) h 
2 T ы aar] 
1 (s — 1) s (s + 1) (s — 2с — 2) (s — 2e — 1) (s — 2c ћ 
—3/2 | —3/2 (= (2a — 1) 2a (2a +1) (26 — 2) 5 120 f | 


1/2 | —3/2 


—1/2 | 3/2 


—1/2 | —3/2 


—3/2 1/2 


—3/2 | —1/2 
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Table 10.3. 
ath Бы ccv 
а b с 
12 4/2 
А | в v=1 
1 m | (s +2) (s + 3) (s — 2b 4- 1) (s — 2a +1) n 
/ / 3 (2а T 1) a T 2) Gb F 1) 6+2) 2e 4-1) Ge 4-2) Ge +3) 
TE (s +2) (s — 2с) (s — 2b -+ 1) (s — 26 4-2) " 
eene iS SEE eS Se 
1/2 172 (s + 2) (s -- 2с) (s — 2a + 1) (s — 2a + 2) ] 
“М / Tr UF I ( J ) 5 T Z te fe ЕЕЕ 
pal cad (s — 2e — 1) (s — 2c) (s 25 4-1) (s —2a +1) Th 
=A E баор.) 
(s 2) (s — 2c 4- 1) h 
Ve [ОЕ | 
(s — 2b -+ 1) (s — 2a) h 
а чу] 
- О — 
1/2 | а ағы | say . Nb C Geh. 
(s + 1) (s — 20) ћ 
=4/2 | —4/2 6—4 [5 -Za (ба + 1) 25 (2b + i)e | oa | 
n | в y=— 1 


172 4/2 (s — 2c + 1) (s — 2e + 2) (s — 25) (s — 2а) T 
! / ^ L3 (2a -+ 1) (2a + 2) (26 + 1) (26 + 2) (2c — 1) 2с (2c + 1) 

(s + 1) (s — 2e + 1) (s — 2a — 1) (s — 2a) | 
(3 (2a + 1) (га + 2) 2b (25 + 1) (2с — 1) 2с (2с + 1) 
—1[2 172 [ (s + 1) (s — 2e + 1) (s 25 — 1) (s — 25) \з 

3 - а (га + 1) (25 + 1) (2b + 2) (2c — 1) 2c (2c + 1) 

| $ (s + 1) (s — 2b) (s — 2а) | 
3- 2a (2a + 1) 25 (2b + 1) (2c — 1) 2с (2с + 1) 


1/2 | —1/2 


—1/2 | —1/2 


Table 10.4. 
a EX bu сфу 
a 5 с 


20 (s + 2) (s +3) (s + 4) (s — 2c + 1) (s — 2b + 1) (s — 26 + 2) | 
(га ＋ 1) (2a + 2) (2a + 3) (Za + 4) (26 + 1) (26 + 2) (2c + 1) (2c + 2) (2c + 3) 
20 (s + 2) (s + 3) (s 25 + 1) (s 25 + 2) (s 25 + 3) (s — 2a) 16 

2 | (2a + 1) (2a + 2) (2a 4-3) (2a F 4) 26 (26 F 1) (2c + 1) (2c +2) (2c + 3) 
—— (s + 2) (s + 3) (s — 26 + 1) (s — 2a + 1) | 
2 3 2а (га + 1) (Za + 2) (2a + 3) (25 + 1) (26 + 2) (2c + 1) (2c + 2) 2e +3) 
dI (s + 2) (s — 2c) (s — 2b + 1) (s — 2b + 2) xl 


HE ene 3 - 2a (2a + 1) (2a + 2) (2a F 3) 26 (26 + 1) (2c + 1) (2c + 2) (2e +3 
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Table 10.4. (Cont.) 


ЖЕСЕ vet 


м НЕ: 2 3 (га — 1) 2a (га F 1) (га F 2) (26 + 1) (26 + 2) (2с 1) (2 F 2) 2e 3-3) 
a+3b+3c+4 (s — 2с — 1) (s — 26) (s ~ 2b +- 1) (s —2a +1 h 
—1/2 | —1/2 Я ES 
1 (s — 2c — 1) (s — 2с) (s — 2b) (s — да + 1) (s — 2a + 2) (s — 2a + 3 ћ 
sale ne nuntiare ЕО | 
(s + 1) (s — 2e — 2) (s — 2c — 1) (s — 2c) (s — 2a + 1) (s — 2a + 2) 
gnome шло оло уот рл 


— (s + 2) (s — 2c) (s — 2a + 1) (s 24 + 2) T 


—3/2 | 1/2 


a | " v=0 


(s + 2) (s + 3) (s — 2c + 1) (s — 2c + 2) (s — 2b + 1) (s — 2а) | 
= [ 5 Qa F 1) (2a + 2) (ба F ) Ca 4 4) 26 + 1) (2b 3- 2) Ze 2c 4-1) 2c 1 2) 
(s 4:2) (s — 2c + 1) (s — 2b + 1) (s — 26 + 2) (s — 2a — 1) (s — 2a) Т 
=- [ 2 Qa 4- 1) Qa F 2) Qa F 3) (2а F 4) 2b (26 ＋ 1) Be (2c F 2c 2) 
(s +2) (s — 2c + 1) ћ 
1/2 | 12 | — (32 — 2а (а Lo NU уа а (a 4-2) (Za 4- 3) (26 4- 1) (20-4 2) 2c (20 3. 1) Qc 2) | 
(s — 2b + 1) (s — 2a) ћ 
1/2 | —1/2 — (32 — га (за —5 T. 202.326 (га + 1) (га + 2) (2а F 3) 2b (2b + 1) 2c (2с F 1) (2с + 2) | 
i (s — 2b) (s — 2a + 1) h 
-(2| 121 182--2(4-1) 6-241) уз 1) Za (2a F 1) (2a F 2) (26 F 1) (26 + 2) 2c (26 I) (2% vw] 
А (s + 1) (s — 2c) ls 
—4/2 | —1/2 (32 + 2 (a + 1) (24 — 9) Z Ur- 2 Ur-. ETUR -3 (2a — 1) га (2a F 1) (2a 4 2) 25 (26 F 1) 2c 2c 1) (24-2) | 
(s 4) (s — 2c) (s — 2b — 1) (s — 2b) (s — 2a + 1) (s — 2a + 2) | 
—[з зу —2) (га — 1) да (ба 1) (20 F 1) (25 F 2) Be 2c F 1) (2с + 2) 
1 s (s + 1) (s — 2c — 1) (s — 2c) (s — 2b) (s — 2a + 1) h 
—3/2 | —1/ Есен (2а — 1) га (2a -+ 1) 26 (2b + 1) 2c (2c + 1) (2c + 2) | 


3/2 4/2 20 (s + 2) (s 20 + 1) (s — 2c + 2) (s — 2c + 3) (s — 2a — 1) (s — 2а) ls 
2 L (2a + 1) (2a + 2) (2a + 3) (2a + 4) (26 + 1) (26 + 2) (2c — 1) 2c (2c + 1) 
i fh 5 (s — 25 + 1) (s — 2a — 2) (s — 2a — 1) (s — га) Ws 
(2а + 1) (2a + 2) (2a + 3) (га + 4) 26 (26 F 1) (2c — 1) 2с (2c + 1) 
4/2 1/2 _ 38 — 2 43. (s — 2c + 1) (s — 2e + 2) (s — 2b) (s — 2а) | 
2 | 3 2а (га + 1) (2а + 2) (2а + 3) (2b + 1) (26 F 2) (2с — 1) 2с (2c + 4) 
= (5 + 1) (s — 2c + 1) (s — 2а — 1) (s — га) is 
2 3 - 2a (2a + 1) (2a + 2) (2a ＋ 3) 2b (26 + 1) (2c — 1) 2c (2c + 1) 
D (s +1) (s — 2c + 1) (s — 2b — 1) (s — 25) lie 


2 3 (га — 1) 2a (2a + 1) (2a + 2) (26 F 1) (20 + 2) (2c — 1) 2c (2c + 1) 


юзни. s (s + 1) (s — 25) (= — 2a) | 


2 3 (2a — 1) 2a (да + 1) (2a + 2) 2b (2b F 1) (2с — 1) 2c (2с F 1) 


20 s ($41) (s — 2b — 2) (s — 26 — 1) (s — 25) (s — 2a + 1) г] 


~ 21 (2a — 2) (да — 1) га (2а + 1) (26 F 1) (20 F 2) (2с — 1) 2c (2c 15 


20 (s — 1) s (s + 1) (s — 2c) (s — 2b — 1) (s — 2b) 


EE 2 WEL Ge —1ўза m P02 f 2 EET | 
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Table 10.5. 
а-+ b+tp су 
a b с | 
3/2 3/2 1 


—A1j2 


— 7 


уше1 


БАСА АЛАН desti ш ы шшс мы. (2c) 17% 
3:8 (53-1)! (s — 2с) 1 2a 3- 4) | Q6 3- 4) 1 (2с + 3)! — 
(s + 4) ! (s — 2c -+ 1) (s — 26 4- 2) ! (2а)! (2b — 1) ! (2c) ! 7 
(6 — 3a --39| 2:5(54-1) (в — 20) 1 (2244) E26 4-3) E Qe 4-3)1 
(s +3) 16 — 25 + 3) ! (s — 2a) (2a) ! (25 — 2) ! (20) 1 МА 
оза — зе ++ EET а | 
3 (s + 2) (s — 2c) (s 25 + 4) ! (в — да) ! (2a) ! (2b — 3) ! (2с) 1 
sf 2-5 (s — 2b) | (s — 2a — 2) | 2a 4- 4) Ї 26 + 1) 1 2c 3-3) 1 ] 
(s +4) ! (s — 20 + 1) (s — да + 2) ! (2a — 1) ! (20) ! (2c) 1 We 
—@—з%+з[ 2-5(в-Е1)1(в — 2a)! (2a F 3) l (20 F 4) Г{2с-- 3)! | 
(s-+3)! (s—254-1) (s — да +1) (2a —1)! (20 —1) (2c) ! “Pe 
((s — 2с) (s + 6c + 9) — 2 (s — 2b) (s — — гају | 2.3. Е ] 
| | $42) (s — 2c) (s — 26 -1- 2)! (2a — 1) ! (25 —2)! (2c)! Th 
((s— 22) — 6-167-826-6264) | ЕНЕР TQ EST T ISI] 
(s — 2с) ! (s — 25 3) ! (s — 2a) (2a — 1) ! (2b — 3) ! (2c) 1 Ws 
оз зе HG ЗУ ЗГ 1 T | 
(s +3) 1 (s — 2b) (s — 2a + 3) ! (2a — 2) 1 (25) ! (2) | Yh 
-G Leb зе 5 ( + II — 2a) E (26 3- 4)! (2c +3) 1 
4.2)(s —2c)(s — 2a + 2)! (2a—2)1 (2b — 1)! (2c)! “Ps 
— ((s — 20+ 1)(b—a+ Te-+8)—2(s-+1)(s—2e-+-1)} S Тит ты 
| — 2e) ! (s — 25-1) (s — 2a +1) (2a—2) ! (2b —2)! (2c)! Pa 
r 6-20 N 2 35 U — 6 2 Qa Fl TD FS 
(s 44) (s — 20) ! (s — 2b + 2) 1 (2a — 2) ! (25 — 3) ! (20) ! Ws 
— Qb— a de 2| 2 SE B= HE шаа 5 
3 (s 2) (s — 2c) (s — 2b) ! (s — 2a 4.4) ! 2a — 3) 1 (25) ! (20)! Hs 
[= 75 (s — 26 — 2) (s — 2a) | Qa 0 10254) 10243) г] 
(s — 2с) 1 (s — 2b) (s — 2a -+ 3) 1 (2a — 3) 1 (2b — 1) 1 (2c) 1 Y 
a 4-32-63) 2. FEED TEL Tee fL ff 91 
(s + 1) (s — 2c) ! (s — 2a + 2) ! (2a — 3) ! (2b — 2) 1 (2c) ! ТУ 
(3a — 6+ 3c + 2)| 2: A EC 9 l TNT 
3 (s + 1) ! (s — 2c) ! (s — 2b + 1) (s — да 4 1) (га — 3) ! (2b — 3) ! (2c) ! As 
–|- -— 2-8(5— TC — 2c — 4) 1 Qa 4- 1) 125 3-1) 1 Qe 3) 1 | 


v=0 


3 (s + 4) ! (s — 2e 4-3) 1 (2a) ! (25) 1 (22— 1)! Th 
e- UNT e 0 | 
(s +3) 16 — 2c + 2) | (s — 25 -- 1) (s — За) (2a) 1 (25 — 1) 1 (2c — 1) 1 Wa 
6 5 (s+ 1) [(s — 2c) 1 (2a +4) 15-3) | (2c 2)1 ] 
{s + 2) (s — 2e + 1) (s — 2b + 2) ! (s — 2a) ! (2a) 1 (2b — 2) 1 (2e — 1) | T 
0 | £235 5(s— 25) J (s — 2а — 2) | Qa 3- 4) | (2b 4 2) 1 2c 2)1 zii 
3(s — 2b + 3) ! (s — 2a) 1 (20) 1 (2b — 3) ! (2e — 1)! Th 
«ер T REC E ПОБ) 2e 4- 2)1 г] 
алаама а цис ron е 
(80 -! 58 +1)! — 26) T Qa 3) 1 (25 ＋ 4) 1 (2e +2)! 
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Table 10.5. (Cont.) 
T] = 


(s + 2) (s — 2с + 1) (2a — 1) 1 (2b — 1) 1 (2e — 1)! ТА 
112 | 4/2 (a — 0) 62 — 22) | 3:5 (2243) (20-43) (66421  _ 
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—3/2 | 3/2 (b +a +5e+ 9)[ 2-3-5 (s— 26 —4)1(s — Za) 1 (2a F2) (25 - 4) ! Qe 4 
— (2 (a + 1) (За + — Зе) + 5 (s — 2e + 1) (s — 2а)} X 
—3/2 | 4/2 ЕО 
X| 2:5(5—1)1(s—28—3)1 (2a F2)! Q6 4-3)! Qe FI) 
(2 (a + 1) (3a — b — Зе — 1) + 5 (s — 2c + 1) (s — 2a)) X 
—3/2 | —1/2 e h 
2:5(--2)1(:--25--2)1(2а-2)1(26-2)1(2 3 1)1 ] 
E (s + 1) ! (s — 2c) | (s — 2b) (s — За) (2a — 4) 1 (28 —3) 1 (2c —2) ! Th 
3/2 | —3/2 655 5e l 2 35 , —3)1 (s — 2с — (2 4-2)1 ( 1) 0241) | 
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Table 10.6. (Cont.) 


a Ы у= -—1 
FFC (2c — 2)! h 
—5/2 | 3/2 [2 3(s — 1) TU = 5) 1 (з — 2а)! Qa + 1) T (24-401 om 
(s + 1) ! (s — 22) (а — 20) l (s — 22 2)1 (2a — 5) ! (2b — 1) ! (2e — 2) ! 
—5/2 | 1/2 [== 208 2)! (s — 2b — 4) (s — 2а)! (2а + 1) | 26 4-3) | Qc FIJI zi 
(s 4- 1) ! (s — 2c) „5555 (2b — 2) 222—2 h 
—5/2 | —1/2 U I (s — 2c — 2) (s — 26 — 3) 1 (2a F 1) ! (26 3-2) | 2c 4-11 ] 
(s +1) ! (s — 2c) 1 (s — 2b) ! (га — 5) ! (2b — 3) ! (2e 2) h 
—5/2 | —3/2 Е- 3(s—4)l(s — 2с — 3) 1 (s 25 —2) 1 (2a ＋ 1) 1 Q6 PIII orl 
Table 10.7. 
[ree b U a 
a b c 
Ben 1 о | 
À p у-ш-0 


[ (s + 2) (s + 3) (s — 2с + 1) (s — 2с + 2) ju 
1 1 3 (2a F 1) (2a 42) (2a F 3) (26 $ 1) (26 F 2) (2b F 3) 2c F 1) 
2 (s + 2) (s — 2c + 1) (s — 26 + 1) (s — 2а) h 
Se- LSU REDI DEG (2c + 1) | 
(s — 2b + 1) (s — 25 + 2) (s — 2a — 1) (s — 2а) з 
1 —1 m ааа Sau f. fe | 


2 (s + 2) (s 20 + 1) (s 25) (s — 2a + 1) h 
0 1 -[5- 2a (2a + 1) (2a 422) (26 + 1) (2b + 2) (26 + 3) кегі | 
22 
0 0 [3 - 2а (2a + 1) (2a + 2) 2b (2b + 1) (26 + 2) (2c + 1)]^ 
2 (s +1) (s — 2c) (s — 2b + 1) (s — 2a) ћ 
01-4 [= 2a (2a + 1) (26 + 2) (2b — 1) 2b (26 + ser] 


(s — 2b — 1) (s — 25) (s — 2a + 1) (s — га + 2) ћ 
—1 1 Is 1 24 2 no nodsocseng] 


2 (s + 1) (s — 2с) (s — 25) (s — 2a +1) Аһ 
"a 0 [ета (25-2) arn | 
$ (s + 1) (s — 2c — 1) (s — 2с) la 
c М sec we eee | 
Table 10.8. 
atid Бы сфу 
| а b с | 
{ 2 2 0 } 
À в | v=0 


(s 4- 5) 1 (s — 2е-- 4) 1 (2a) 1 (25) ! h 
2 2 [ЯК (2c + 1) г] 
(s + 4) 1 (s — 24 3) 1 (s — 2b + 1) (s — га) (2а)! (2b — 1) ! ТА 
2| 5(:-Г1)1(%--22)1(742-5)1(224-2)1(224-1) — -| 
6 (s +3) ! (s — 2c -- 2) ! (s — 2b + 2) ! (s — 2a) ! (2a) ! (2b — 2) ! h 
2 0 $(5-F 1)! — 2c) | (s — 25) Ц: — 24 CES IS "ern 
(s + 2) (s 20 + 1) (s — 2b + 3) ! (s — 2а)! (2а)! (2b — 3)! 
2 | - 2 20 Tü 0 28 T5 T T2 гре та) | 
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Table 10.8. (Cont.) 
À m v=0 
(s — 2b + 4) ! (s — га) ! (2а) ! (26 — 4) ! ћ 
2 | —2 ата то ГТО 
(s + 4) ! (s — 2с + 3) ! (s — 25) (s — га + 1) (2a — 1) ! (26) ! T 
1 2 —2 [fs (s+ 1)1(s 26) а 4) (255) 1+) — 
(s +3) ! (s — 2e + 2) ! (2a — 1) 1 (206 1)! J 
1 1 eT] 
6 (s + 2) (s — 2e + 1) (8 — 2b + 1) (5 — 2а) (2a — 1) ! (2b — 2) 17% 
1 0 20 +o) 5 (2a-+4) | (26 4-3) 1 c I 
(s — 2b + 2) ! (s — 2a) ! (2a — 1) 1 (2b — 3) ! h 
4 | — «аға | ОИ | 
V 
1 | —2 20 50 — 2b)! (s — 2a — 3) | (2a F 4) 1 (26 - 1) 1 (2e-+1) 
6 (s + 3) ! (s — 2c + 2) 1 (s — 2b) 1 (s — 2a + 2) ! (2a — 2) 1 (25) l ји 
0 2 Бектен ттен ке erste ptr 
6 (s + 2) (s — 2c -+ 1) (s — 2b) (s — 2a + 1) (2a — 2) 1 (2b — 1) ! ТА 
0 1 —2{Z+ 6) etat i (2a 4- 3) 1 (26 3-4) 1 (2c + 1) x 
2a — 2) 1 (2b — 2)! h 
0 0 2 82 (Z — 1) — ла a-- 1) 06+ USA Tb HT eee И | 
T 6 (s +1) (s — 2c) (s — 2b + 1) (s — За) (2a — 2) 1 (2b — 3) | T^ 
01-і 2(2-%-4/------- а 3) Ze U ] 
6 (s 1) 1 (s — 2с) 1 (s — 2b + 2) ! (s — 2a) 1 (2a — 2) 1 (2b — 4) ! h 
о | —2 [== 1) (s — 2e — 2) 1 (s — 2b) 1 (s да — 2) 1 2a +3) | (26 + 1) | (2c 3-1) 
af (52-2) (s — 2e + 1) (s — 25) ! (s — 2a + 3) ! (24 — 3) ! (25)! Ws 
—1 2 —2 5 (s — 26 — 3) 1 (s — 2a) | 2a 2) 1 (26 F 5) 1 (2c F 1) 
(s — 25) ! (s — 2a + 2) ! (2a — 3) 1 (2b — 1)! ћ 
=. 1 МОДИ = Sh eee | 
6 (s + 1) (s — 2с) (s — 2b) (s — 2a + 1) (2a — 3) 1 (2b — 2) 1 Wa 
=i 0 -2(2-а-- 91 5 (2a + 2) | (2b FY e 3- 1) 
(s + 1) ! (s — 20) 1 (2a — 3) ! (2b — 3)! h 
exp oed uoles E с-сы ае | 
j 2 (s + 1) ! (s — 2c) ! (s — 26 + 1) (s — 2а) (2a — 3) ! (2b — 4) TA 
-і|- | 5 , — 2)! (s — 2с — 3) | 2a 2) 1 (2b-+ 1)! 2c 4-1) | 
у [ (s — 25) ! (s — 2a + 4) ! (2a — 4) ! (25) h 
-2 SURE ie EEE | 
А | үшын ис ыш h 
= татр e | 
; Қ [ 6 (s + 1) ! (s — 2с) ! (s — 25) ! (s — 2a -+ 2) ! (2a — 4) ! (25 — 2)! h 
= B(s — 1) 1 (s — 2c — 2) 1 (s — 2b — 2) (з — 2a) | (2a 4- 1)! 785 F Е | 
: | И (2b — 3)! ТА 
—2 | — — 2)" 5 — e — 2c — 3) 1 2a РПО | 
ЕУ БЕ [ (s +1) ! (s — 2c) 1 (га — 4) ! (26 4)! h 


5(s—3)! (s — 2c — 4) ! (2a + 1)! (26 + 1) ! 2c + 1) 


9j апа 127 Symbols 383 


Table 10.9. 
pcs Бы су) 
а b с ( 
61 1 1 | 
X | в | у=1 
БЕСІ (s — 2e + 1) (s = 26 + 1) в — 2a + 1) (2a)! (20) ! (2c) ! | 
1 1 3(ғ--1) 1 (2a + 3) 1 (20 + 3) 1 (2c +3) | 
Le 6906 20 + 2) 1 Qa) (20 — 1) (20)! о. 
1 0 CO 3(в- 1) 1 (s 20) 1 Qa + 3) ! (26 2) (22-3)! 
(s +2) (s — 2e) (s — 26 + 3) ! (s — 2a) (2a) ! (2b — 2) 1 2c) ! 7) 
1 | = -| 8(s — 20 а 3) 1 F 1) 1 Qe 9) ] 
EA [ 2(5 -- 3) ! (s — 2a + 2) ! (2a — 1) ! (26) ! (2c) ! ТІ 
0 1 e) 36-E01( = 4) 1 2a 4-2) 26 F 3) 1 (2с 4-3) 1 
(s + 2) (s — 2c) (s — 2b + 1) (s — 2a + 1) (га — 1) ! (20 — 1) ! (2c) ! T 
0 0 2670 за 2) T (2b 2)! (2649)! co] 
2 (s — 2с) 1 (s — 2b 4- 2) ! (2a — 1) ! (2b — 2) ! (2c)! Ws 
o | — S ирд D (5 — 26)! (2a +2) 1 (26 3-1)! паат) 
(s 2) (s — 2с) (s — 2b) (s — 2a + 3) J (да — 2) 1 (25) ! (2с)! ТА 
—1 4 -( 3 (s 2а) | (2a + 1) | (26 4-3) 1 (2c 3) ! | 
2 (s — 2c) 1 (s — 2a + 2) 1 (2a — 2) ! (2b —1) 1 (20)! С} 
—1 0 ее [= pa SS SS 
E 
„ – [5 — 3068 — 26 —— 3) 1 (2а + 1) (26-1)! (2с 3-3) 1 | 
a| el v=0 
4 7 zi 2 (s -I- 3) ! (s — 2c + 2) ! (2a) ! (26) ! (2e — 1) ! r 
3(s 4-1) 1 (s — 2c) | (2a F 3) 1 (26 + 3) | Qc F 2) 1 
(s 4- 2) (s — 2c + 1) (s — 2b -+ 1) (s — 2a) (2a) 1 (2b — 1) 1 (2e — 1) ! Ws 
| : 2(4-0| 3 (2a 43) Г (26 4- 2) | Qc 4-2)! ] 
Ме 2 (s — 2b + 2) ! (s — да) ! (га) 1 (26 — 2) ! (2c — 1)! TA 
; у «+20 — 3b) Г (s — 2a — 2) 1 (2a F 3) 1 (26 4-1) ( 31] 
(s 4- 2) (s — 2c + 1) (s — 2b) (s — 2a ＋ 1) (2a — 1) 1 (25) ! (2e — 1) ! ТА 
И : 26 3 Qa 2)! (25 4-3) (224-271 | 
0 0 0 
RE. 250 eats et 1 == 
3 2a 4- 2) 1 (26 ＋ 1) ! (2c 3- 2)! 
E 2(s — 2b) | (s — 2a + 2) ! (2a — 2) (26) 1 (2c — 41)! Th 
: : оо D su 25 — 3j 16 — 2a) | (2a 0-1 c wx 
= б PF T 
| x 3(2a 4-1) (26 +2)! Qc -2) 1 1 
DIN 2084 1)! (s —2c) 1 (2a — 2) 1 (2b —2) ! (2c —1) 1 Th 
4- [ар n a ae 
À | в | у == —1 
{ ЕТЕП (s — 2c +3) ! (s — 2b) (s — 2a) (2а)! EE 
1 3 (s — 2c) | (2a 4- 3) | 26 ＋ 3) 1 (2e 4- 1) 1 
2(s—2c--2)! (s — 2a) (2а)! (2b — 1) ! (2e —2) ! Ws 
1 9 Ge ITU T- eT | 
А О der т cae к с, 
ы as 3(s —2a —3) | 2a 4- 3) | Q6 F 1)! 2c 3-1) ! E 


(s — 2c + 2) 1 (s — 2b) ! (га — 1) 1 (2b) ! (2e —2) 1 TA 
0 1 бе ser 2 T TT B T. ICES 


384 Quantum Theory of Angular Momentum 


Table 10.9. (Cont.) 


А в | у==—1 
(s + 4) (s — 2c + 1) (s — 25) (s — За) (га — 1) 1 (2b — 1) 1 (2e — 2) ! ТА 
0 0 | “= = (2a+2)!(26+2)lQe+f)! 7 


2(s +4)! (3 — 2a) ! (22 —1)! (25 — 2) ! (2c —2)! J 
(c — 9) [su (s —1)1 (s — 2a — 2) (Za 4-2) (25 3-1) (ae 3-1) E | 
(s + 1) (s — 2c +4) (s — 25) ! (s — 2a + 1) (2a — 2) ! (25) ! (2c — 2) ! 
= 1 | ==; (s — 26 — 3) 1 (2a F 1) 1 (26 + 3) 1 2c + 1) 1 — | 
2(s--1)!(s—25)! (2a — 2) ! (2b — 1) ! (2c —2)! ТА 
р b — 2) 1 (2a ＋ 1) | (25 3- 2) | 2c 3- 1) 1 г] 
e a a E 
— 21 [se Ee FTE T Te Ff = 


Table 10.10. 
ath b+p су 
a b с | 
2 4 1 
А p у==1 
(s +5) 1 (s — 2e 2) 1 (s -— 2b + 2) ! (2а)! (25) ! (2с) 1 h 
2 1 5 (s + 1) l (s — Ze) | (s — 2b) | Qa 4- 5) ! (26 F 3) ! 2e + sr] 
2 (s +4) 1 (s — 2c + 1) (s — 2b + 3) ! (s — 2a) (2a) ! (2b — 1) 1 (2c) ! Ms 
2 0 SE 5(5 4-1) 1 (s — 26) | (2a +5)! (2642)! (2e+3)1 
(s 4- 3) ! (s — 2b + 4) ! (s — га) ! (2a) ! (2b — 2) 1 (2e) ! h 
2|-1 [ 5(5+ 1) 1 (s — 20) | (s — 2a — 2) 1 (2a + 5) | 26 F 1) 1 (2c 3)1 ] 
(s 4- 4) l (s — 2c +4) (s — 26 + 1) (s — 2a 4- 1) (2a — 1) 1 (20) ! (2e) 1A 
1 1 ap араны а +1 124) (5-3) +91 T 
2 (s +3) ! (s — 2b + 2) ! (2a — 1) ! (2b — 1) 1 (2с) 1 3 
1 0 2 {b (b — с) + (a +b e) (e + EE (541) ! (s — 25) | (2a + 4) 1 (26 + 2) 1 (2c 4- 3) 1 
(s + 2) (s — 2c) (s — 25 + 3) ! (s — 2a) (2a — 1) ! (2b — 2) ! (20) ! Th 
1 | —1 2( rcc о | £99 e (s — 2b) 1 (2a +4) 1 (26 , 1) 1 e 4-3)! 29-0011 
(s 4- 3) ! (s — 2a 4 2) 1 (2a — 2) 1 (25) ! (2c) ! ћ 
ME PBe- oe +) e ртр па Ga ESTE EST FT] 
+2) (s — 2c) (s — 26 4-1) (s— 2a +1) (2a—2) 1 (20 —1)! (2€)! “He 
о | о |2(a(a--1)2-3b(64-1)—3c(c--2) —3) аи а ee | 
(s — 2c) ! (s — 25 + 2) 1 (2a — 2) ! (25 — 2) 1 (2с) ! Is 
o j —1 2(3 e-, z 3:5 (s — 2c — 2) 1 (s — 25) | (2a + 3) | (26 F 1) erat] 
(s + 2) (s — 2c) (s — 25) (s — 2a + 3) ! (2a — 3) 1 (2b) ! (2с) 1 ТА 
=! 1 -2(%-<4|----- Ба TO F Y CFF 


2 ( — 2с)! (s — 24 + 2) 1 (2a — 3) ! (2b — 1) 1 (200 1 ТА 
—1 0 2{b(6—) (ob be +4) [sire ag e ПЕНЕН 1 


s + 1) (s — 26) 1 (s — 2b + 1) (s — 2a + 1) (2a — 3) ! = A 
E 204 Y +91 Е 2:001 
(s — 2с) 1 (s — 2b) 1 (s — 2a - 4) ! (2a — 4) 1 (25) 1 (22) ! h 
-2 1 5(s5—2c—2)1(s — D-a 2% LU F ITG SLICE .] 
2 (s + í) (s — 2c) ! (s — 25) (s — 2a + 3) ! (2a — 4) ! (2b — 1) ! (20) ГТ 
e 9 [атр зт T ти = 


(з 1) ($ — 2с) 1 (s — 24 4-2)! (2a — 4) | (2b — 2) t (2e)! ^ 
E iu [sie —1jl(s — 2с — 4) t (s — 2a) Пра + 1) | (28 I 1 2e 4-3) I ] 
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Table 10.10. (Cont.) 


X | в | »=0 
(s +4) 1 (s — 2e +3) 1 (s — 2b --1) (s — 2а) (2a) 1 (25) ! ( к=, 
2 1 | ЕУ вера Sp PES eSI 
(s 3) 1 (s — 2e + 2) ! (s — 2b + 2) ! (s — 2a) 5 ТА 
2x E: [ел 5—2 = = eee l 
(s 2) (s — 2e ＋ 1) (s 25 + 3) 1 (s — 2a) ! (2a) ! (25 — 2) ! (2e 1 ! Ws 
2 | —1 -|Ен 5 (5 20 U — 20 — 3) CaF T ( FT ITE TD =| 
2 (s 4-3) ! (s — 2c +2)! (2a — 1) 1 (25) ! (2e — 1) 70 
1 1 2 (e le — b) + (a — be) o SEGA V (2a 4 4) 1 (25 ＋ 3) 1 (2c zi] 
(s + 2) (s — 2e + 1) (s — 2b + 1) (s — За) (2a — 1) 1 (25 — 1) 1 (2e — 1) 1 7% 
1 0 ее ЕРІ та ЕН ESTE ZI еш] 
(s — 2b + 2) 1 (s — 2а) | (2a — 1) 1 (2b — 2) 1 (2e — 1) ! Fh 
11-і 2 (ee EE +) [ото erst] 
-+ 2) (s — 2e + 1) (s — 25) (s —2a+ 1) (2a — 2) (25) 1 (2e —1) ! Y 
0 12630 T h — a(a+4) —3e(e Е ÉTAT а Ms 82 5 . 0 eT Eee | 
2 VE (a (a 1) [a (a +1) +26 (b + 41) + 2e (c + 1)] — 3 (b — 0)? (b -+ e 4-2) X 
0 0 (2a — 2) 1 (25— 1) ! (2e —1)!. ТА 
3-5 (26 ＋ 3)! 25 3- 2) 1 2c 21 
х| | 
(s ++ 1) (s — 2c) (s — 2b 4 1) (s — 2a) (2a — 2) 1(2b —2) 1 (2c —1) ! Ws 
NES act ЕН c cc cc | 
(s — 25) 1 (s — 2a + 2) 1 (2a — 3) 1 (25) 1 (2e —1) 1 Ps 
e 1 2{e(e—) — (at b—e+1) 0-9 аа а EA ETOP рт | 
(s +1) (s — 2c) (s — 25) (s — 2a + 1) (2a — 3) 1 (2b — 1) 1 (2e — 1) тА 
—1 g —4 - је ++) | £28 = а ТЕО! о 2-] 
2(s +4)! (s — 2c) ! Qa — 3) ! (2b — 2) ! (2e — 1)! Th 
a | 2(e(e— b+ а [ HIG a ЕАО STH | 
i 2 (s +4) (s — 2c) (s — 2b) 1 (s — 2a + 3) ! (2a — 4) 1 (25) ! (2e — 1) 1 Th 
E [ 5 (525 —3) 1 (s — 2a) | (2а F 1) 1 (26 3) 1 2) 1 ] 
5 (s +4) 1 (s ~ 2c) 1 (s — 2b) ! (s — 2a + 2) ! (2a — 4) ! (285 — J) 1 ( — 1) 1 ТА 
—2 — ue ттар mers Ar | 
i 2 (s +1) ! (s — 2e) 1 (s — 2b) (s — 2a + 1) (2a — 4) ! (2b — 2) 1 (2e — 1) ! Y 
mE es [22 5(s—2)1 (s — 6—3) a FI 02841) ! Ge 4- 2)! =] 
À в у= —1 
(s + 3) ! (s — 2с + 4) ! (s — За) ! (а) ! (25) ! (2с — 2) h 
2 1 ЕЕ: 1) 1 (s — 2c) 1 (s — 2a қына ы mg 
2 (s + 2) (s — 2e 4-3) ! (s — 2b + 1) (s — 2a) 1 (2a) ! (25-1)! (2e — 2) ! ТА 
2 0 [2822 (5 — де) I (s — 2a — 3) 1 (2a + 5) 1 (26 + 2) 1 (2c F 1)! — 1 
(s — 2e -+ 2) 1 (s — 2b + 2) ! (s — 2a) 1 (2a) 1 (2b — 2) ! (22 — 2) ! %. 
2| -1 Е (s 2с) (з — 2b) 1 (s — 2a — 4) | (2a + 5) 1 (2b + 9 | 
(s + 2) (s — 2e +3) 1 (s — 2b) (s — За) (2a — 1) 1 (25) 1 (22 — 2) ! Th 
1 1 —2(4e4 o | #9 5 (s — 2c) ! (2a 3- 4) 1 (26 + 3) 1 2c 4- 1)1 e 
2 (s — 2c + 2) 1 (s— 2a) 1 (2a — 1) 1 (25 — 1) ! (2e — 2)! 7А 
1 0 пе ве) – (+ nre АА | 
(s +1) (s — 2e +1) (s — 2b +1) (s — 2a) 1 (2a — J) 1 (2b — 2) 1 (22 2) ! ^H 
11-і (c — 5) 5(s — 2a — 3) (Za 4) 1 25 4- 1) 1 Qc 4- 1)1 
0 1 23-е D? — а(а+ 1) 3 


0 2 (88 — a (a-+ 1) —95 (0-0) | 


(s — 2c + 2) ! (s — 2b) ! (га — 2) ! (2) ! (22 — 2) l 7A 
36—3)16—2 —21 CFE EDT | 
(= +4) (s — 2e +1) (s — 26) (s — 2a) (2a — 2) 1 (2b — 1) 1 (2c — 2) 13 
3-5 (2a 4-3) 10254-2) 1 (2e+4)! | 
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Table 10.10. (Cont.) 


À | в Уш---і 
(s +1) 16 — 2a) ! (2a — 2) ! (2b 2) ! (2c — 2)! h 
o| - 2(3(6— ој ао | pase трчаат) 
(s +1) (s — 2e -+ 1) (s — 2b) 1 (s — 2a -+ 1) (2a — 3) 1 (25) ! (2с — 2) 1 Th 
—1 1 2 ½ο 5 ( — 20 — J + 2) 26 3- 3) 1 2e F101 ] 
2(s-E1)l (s — 20) 1 (2a — 3) ! (2b — 1) ! (2c —2)!. Ph 
—1 0 2600) 029 т т таа nr] 
(E1620 (s — 26) — за) Фа — 9) 1 (28 — 21 (22 — 2) h 
—1 21 26-1 — 3 —2)l (2a 4-2) I (26 F 1) 1 (2с 4-1) 1 | 


(s + 1) ! (s — 2b) 1 (s — 2a + 2) 1 (2a — 4) ! (25) ! (2c — 2) ! | 

su nra —1)F (5 —25 —4) (в — 2a) | (2a F 1) ! 26 F 3) | 2c 41/1 
FF 

—2 0 [ARR I(s—3b—3)lQa--1)] ос! о 


бај (а – 28) lls 25) 1 (да —4)1 (29 — 2) 1(22—2)! ть 
—2 | —1 [s T(s —2c—2)1(s — 25 — 2) { Qa 4-1) 1 Q6 3- 1) V Qe FIT. 
Table 10.11. 
ath bp. eM 
| а b с 
{ 2 2 1 | 
А в | у = 1 
(s 4- 6) ! (s — 2c + 3) ! (s — 2b + 1) (s — 2a +- 1) (2a) 1 (2b) ! (2с) ! 7% 
2 2 20 3-56 О) (е 26) a F 5) T5 ＋ 5) I (24-91 -- 
(s 4-5) 1 (8 — 2e +2)! (s — 2b + 2) 1 (2a) 1 (25 — 1) 1 (2) |. J.. 
2 1 —2 (a 20% z- 5 ua uerst rst rx] 
2 (s + 4)! (s — 2c + 1) (s — 2b + 3) ! (s — 2a) (2a) ! (26 — 2) ! (2e) | Ms 
2 9 + (2c — 2 — ) [583 58111 — 26) ба 4-5) T 3-3) ! (2e 23)! ] 
(s +3) ! (s — 2b + 4) ! (s — 2а) ! (2a) ! (2b — 3) ! (2e) ! h 
2—1: —2(2a+b—2 0 e 0 N 20 L 2242 24 ет | 
2 A) т 
2 | -2 —2[ 3.5 ( 2b)! (5 — 2a — 3)! (2a $5) | (26 + 1) Fc E31 
(s 45) 1 (s — 2e + 2) 1 (s — 2a + 2) ! (2a — 1) | (2b) 1 (2c) ! | 
і 2 ИЕ U l 


(s + 4016 — 2e + 1) (s — 2b + 1) (s — 24 + 1) (24 1) 1 (26 1) 026) 1 As 
! 1 Alls — 2e) (e + e + 2) — 3ab) | 3-5 (s-i- Оба) А) 1 (265)! per | 
2 (s + 3) ! (s — 2b 42) 1 (2a — 1) 1(26 — 2) (2c)! Wa 
1 0 2 (e — a)(Z + а) + (e+ (5 — 20 6 — 22-0) [ep aH OEE TOE e 
4 ((s — да + 1) (a — b + 2c + 1) — За (b 4-1)) X 
024 EERE 2e) азу 200. 1951001 po 
х[. 375 (s — 26) | (2a + 4) 10512) 1 2e +3) | 
(s — 2c) ! (s -- 2b + 4) ! (s — а) ! (га — 1) ! (2b — 4) ! (2c) ! 2 
1 j -2 20 Pe 264 2 ы = тв CIS] 
2 (s + 4) ! (s — 2с +1) (s — 2) (s — 2a + 3) ! (2a — 2) 1 (26) 1 (2c)) 1 Yh 
0 2 (2e — 20— 9. 5(s—3a (s+ Па 3) (2645) (6431 —— — 
2(s 4-3)! (s — 2a + 2)! (2a—2)! (26 — 1)1 (2e)! Ya 
9 1 —2((e— 9)(Z +5) +(e + 6 — 29 (6 — 26-4) қатардан аа fe зл 
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ЖЕЗ = 
s -+ 2) (s — 20) (s — 2b + 1) (s — 2a + 1) (2a — 2) ! (2b — 2) J (2c) ! Th 
o| о |а| а e o o | 
F AR е 
em 2(s — 2c) ! (s — 2b + 2) | (2a — 2) 1 (28 — 3) ! (20)! Th 
[see е EI eT (25-21 22291 
2 (s 4-4) (s — 2e) ! (s — 2b + 3) ! (s — За) (да — 2) 1 (25 — 4) 1 (2c) | Hh 
0 | —2 — (2e + 2b + 9 5 ( Ze — 3) l (s — 200 ! (2a 1-3) ! (26 3-1) 1 Gc 4 8) | го] 
(s +3) ! (s — 2b) ! (s — 2a + 4) ! (2a — 3) ! (25) ! (2e) ! 5 
= 2 2 (2b Ca 261) |5 5 ( +1)! (s 25 — 2) ( — 2a)! (2a T 2) TTT THT | 
A((5 — 25 % a+ 2e + 1) — 5 (a + 0 X 
54 4 (s +2) (8 — 22) (s — 28) (в — 2a + 3) ! (2a —3) 1 Qo — 1) 1 (20) 7 
х| +” 3:5 (s — 2a) ! (2a 1-2) ! b +4)! (2с +3)! — 
VH 
- 0 2 (s — 2c) ! (в — 2a + 2) ! (2a — 3) ! (2b — 2) ji 
X| 5—2 — 2) 1 (s — га) | (ба F 2) 1 (2b $ 3) y г] 
-- 1) (s—2e) (s —254-1) (s — 20-1) (2a —3) ! (2b —3) 2c) 4 
а | а | ае зо) зоо ЕЕ ШЫ E Oe | 
(s 41)! (s — 2e) 1 (s — 26 4 2) ! (2a — 3) ! (2b — 4) ! (2c) ТА 
— | —2 202 25 1 ара НТ 
(s 2) (s 20) (s — 2b) ! (s — 2a + 5) 1 (2a — 4) ! (20) ! (2e) 1 Ps 
а 2 E 3-5(s — 2b — 3) 1 (s — 2a) 1 2a 3-1) 1 (26 3-5) | e 3-3) 1 ] 
(s — 2с) 1 (s — 2b) ! (s — 2a + 4) ! (2a — 4) 1 (26 — 1) 1 (ac)! M. 
—2 1 2 (Ba + +26+ 2) ен xA Р T 0 F228. 
267) (s — 2c) 1 (s — 2b) (s — да 4- 3) ! (2a — 4) 1 (2b — 2) Qe! Th 
—2 0 — (2e + 20+ 1)]} — — (5 —3c—3) 24) а) 2b F 3) (2с-Е3)! ] 
(s + 1) ! (s — 2с) ! (s — 2a + 2) ! (2a — 4) ! (25 — 3) (2c) lz 
—2 ud 2 Qa — b 2e 4- 0| з: $(s —1) l (s — 2e — 4) 1 (s — 2a) 1 (2a + 1) 1 (25 42) xr] 
(5 016—291 (20-1) — 2a +1) (22 — t go à) (2c) 1 ТА 
—2 | -2 Е | 3-5(5 —2)1(s — 2c —5) | 2a ＋ 1) 1 (26 +1)! 2c + 3) | | 
А в | у--0 
(s +5) | (s — 2c + 4) ! (2а) ! (25) ! (2c — 1) Me 
25 2 ae Ес ее ве ба ИТ | 
(s 4.4) 1 (s — 2e 4- 3) 1 (s 25 J 1) (s — 2a) (2a) ! (2b — 1) 1 (2e — 1) ! ТА 
2) 1 TETE 3-5 (s+ 1)! (e — 2c) Пра + 5) 5-4) 1 (2с 2)1 — 
F (s -- 3) ! (s — 2e + 2) ! (s — 25 + 2) ! (s — За) ! (2a) ! (2b — 2) 1 (2e — 1) 1 Ms 
2 0 2 (2 ＋ 3) 51s £1) (s — ae) (s — 20) TU — 2a — 2) (2а 4-5) 1 late min 
2 (s + 2) (s — 2e -- 1) (s — 25 + 3) ! (s — 2a) ! (2a) 1 (2b — 3) 1 (2e — 1) | Th 
21-1 26 +9-+9)| 3.5 (sb) 1 (6 — 20 — J Qa 5) Q6 2) Ge + 2)1 2t 
2 (s — 2b 44) 1 (s — да) ! (2а) ! (2b — 4) ! (2с — 1) h 
2 | —2 26 ＋0 f. 5 (s — 26) 1 (s — 2a — 4) | 2a + 5) 1 26 F 1) pg] 
2 (s 4- 4) 1 (s — 2e + 3) 1 (s 25) (s — 2a -+ 1) (да — 1) ! (20) 12 1)! h 
1 2 2 (2—a+2)] 3-5(s-F1)1 (s — 2c) CaF 4) 1 (26 + 5) 1 2c 4- 21 ] 
2(s--3)! (s — 2e + 2) ! (2a — 1) ! (2b — 1) 1 (2e — 1) | Ms 
1 1 4 (b — а) (ab — Z)| 3:58 4-1) (в — 20) 1 (2a 3-4) | 25 -F 4) | Qe 2) 1 
(s +2) (s — 2e 1) (s — 2b + 1) (s — 2a) (2a — J) ! (25 — 2) 1 (2 — 1) 1 Wa 
1 0 4%n (а + | 5 Qa ＋ 4) T 26-3) Qc 4-2)! cen 


2 (s — 20+ 2) ! (s — 2a) | (2e — 1) 1 (28 — 3) Le —1) h 
па же) +6410) а ду! I (2a 3- 4)! (26 4-2)! 2c 3- 2)1 г] 
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А | в v=0 
2 (s + 1) (s -— 2e) (s — 25 +- 3) 1 (s — 2a) 1 (2a — 1) ! (2b — 4) 1 (2e — 1) | A 
1 | —2 2+4) | 3-5(s— 2b) 1 (s — 2a — 3) | Qa P | (2b FI) 1 Ge 2) 27] 
(s + 3) ! (s — 2с + 2) 1 (s — 2b) 1 (s — 2a + 2) 1 (2a — 2) ! (25) 1 (22 — 1) 1 “Ws 
0 2 — 2 (22+ 90 Sut (s — 25 — 2)1 (s — 2a) (2а 4-3) 1 25 + 5)1 2e F at] 
(s + 2) (s — 2с + 1) (s — 25) (s — 2a + 1) (2a — 2) 1 (2b — 1) ! (2c — 1) 1 Wh 
0 1 44-904 0] 5 Ga ＋ 3) 1 25 3- 4) бе 2)1 ] 
0 0 0 
(s + 1) (s — 2c) (s — 2b + 1) (s — 2a) (2a — 2) ! (26 — 3) 1 (2c — 1) 1 Ps 
0|- 4(2 -ь-04! —— — 57. L3) GP 2) 126 + э = 
(s +4) ! (s 20) 1 (s — 2b 4.2) 1 (s — 2а)! (га — 2) ! (2b — 4) ! (2e — 1)! YA 
0 —2 20 ртт яг] 
2 (s + 2) (s — 2c 4- 1) (s — 2) 1 (s — 2a 3) 1 (2a — 3) 1 (25) 1 (2e — 1) 1 Yh 
—1 2 20 C 28057 5 (s — 2b — 3) 1 — га) | (2a 2)1(25-- 5) ! 2c + 2)! 7 
2 (s — 26) | (s — 2a 4- 2) ! (2a — 3) 1 (2b — 1) ! (2e — 1) ! 
—1 1 —4(a-- 54-1) (2 +0 (2 +1)) [5 5 (s — 25 — 2) 1 (s — 2a) ! (2а 4-2)! (2b 4) Qe - 2T 
(5 +1) (s — 2e) (s — 25) (s — 2a + 1) (2a — 3) ! (2b — 2) 1 (2e — 1) 1 Ws 
=. 0 4(2—а— | 5 (2a 4-2) (25 +3)! (264 2)1 | 
2(s + 1) ! (s — 2с)! (2a — 3) 1 (2b — 3) (2e — 1) 1 тА 
-1)|-і 46—95 (+61) 6-9 — 2| 3- 52 2 2 Lcd. 525 ENG ETL 
2 (s 4-1)! (s — 2с) ! (s — 2b + 1) (s 24) (2а — 3) 1 (25 — 4) 1 (2с — 1) | We 
==? -2а-2 0|: 3-5(s —2) 1 (s —2c — 3)! 2a 4- 2) 1 (25 4- 1) 1 2c 4- 2)1 ] 
2 (s — 25) 1 (s — 2a + 4) 1 (2a — 4) 1 (25) 1 (2e —1)! J 
—2 2 2A F Ts F T0 20 G86 | 
2 (s ＋ 1) (s 20) (s 25) 1 (s — 2a 4-3) ! (2a — 4) 1 (2b — 1) 1 (2с — 1) | Th 
-2 1 2+5 [ 3-5(5—2b—3)1(s 2а) Пра 1) TSF) TD FZD 
(s + 1) ! (s — 2с) ! (s — 25) 1 (s — 2a + 2) 1 (2a — 4) ! (2b — 2) ! (2е — 1)1 i 
—2 0 2 UB e U- aay Ge U T-. TT fl 
2 (s +1) ! (s — 2e) | (s — 2b) (s — 2a + 1) (2a — 4) ! (25 — 3) 1 (2e — 1) 1 Ws 
—2 | == 2-2 T0 3:58 —2)1(5 — 2с — 3)! (2a + 1) (2b +2) 1 2c 4- 2)1 
2(s +4)! (8 20) 1 (2a — 4) 1 (25 — 4) ! (2e — 1)! Th 
—2 c? 2(b— | ат | 
А | в v= —1 
(544) ! (s — 2c 4.5) ! (s — 2b) (s — 2а) (2a) ! (25) 1 (2c — 2) | ТА 
2 2 -2|[ 3-5(s 3-1) T (s — 2e) 1 2a 4- 5) | 26 -F 5) 1 Qe 1)1 
(s +3) 1 (s — 26 + 4) 1 (s — 2a) 1 (2a) | (2b — 1) 1 (2e — 2)! 7 
2 1 —2(2a— b+ 2 2) ү: тов ратар ar] 
2 (s +2) (s 2 + 3) 1 (s — 2b + 1) (s — 2a) 1 (2a) ! (2b — 2) 1 (2e — 2) 1 ТА 
2 0 = @с+2а+э[ 5 (5 — 2c) (s — да — 3)! (2а +5)! (26 F 3) 126411 
(s — 2c + 2) 1 (в — 2b + 2) ! (s — 2a) ! (2а)! (2b —3) 1 (2e — 2) 1 Th 
2 | — 2 ба 5 2. T 0 f. 5 ( — 26) l (s — 2b) 1 (5 - e toe ster 3 terror] 
(s + 1) (s — 2e + 1) (s 25 + 3) 1 (s — 2а) 1 (2а) 1 (2b — 4) 1 (2e — 2) ! Ya 
2 | —2 21 7— 8.8(s — 235) 1 (s — 2а — 50 T (2a 3-5) (2b 3- 1) 1 Gc P 1) 1 
(s +3) ( — 2e +- 4) 1 (s — 26) ! (2a — 1) 1 (25) 1 (2e 2) 1 A 
1 2 2 (5 — + 2e +2) | e 1) Пе — 2c) | = 2b — 2) | (2a 4-4) 25 4-5) 102 1)1 ] 
А (s + 2) (s — 2e 4- 3) 1 (s — 25) (s — 2a) (2a — 1) 1 (2b — 1) 1 (2e — 2) 1 Yh 


1 —4((s + 1) (s — 3e) — 306) [| 3-5 (s — 2c) | Za -- 4) 1 (2b 4- 4)1 (2с FIJI 


2 (z — 2e + 21 — 2a) (а — 1) — 2e — 2)! h 
0 | —2{(Z +a) (a+ c+ 1)— e (s+ 1) (s — 2b)} Е $ (s — 2c) (s — да = 2) (2а F 4)1(26 3) (de + 1)1 
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х | » | у--і 


b be) x 
"M ee (s + 1) (s — 2c + 1) (s — 2b + 1) (s — 2a) ! фа — 1) 1 (26 — 3) (2c — 2)! ТА 
x[ 3:5 (s 3а —3) Пра 3- 4) 1 (26 3-2) | Qc 2211 6 — 
(s + 1) ! (s — 2b + 2) 1 (s — 2а) ! (2a — 1) ! (2b —4) ! (2 —2)! Th 
Tees -ataa 5.5 guam eria iU SIG ИТ | 
2 (s +2) (s — 2c +3) 1 (s — 2b) ! (s — 2a ＋ 1) (2a — 2) 1 (2) ! (2e 2)! T 
| 2 —2(е+%+3)[ 5(s— 2c) (5 — 26 — 3) | Qa + Y 26 3) T (Ze 3- 1)! ] 
— 2c + 2) ! (s — 2b) ! (2a — 2) ! (2b — 1) ! (22 — 2) ! ТА 
о | a | 2(@+юф+е+)— св + 06-236 35 A) 2 OA Tuer | 
3 (s +4) (s — 2c + 1) (s — 25) (s — 2a) (2a — 2) 1 (2b — 2) ! (2с — 2) 1 
| 0 2e (22+ 2e—a)| 5 (ба -3) 1 (26-3)! (201)! 1 
2(s 4-1)1(s—2a)!(24—2)!(20—3)!(2c—2)! Ws 
0| —4 2(Z b -= e — 26+ 1) 6 — 29) | ts x ЭЙ ESTEE ЕТ 
JJ))% ош DER ма 
о | —2 (Qe— 2 +4)[- 5(s— 2) 1 (з — 2a —3) (2a + 3) Е Ve +) | 
(s — 2c + 2) 1 (s — 26) | (s — 24 + 2) ! (2a — 3) 1 (2b) ! (2с — 2)! ТА 
Б. 2 2 % Ca 2 ВЕ аа) 
— 4 (3b (а + 1) — (s 24) (2c +a —b + 1) X 
= { 1111717177. ee оша h 


3-5 (s — 35 — 3) 1 (Ja 4-2) 25 43-4) 1 Ge 4171 
2 (s +4)! (s — 25) ! (2a — 3) ! (2b — 2) 1 (2с — 2) 1 ТА 
=i 0 |—2((£—a—1)(e— а) + c(s — 22 + 1) (s — 2a)) Eas Ws — 26 —2) (223-2) 253-3)! 2c 1)1 
4((s — 2c + 1) (s + c +2) — 3 (а +- 1) (b + 1)} X 
D (s + 1) 1 (s — 2c) (s — 26) (s — 2a) (2a — 3) | (2b — 3) ! (22 — 2) ! | 
х [= — — 3:5(s 2) aF 2) 1 25 4-2) I 1) 1 - 
(s + 1) ! (s — 2c) ! (s — 2а)! (2a — 3) ! (2b — 4) 1 (2c — 2)! hs 
= ё 2067-2 eer ЈЕ "5 (s —3) | (s —2e — 2) (s — 2а — 2) 1 2a -- 2) 26 4- 1) 1 c -F 1) 1 ] 
(s +4) (s — 2e + 1) (s — 2b) | (s — 2a + 3) ! (2а — 4) ! (25) 1 (22 — 2) ! li 
та 5 (s —2b— 5) (s — 2a) | Qa -- 1) 55160! 
(s 4-1) 1 (s — 2b) 1 (s — 2a ＋ 2) 1 (2a — 4) 1 (25 — 1) 1 (22— 2)! Th 
x 1 2 (2a +b — 20) Er B(s — 1) Ks —25 — 4) 1 (s — 2a) ! (2a 3- 1) 1 26 -- 4) | (e+ tl ] 
| Ble Фау (e — 2e) (e — 20) (а — 2a +1) фа 40-2) Bo — 2) h 
552 0 (2e—2a+4)[ 5 (s —2)! (s — 2b — 3) 1 2a 4- 1) ! 26 3) 1 2e + 1) 1 | 
(s 4- 1) 1 (s — 2c) ! (s 26) | (2a — 4) 1 (2b — 3) 1 (2c — 2) ! h 
Sey PHP EE e r 
ы (s + 1) ! (s — 2e) | (s — 25) (s — 2a) (2a — 4) ! (2b — 4) ! (2c — 2) ! Y 
—2 | —2 af (= IIe JIT (aF ПЕТ! ” 


Table 10.12. 

a A TAS c ＋ 
| M 
3 2 1 


| 


— 


^ 5 (s + 7) ! (s — 2c + 4) ! (s — 2b + 2) ! (2а) ! (26) ! (2с)! | 
[түт ЫР N ОРЗ 
(s +6) ! (s — 2с 4- 3) ! (s — 2b + 3) ! (s — 2a) (2a) 1 (20 — 1) 1 
2], 7 (6 ＋ I) IU 2с)! (з 25 | (2а F NFA 6-3)! 2 
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Х | в | v=1 


2-3 (s 45) ! (s — 20 + 2) ! (s — 2b + 4) 1 (s — 2a) 1 (2a) 1 (2b — 2) 1 (2c) ! A 
3 0 Е T(s4-1) Is — 3e) F(s — 25] (э — 2a — 2) (2а 4- 1) 2b 2-3) 1 Qe +3) 1 г] 
(s + 4) 1 (s — 2c + 1) (s — 2b + 5) 1 (s — 2a) ! (2a) ! (2b — 3) ! (2c) ! TA 
21 7(ғ--1)1(5--251(:--24-3)1(2а4-7)1(9»:-2)102423)! 
| (s +3) 1 (s — 2b 4-6) 1 (s — га) 1 (2a) ! (2b — 4) 1 (2c) ! h 
3 | —2 FF 
У е b ga 2600 — 20-6 3) ! (в — 25-4 1) (s — 2a + 1) 2a — 1) 129) | (26) IT 
presses af 3.7(5 +1)! (s — 2c) | Qa 4 6) 15-5) 1 2e 3)! 
2 (s +5)! (s — 2e 2)! (s —2b + 2)! (2—1) (25 — 1)! (2e) % 
2 1 26 0-20) FEC) e- 20) | err 29 T ЮТ ТН 091 
2 (a (a + 2c 5) + 3% с) (b +e 1) X 
2 0 TTC 
T(s4-1)1 (s — 25) 1 (ба T 6) 25-3) 1 2c 1-3) 1 
2 (3 (e +0 +1) (s — 2e +1) — (a 4-3) (s — 2a + 1)) X 
[ 2 (s +3) ! (s — 2b 4- 4) 1 (6 — да) ! (2a — 1) 1 (20 — 3) ! (2c) ! Т 
3-7(s 4-1)! (s —25) 1 (s — 2а — 2) | Qa -- 6) 1 Gb 2) 1 (2с F3) 1 
(s 4-2) (s — 2c) (s 25 +5) 1 (s — 2a) 1 (2a — 1) 1 (2b — 4) ! (2c) VA 
2 pee Ges 3-7 ( — 3b) («+ — 2a — 3) (2а 3-8) 1 (25 + J) T () 
((s — 2e — 1) (s — 2c) — 8 (s — 2c) (s 25) + 6 (s 25 — 1) (s — 200) X 
1 2 [ (s +5) I (s —2c 4-2)! (s — 2a + 2) 1 (2a — 2) (25) 1 (2c)! Yh 
X| 3-5-7 1) Hs — 2с) E (s — 2a) Г 2a + 5)1( 45) (63)! | 
((s — 2c — 1) (s — 2c) (s — 2a + 2) (2a + 4) (2a + 5) — 2 (s — 20) (s — 2e + 2) (s 2 + 1) X 
1 1 X (2a — 1) (2a +5) + (s — 2c + 2) (s — 2e + 3) (s — 2a) га (2a — 1)) X 
1717!!! посао аии h 
x 3.5.78 3-1) Ia 4-5) 15 F 4) f Qc 4-3) ! 
{ (5 — 2c) (s — 2a + 1) (2a + 5) ((s — 2с — 1) (s — 2a + 2) (2a -+ 4) — 2 (s 20 + 1) (s — 2a) (2a — 1)] + 
1 0 + га (2a — 1) (s — 2c + 1) (s — 2c + 2) (s — 2а — 1) (s — гају X 
[ (s--3)!(s — 2b + 2) ! (2a — 2) ! (2b — 2) 1 (20) | Fh 
Х| 275. At а ут | 
((s — 2a + 1) (2a + 5) [(s — 2с — 1) (s — 2a + 2) (2a + 4) — 2 (s — 2c) (s — 2a — 1) (2a — 1)] + 
1 —1 + га (2a — 1) (s — 2c + 1) (s — 2a — 2) (s — 2a — 1)) X 
а ET с сун m 
375-7 (s — 25) | Qa 4-5) 1 26 34-2) 1 2e 4- 3j 1 ] 


(s — 2a + 1) (s — 2a 4-2) +8 (s + 1) (s — 2a +1) + бе (s +1)} X 


1 | —2 
х[ (s — 2c) | (s — 2b + 4) ! (s — 2a) ! (2a — 2) ! (25 — 4) ! (2c) ! h 
TST eT a ee 0 L425 U 
0 2 2 {a (a + 1) — 5 (b — c + 1) (b — c) — 2} X 


% (s + 4) ! (s — 2c + 1) (s — 25) 8-24 ше ОИ ше}! Т» 


| 5 7 (s+ 1) t (s — 2a) | (2a + 4) | (26 + 5) T (2c + 3) 1 
2:2 ((s — 2e — 1) (s — 2c) (2a + 3) (2a + 4) [(s — 2e — 2) (s — 2a + 3) (2a + 2) — 3 (s — 26 + 1) X 
0 4 | X (s — 2a + 2) (2a — 2)] + ($ — 2c + 1) (s — 2c + 2) (2a — 1) (2a — 2) [(s — 2c) (s — 2a + 1) (2a + 4)3 — 


M (з +3) 1 (s — 2a + 2) ! (2a — 3) ! (25 — 1) (2e)! Wa 
(s 2e 4-9) (5 — 22) 24D | EA ИЕ EG D PSI 


See 
0 0 
0 —1 
0 —2 
—1 2 
—1 

—1 

—1 —1 
—1 —2 
—2 2 
= 1 
--2 0 
—2 —1 
—2 —2 
—3 2 
—3 1 
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У==1 


2 {[c (c +2) -+a (a +1) — b (b + 1)]- [102 — 102 + 4 (2a? + 2a + 1)] — 2c (с + 2) (2a — 1) (2a +3) + 


+ (2a + 4) (24 — 2) [а (а ＋ 1) ＋ 3b (64 1) — 3c (e + 2) — 31} X 
(s + 2) (s — 20) (s — 2b +- 1) (s — да ＋ 4) (2a — 3) 1 (2b — 2) ! (2e) ! Wa 
* 25-7 + 4) 1 (2b 3-3) | Qc 4-3) | -| 


gig (8 — 20-44) (s — 2a 4-2) (га + 3) (2a + 4) [(s — 2c — 2) (s — 2a 4-3) (2a + 2) — 3(s — 2c — 1) X 


X (s — га) (2a — 2)] + (s — 2a — 1) (s — 2a) (2a — 1) (2a — 2) [3 (s — 22) (s — 2a + 1) (2a + 4) — 
(s — 2c) ! (s — 2b ＋ 2) ! (2a — 3) 1 (25 — 3) ! (2c h 
— (e — 2e 4-1) (s — 2a — 2) 22) | f. Tx curae serm] 
— 2 {a (a ＋ 1) — 5 (b + c) (b + c 3-1) — 2} X 
(s + 1) (s — 2c) ! (s — 2b + 3) | (s — 2a) (2a — 3) ! ( issu 
* 5-7 (в 20 — 3) 1(s — 2b) | (2a F) | (26 4- 1) | (2c 3- 3) ! 
((s 25 + 1) (s — 2b + 2) — 8 (s — 2e + 1) (s 25 +1) + 6 (s — 2e + 1) (s — 2e 4-2)) X 
(s +3) ! (s — 2b) ! (s — 2a -+ 4) ! (2a — 4) 1 (2b) ! (2c) ! | 
x[3- 5-T(s +1) !(s — 26 — 2) 1 (s — 2a) | (2a F 3) | (26 F 5) | (2c + 3) 1 
— ((s — 2b + 1) (2a — 3) [(s 4-3) (s — 2b + 2) (2a — 2) — 2 (s + 2) (s — 2b — 1) (2a + 3] + 
+ (2a 4- 2) (2a + 3) (s + 1) (s 25 — 2) (s 25 — 1)} X 
(s + 2) (s — 2с) (s — 2b) (s — 2a + 3) ! (2a — 4) ! (2b — 1) су, 
xÍ 3-5-7 (s — 2a) | (Za F) T (26 4-4) 1 (Ze 4-3) Í 
(6 +3) (s — 2b + 1) (2a — 3) [( + 2) (s — 2b + 2) (2a — 2) — 2 (s +4) (s — 2b) (2a L014 
+ (2a + 2) (2a + 3) s (s +1) (s — 25 — 1) (s — 26)} X 
(s — 2c) 1 (s — 2a +. 2) ! (2a — 4) ! (2b — 2) ! (20)! la 
xn EE — 2a) | (2a + 3) 1 26 - 3) 1 2c F3) 1 
— {(5-+2) (2a — 3) {(s +3) (s — 2b + 2) (2a — 2) — 2s (s 25 + 1) (2a + 3)] + (2a + 2) (2a + 3) X 
(s + 1) (s — 2с) ! (s — 25 -+ 1) (s 24 + 1) (2a — 4) 1 (2b — 3) 1 (2c) ! Ph 
X (s — 1) s (s — 2b) [923994 76—23) 1 ба F а +39 о | 
((s + 2) (s 4-3) +8 (s + 2) (s — 2a) + 6 (s — 2a — 1) (s — 2a)) X 
(s + 1) 16 — 2c) 1 (s — 2b -+ 2) 1 (2a — 4) ! (2b — 4) 1 (2c)! | 
хура Ze — 4) l (в — 26) | (2а F 3) 1 (26 +1) 1 e Г. 
(s + 2) (s — 20) (s — 25) ! (s — 2a +5) 1 (2a — 5) 1 (2b) ! (ac) 1 Yh 
— G6 +0340). 3-7 (s — 25 — 3) 1(s — 2a) | 2a + 2) | (26 5) d (2c 4-9)! -| 
2 {3 (s +1) (b — c) + (a — 2) (s — 2 + 1)} X 
2 (s — 2c) ! (s -— 2b) ! (s — 2a ＋ 4) ! (2a — 5) ! (2b — 1) ! (2c) ! | 
xls e 3)1(s — 26 — 2) 1 (s — 2a) | (2a 3- 2) 1 (26 4- 4) 1 (2c 3-3)! 
2 ((a-- 1) 2e —a 4-4) —3 (6 — c) b+e+1))X 
(s + 1) (s — 2c) ! (s — 25) (s — 2a + 3) 1 (2a —5) 1 (2b — 2) ! (2с)! ТА 
[ 7 (s — 2с — 3) V (s — 2a) 1 (2a + 2) | (26 3- 3) Í (2c 4-3) ! 
2 (54-2) (a — 2) — 3 (s — 20) (e +b + 1)} X 
2 (s -L- 1) ! (s — 20) (s — 2a + 2) ! (2a — 5) ! (2b — 3) 1 (2с)! | 
Ka IIe — 4) 1 (s — 2а) 1 (2а 2) 1 (26 3- 2) 1 (2e 4-3) 1 
(s 4- 1) ! (s — 2с) ! (s — 2b + 1) (s — 2a + 1) (2a — 5) ! (26 — 4) ! (2c) | Yh 
(a—36—3c— 2| 3 7 — 2)1 (s — 2c 5) I Za F 2) | (26 3- 1) (2645)! 
(s — 2c) ! (s — 2b) ! (s — га + 6) ! (2a — 6) ! (25) ! (2c) ! | 
Кс 2b E ЗТ 
(s + 1) (s 20) ! (s — 2b) 1 (s — 2a + 5) 1 (га — 6) 1 (20 — 1) ! (20) ! ТА 
-e a T РОО 


* 
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— — 


2•3 (4 1) (в — 2c) 1 (s — 2b) 1 (s — 2a + 4) ! (2a — 6) 1 (25 — 2) 1 (ze)! ТА 
= 0 [рт вв 44 eT | 
(s +4) 1 (s — 2e) ! (s — 2b) (s — 2a 4.3) ! (2a — 6) ! (2b — 3) 1 (2c) 1 Yh 
-2f 3 (s — 2) 1 (s — 2e — 5) (s — 2a) | (2a + 1) | (26 F 2) | (2c 3-3) 1 | 
(s +4) ! (s — 2c) ! (s — 2a + 2) ! (2a — 6) ! (2b — 4) ! (2c) ! ls 
—3 | -2 ОЕ | 


v=0 


2 (s +6) 1 (s — 2c 4- 5) ! (s — 2b + 1) (5 — 2a) (2a) 1 (25) 1 (2€ — 1) 1 Ph 
3 2 -Ha F 
26 4-5) ! (s 26 4) I (# — 2b -+ 2) 1 (s — 2a) 1 (20) 1 (25 — 1) 1 (2e — 1) 1 Ph 
РН БУТ (# — 2a — 2) 1 (2а 4- 7) 1 (26 а) (2e E 2)T- 
алта ERATES Bee Ее 
ВТ АТ s — De) По — 25) T (e — 2a — 3) 1 (2a 4- 7) 1 (25 3- 3) 1 (2c 2) 
2 (s +3)! (s — 2c 4-2) 1 (s — 2b ＋ 4) 1 (s — 2a) 1 SCR EI. 
21 TT DTG = es RICE ESTEE e за — 4) (T 7) 125 3- 2) (Qe 3-2) T 
2 (s + 2) (s — 2c + 1) (s — 2b 4-5) I (s — 2a) 1 (2a) 1 (25 — 4) | (2e — 1) 1 ТА 
-( 7(s — 35) (о — 2a — 5) | (a 3-7) 1 (26 4-1) 1+2 
(s +5)! (a — 2с +á) | (2a — 1) 1 (25) I (2e 1) 1 Th 
2 (s — 2a) (2a — 36 + 3c) + (a + 3) (s — 2) | JJ ОТ — 2e) 12a +6) | (26 3-5) I de 21 | 
4(а(252--а--1)--3(с--Ә)(с--%--4)) X 
(s -4 4) (в — 2c + 3) ! (8 — 2b + 1) (a — 2а) (2а — 1) 1 (2b — 1) 1 (2e — 4) 1 7% 
* De e ЕЯ ЛЕ отаг (26-4) 1 (2e 4-2) | 
—2{3 (Z + 2a) — а (2a + 6)} X 
2 (s +3)! (s — 2e + 2) 1 (s — 2b + 2) 1 (s — 2a) 1 (2a — 1) 1 (25 — 2) 1 (2e — 1) 1 79 
IE Fri Пао (s — 2a — 2) 1 (ба F 6) 1 (2b F 3) 1 (2c 2) 
4(3(c — b) (e +b 4-1) — a (2b + a + 3) X 
JJ 


3 —1 


3 —2 


Хх 3-7 (s — 2b) 1 (s — да — 3) | (2a + 6) ГЬ + 2) +2Г 
2 ((5 +1) (a ＋ 3) — (s — 2e + 1) (2a +3b + 3e +3)) X 
(s — 2b + 4) 1 (s — 2a) ! (2a — 1) l (2b — 4) 1 (2c — 1) l Ws 
ЕСКЕРТ s) a — 4) | (2a. рт) 
(5 (s + 5) (s — 2с) — 10 (s — 2b — 1) (s — За) — 4 (2a — 1) (2a 4- 5)) X 
2 (s + 4) 1 (5 — 2c +3) ! (s — 25) (s — 2a -+ 1) (2a — 2) 1 (25) | (2c — 1) 1 "Та 
От ТИ АЯ XE 
— (3023 — 42 [8а% + 14a — 5b + 10ab] + 8ab [4a* + a — 7b — ab — 9]) X 
2 (5 + 3) ! (s — 2c + 2) 1 (2a — 2) 1 (2b — 1) 1 (2с — 1) | h 
[зет IO (3 + 4) 1 (s — 2с)! (2a 4-5) 1 (20 3-4) (2e 3-2) 1 ] 
(2 (Z + а) [4 (2а + 5) (2a — 1) + 15 (Z + a — 2) — 6 (2b — 1) (2b + 3) a (a +2)) х 
(s + 2) (s — 2c +1) (s — 25 + 1) (s — 2а) (2a — 2) | (2b — 2) ! (2с — 1) 1 ТА 
X [sees — 75. Та 5) | (26 + 3) | Qe + 2)1 2-3-0, 
— (3022 — 42 [843 + а + 5b — 10а 4-5] — 8a (b + 1) [4а3 + 2a + 7b + ab — 2]) X 


2 (s — 2b + 2) 1 ( — 2a) 1 (2a — 2) 1 (25 —3) 1 (20 — 1)1 7% 
х| 3-5-7 (s — 2b) | (s — га — 2) | (2a + 5) | (264-2) 1 (2c 4- 2) 


ЖЕН 
1 --2 
0 2 
0 1 
0 0 
0 —1 
0 —2 
—1 2 
—1 1 
—1 0 
—1 —1 
= —2 
—2 2 
—2 1 
--2 0 
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v=0 


— (40s (s — 2e 4-1) —5 (s — 2b -+ 4) (s — 2a + 1) — 4 (2a — 1) (22+5)) X 
2 (s +4) (s — 2c) (s — 25 + 3) 1 (s — 2a) ! (2a — 2) 1 (2b — 4) ! (2e — 1) | Th 
[2—5 75-7 (8 — 26) 1(s — 2а — 3) Qa FS F FA 
2 ((a — 3) (a + 4) — 5b (b ＋ 3) + 5с (e + 1)} X 
2 (s 4-3) ! (s — 2c + 2) ! (s — 2b) ! (s — 2a + 2) ! (2a — 3) ! (2b) ! (22 — 1)! | 
[ 5. T 1)! в — 2e) 1 (г — 26 — 2) | (в — Za) | (2a + 4) 1 26 - 5)! (2с 2) 
( +b) (20 (Z +b — 2) — 6 (2a — 2) (2a + 4)] — 4b (b + 2) (2a — 1) (2a +3)) X 
ке eee и 
x[ —— — 3.72 + A) EP 4- 4) E 2e + 2)1 | 
2 ((s — 2b — 1) (в — 2b) (s — 2a — 1) (s — 2a) [s (s — 2b ＋ 2) — 2 (b e ac + 2)] 4-8 (a -- 2) & 
X (e — b) (s + 2) (s — 20) (s — 2b) (s — 2а) + (s + 2) (s + 3) (s — 2e — 1) (s — 2e) [s (s — 25 + 3) — 
3 (2a — 3) 1 (2b —2) 1 (2c —1) ! 1^ 
26 L 2 00 | s 77 ба Ve 3 | 
— ((Z — b — 1) [20 (Z — b — 3) — 6 (2a — 2) (2a ＋ 4] — 4 (b + 1) (b — 1) (2a — 1) (2a -- 3)) X 
% i ia i 
* — F о 
2 ((a — 3) (a + 4) — 5 (b + 1) (6 2) + 5c (с +1)} X 
2 (s 4- 1) ! (s 20) 1 (s — 26 + 2) 1 (s — 2a) ! (2a — 3) 1 (25 — 4) ! (2c — 1) | ii 
xn К — 2c —2)1(s — 20) !(s — 2a — 2) {2а -- 4) Gb F 1) ! Ge --2) 1 
{10 (s +1) (s 20 + 2) — 5 (s — 2b -4- 1) (s — 2a + 4) — 4 (2a +3) (2a —3) X 
2 (s + 2) (s — 2c + 1) (s — 25) ! (s — 2a + 3) 1 (2a — 4) ! (2b) ! (2е — 1) ! 7, 
[TET T eee 
(3022 — 42 [8 (a + 1)? — 11 (a + 1) — 15b — 1025] — 8b (a + 1) [4 (а + 1)? — а + ab — 6b — 10}) X 
2 (s — 25) 1 (s — да -+ 2) ! (2a — 4) 1 (2b — 1) ! (2e — 1) ! T 
* [= 5-7 (s — 2b — 3) 1 (s — 2a) | (2a 4-3) | (26 F 4)! (2с + 2)! 

— (2(Z — a — 1) [4 (2a + 3) (2a — 3) + 15 (Z — a — 3)] — 6 (2b — 1) (26 + 3) (a + 1) (a — 1)) X 
OE A E h 
!  - . 

— (3023 — 42 [8 (а 4- 1)? — (a + 1) (4 — 105) +5 (b +1)] +8 (a + 1) (6 + 1) [4 (a + 1)? — a — 10 + 

2 (s +1) ! (s — 2c) 1 (2a — 4) ! (2b — 3) ! (2e — 1) ! h 
TGT1 6— 20 [3-5 Сар G e 2) (2а 3) 136 + 2) 1 Qe 4-2) 1 г| 
— (5 (s + 2) (s — 2e — 3) — 10 (s — 25) (s — 2a — 1) — 4 (2a + 3) (24 — 3)) X 
2 (s + 1)! (s — 2c) 1 (s — 2b -+ 1) (s — 2a) (га — 4) 1 (2b — 4) ! (2 — 1) ! Ps 
X 1 -5-7(s—2)1(s 20 —3) (a + 3) 106-21 о 
2 (5 + 1) (Зе 35 — 2a — 2) + (s — 2-1) (a 2) X 
(s — 2b) ! (s — 2a + 4) ! (2a — 5) ! (2b) ! (2e — 1) ! | 
X Е Т7 (s — 3b — 4) 1 (s — га) 1 (2а + 2) (26 + 5) (2с 3-2) 1 
— 4 (3 (c — b) (c +b + 1) — (a +1) (2b + a)) X 
(5 + 1) (s — 20) (s — 25) ! (s — 2a + 3) ! (га — 5) 1 (2b — 1) 1 (2e — 1) ! ^ 
* [ 3-7 (s — 2b—3)1(s —2a)|(2a-F 2) (26 TUD NY 
2260 2a — 2) — (a + i) (22— 4) X 
[ 2(s +1) ! (s — 2c) 1 (s — 25) | (s — 2a + 2) 1 (2a — 5) 1 (25 —2) 1 (2e — 1)1 J 
X|76—1716—3:—3)1 (6 — e ee ST] 
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— 4 (3 (e — 8) (e +b + 1) — (a + 1) (a — 20 —2)} X 
с (s 4- 1) 1 (s — 2c) ! (s — 25) (s — 2a + 1) (2a — 5) 1 (26 — 3) I (20 — 1) ! ТА 
x| 3 7, —2)1 (s —2c — 3) I Qa 4-2) Q5 -- 2) 1 (2с 4-2)1 
(s +4) 1 (s — 2e) 1 (2a — 5) 1 (2b — 4) (2e — 1)! T^ 
2((s — 2a) Ge + 3b — 2a + 1) — (s — 2a) (2—2)) [ 3.7 (s —3) (s — f Gir diis TIL x1 
2 (s +1) (s — 2с) (s — 25) ! (s — 2a -+ 5) ! (га — 6) 1 (25) 1 (2e — 1) 1 ТА 
[STAT Ге — 2a)! Qa-1) Gb 5)iQed 2] ] 
2 (s +1) 1 (s — 20) 1 (s — 2b) 1 (s — 2a + 4) ! (22 — 6) 1 (25 — 1) 1 (2e — 1)! J 
—2|-+ Ge bI EA — Be — (з — 25 — = 2a) | (2a IJ 1 25 3- 4) | (2c 1-21 | 
3 (s + 1) ! (s 20) 1 (s — 2b) 1 (s — 2a 4-3) | (2a — 6) ! (2b —2) 1(2е—1)1 Th 
2 22 (s — 2)! (s— 2c — 3) N= 2b — 3) 24 1 (2a FI ICF РГ | 
2 (s 4.1) 1 (s — 2с) ! (s — 26) ! (s — 2a + 2) 1 (2a — 6) 1 (2b — 3) t (22 — 1) ! h 
al — 3)! (s —3c — 4) (5 — 26 — 2) V (s — 20) ! Ga 3-3) V9 4-2) Le 4-2) T ] 
2 (s 4-1) ! (s — 26) 1 (s — 2b) (s — 2a + 1) (2а — 6) 1 (2b — 4) 1 (2e — 1) | ТА 
[= Teale 5 аи о 


—1 


(s + 5) 1 (s — 2c + 6) 1 (s — 2a) ! (2a) 1 (25) 1 (2с — 2) ! ћ 
2 [етти рли че ка ices ae 
(s + 4) 1 (s — 2c +5) 1 (s — 2b + 1) (s — 2a) ! (2а) 1 (25 — 1) 1 (2с — 2 1 Fe 
1 Ae ae errer 
2.3 (s +3)! (s — 2c + 4) ! (s — 2b + 2) ! (s — 2a) ! (2a) | (2b — 2) ! (2e — 2) 1 ТА 
0 [ 1 (s +14) | (s 2с) (з — 25) I (s — 2a — 4) ! (2a + 7) 1 (26 4- 3) 1 (20 + 1)! 
(s + 2) (s — 2c + 3) ! (s — 2b + 3) ! (s — 2a) | (2a) 1 (26 — 3) | (2e — 2) U^ 
=i | 535 Ei E 
(s — 2с + 2) 1 (s — 2b 4- 4) ! (s — га) ! (2a) 1 (2b — 4) ! (2с — 2) 1 Fh 
-2 [fe HET ea eee лт 
2 (s + 4) ! ($ — 2e + 5) ! (s — 26) (s — 2а) (2a — 1) 1 (25) 1 (2с — 2) ! ТА 
2 азе [РИ Gere ES TDI um 
2 ((5 4-1) (a4-3) —3(s — 2 +1) (+e + 1) X 
4 2 (6 +3) 1 (s — 2с + 4) 1 (5 — 2а) ! (2a — 1) 1 (2b — 1) 1 (2 —2)1 ТА 
FFF 


2 (a (a — 2с +3) + 3 (b — с) (b + с 4-1) X 
0 (s + 2) (s 2e + 3) 1 (s — 2b + 1) (s — 2a) ! (2a — 1) 1 (2b — 2) 1 (2c — 2) ! ТА 
[ T (s — 2c) 1 (s — га — 3) ! (2a F 6) (2 + 3) 1 (2e + 1)! 
2 ((s — 25) (a + 3) +3 (s + 2) ( — ¢)} X 
—1 2 (s 20 + 2) ! ($ — 2b + 2) 1 (s — 2a) 1 (2a — 1) 1 (2b — 3)1 (2c — 2) 1 ТА 
ІЗ асан 2 — 4 ererü PSIDCFD | 


2 (s + 1) (s — 2c ＋ 1) (s — 2b + 3) ! (s — 2a) 1 (2a — 1) 1 (26 — 4) ! (2e 2) 1 ТА 
- — (8а 30| 3-7 (s — 3b) V (s — 2a — 5) | (2a 6) ! 26 1) (Ze 1)! | 
(s (s +1) +8 (s + 1) (s — 2a + 1) + 6 (s 24 + 1) (s 2a + 2) X 
(s 4-3) ! (s — 2c + 4) ! (s — 25) ! (га — 2) ! (25) ! (2e — 2) l h 
2 таит | 


{(s + 1) (2a + 5) [s (s 25 — 1) (2a + 4) — 2 (5 + 3) (s — 25) (2a — 1)] + 2a (2a — 1) (s +3) X 


(s + 2) ! (s — 2c + 3) ! (s — 2b) (s — 2а) (2a — 2) ! (2b — 1) 1 (2c — 2) ! Th 
1 j X(s+4) Т] 37527 (е — 20) (24 5) (416 ~] 
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a | в | у==—1 


{s (5 +4) (s — 2b) (2a 4 5) [(s — 2b — 1) (2a + 4) — 2 (s — 2b 4- 1) Qa — 1)] + (5 2) (5 +3) Х 
(s — 2c 4-2) 1 (s — 2a) ! (2a — 2) 1 (28 —2) 1 (2e —2)! Th 
X2a(2a—1)(s — 25-4 (E25 ＋. 20 ZF T2697 EST SU 2e 101 ] 


(s (s — 2b — 1) (2a + 4) — 2 (s + 1) (s — 2b + 2) (2a — 1)] (s — 2b) (2a -1-5) + (s + 2) 24 (2a — 1) X 


(s 4- 1) (s — 2c +4) (s — 26 + 1) (s — 2a) 1 (2a — 2) (26 — 3)! (221—2)1 Ph 
XG—2426—243)| 3.5.76 —2a—3) (2а 3-5) 26 2) (Se 3:1) 1 — 


((s — 2b — 1) (5 25) — 8 (s — 2c) (s — 2b) + 6 (s — 2c — 1) (5 — 2c)} X 


(s + 1) 1(s — 2b + 2) 1 (s — 2a) 1 (2a — 2) 1 (25 — 4) 1 (26-2)! Ph 
Е 5 (5 — 1) 1 (s — 2b) 1 (s — 2a — 4) 1 (2a 4-5) 1 ae 


2{a(a+1)—5(6-+e+4) N 


(s +2) (s — 2e +3) 1 (s — 25) ! (s — 2a + 1) (2a — 3) 1 (2b) 1 (2e — 2) ! Pa 
х( 5-7 (s— 2c) Ms — 26 — 3) (a F YT (26-5) Hc 2-1)! ] 


= 3 (s (s +4) (а + 4) (2a + 3) [(s — 1) (s — 2b — 2) (га + 2) — 3 (s + 2) (s — 2b — 1) (2a — 2)] + 
0| 4 + (s + 2) (s +3) (2a — 1) (2a — 2) [( + 1) (s — 26) (2a + 4) -3 — (s + 4) (s — 2b + 1) 2a]) X 


(s — 2e 4-2)! (s — 2b) ! (2a — 3) ! (2b —1) 1 (2e 2)1 Th 
x [c -T zeſ l (s — 2)1 (2a 4-4) 1 b 3-4) E 2e 3-1) F ] 


— 4 ([b (6 +1) +a (a +1) + (e 4-1) (с — 1)] (4a? + 4a — 5Z — 5e — 3) — (e + 1) (с — 1) (2a — N 
X (2a ＋ 3) + 2 (a 4 2) (a — 1) [a (a+ 1) +38 (è + 1) — 3(e +1) (c — 1) —3]) X 


3 (s + 1) (s — 2e -+ 1) (s — 25) (s — 2a) (2a — 3) 1 (2b — 2)! (2c — 2) ! | 
x — — 5 7 ( F 4) 1 (26 3- 3) | (2e-+ 1)! 


xig (5 — 26 — 1) (s — 2b) (2a + 4) (2а +3) [3s (s — 2b + 1) (2а — 2) — (в — 1) (s — 2 — 2) X 
o | — X (2a + 2)] + (s — 2b + 1) (s — 2b + 2) (га — 1) (2a — 2) (s + 2) (s — 2b +3) 2a — 
(s +4) 1 (s — 2a) 1 (24 — 3) 1 (2b — 3) t (2e — 2) 1 ТА 
—364-06—2) 02-90 [От 


— 2 (a (a 4-1) —5(c — 5) (s —b + 1) —2) X 


ua TVT 
[ 5-7 (s — 2) 1 (s — 2c — 3) ! (2a + 4) ! (2b + 1) ! (2c + 1) ! 
TEN + (s — 2a) (s — 2a — 1) + 8 (s + 2) (s — 2a) + 6 (s + 2) (s --3)) X 


(s — 2c + 2) 1 (s — 2b) ! (s — 2a + 2) ! (га — 4) ! (2b) ! (2c — 2) | T 
Же Иа ESI TOS Ee 


— ((s — да) (2a — 3) [(s — 2с + 2) (s — 2a — 1) (2a — 2) — 2 (s — 2c 4- 1) (s — 2a + 2) (2a ＋ 3)1 + 
ea 1 + (s — 20) (s — 2a + 2) (s — 2a + 3) (2a + 2) (2a + 3)} X 
(s +1) (s — 2e + 1) (s — 2b) ! (s — 2a + 1) (2а — 4) 1 (2b — 1) 1 (2c — 2) ! Th 
x| 3-5-T(s — 26 — 3) ! (Za T 3) 1 (26 и! ] 
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((s — 2c + 1) (s — га) (2a — 3) [(в — 2с + 2) (s — 2a — 1) (2a — 2) — 2(# — 2c) (s — 2a + 1) (2a + 3)] + 


+ (га + 2) (2a + 3) (a — 2e — 1) (s — 2e) (s — 2a + 1) (s — 2a +2)) X 
(s +1) ! (s — 2b) 1 (2a — 4) ! (25 — 2) (2e — 2)! h 
x ET EIT ОГ] 


— ((# — 2c + 1) (2a — 3) ((s — 2c + 2) (s — 2a — 1) (2a — 2) — 2 (s — 2с — 1) (s — га) (2a 4-3)] + 


+ (2a + 2) (2a + 3) (s — 2с — 2) (s — 2e — 1) (s 2a + 1)) X 
(s +4) 1 (s — 2c) (s — 25) (s — 2а) (2a — 4) ! (2b — 3) 1 (2c — 2) ! Th 
x [AEST РЕН ЕЛИ AL 


((s — 2c + 1) (s — 2c + 2) — 8 (s — 2c + 1) (s — 25 + 1) +6 (s — 2b 41) (s — 2b + 2)) X 
(s -- 1) l (s — 2c) ! (s — га) ! (2a — 4) 1 (2b — 4) 1 (22 — 2) ! h 
x SER e r OIG a a eT | 


2 (s + 1) (s — 2с + 1) (s — 2b) ! (s — 2a + 3) ! (2a — 5) 1 (2b) 1 (2с — 2) | 1A 


G L L800 3-7 (s — 5 TU — 2a) 1 (2а 4-2) | (26 -- 5) 1 2e 1) 1 


2 (3 (s — 2c) (b + c + 1) — (s — 2a) (a — 2) X 
2(s 4-1)! (s — 2b) 1 (s — 2a + 2) 1 (2a —5) 1 (2b — 1) 1 (2c — 2) 1 1 
Е То = IN = 2 —4) | (2 = 2a) | (2a F 2) | (25 + 9 1 (2с + 1 


— 2 (( — 2) (a + 2c ＋ 1) +3 (b + о) (b — с + 1) X 
(s + 1) 1 (s — 20) (s — 2b) 1 (s — 2a + 1) (2a — 5) 1 (2b — 2) | (2с — 2) 1 Та 
х[ (s—2) 1 (s — 2b — 3) 1 (2a 4-2)1(2% 4-3) 1024-1) | -| 


2 (3 (s — 2a + 1) (b — ¢) + (s — 2c + 1) (a — 2)} X 
2 (s + 1) ! (s — 2b) ! (s — 2c) ! (га — 5) 1 (2b — 3) ! (2c — 2) t F 
x ses Dr — 2с — 2) 1(s — 26 — 2) (да F 2) V (24-2) 1 (2с 4-1) 1 


2 (s + 1) 1 (s — 2e) ! (s — 2b) (s — 2a) (2a — 5) 1 (2b — 4) 1 (2с — 2) 1 Wa 
(a — 3b + 3c + 1) [ J JU T= ze 3) aF 2) 1 (26 + 1) (ae + 1)1 — 


(s + 1) ! (s — 2b) 16 — 2a + 4) ! (2a — 6) ! (2b) 1 (22 — 2)! | 
[тт TG еј FIT AT l 


(s + 1) ! (s — 2c) (s — 26) 1 (s — 2a + 3) ! (2a — 6) 1 (2b — 1) 1 (2c — 2) 1 710 
-1i| Т (в —2)1(s —35 — 5)1 (s — 2a) Ї (2a 4-1) 1 (26 +4) 1 (2e PIII | 


2.3(s 4-1)! (s — 2c) 1 (s — 2b) ! (s — За + 2) 1 (2a — 6) 1 (26 — 2) ! (2 — 2) ! A 
(oS eee | 


(s 4- 1)! (s — 2с) 1 (s — 2b) ! (s — 2c + 1) (2a — 6) 1 (2b — 3) 1 (22 — 2) 1 Th 
-2| T(s—4) 1 (в — 2c — 3) 1 (s — 26 — 3) | (2а ＋ 1) 1 (2 + 2) 1 (2e 3- 4) 1 


(s 4- 1) 1 (s — 2c) 1 (s — 2b) | (га — 6) 1 (25 — 4) 1 (2c — 2) 1 | 
ИРИ ИЕ ЕН 


9 апа 12} Symbols 397 


Tables 10.13.— 10.14. Numerical Values of the 9/ Symbols. 


Table 10.13. 


(4 е | 
12 12 0 


0 12101 4/2 4/2 0.500000 | 2 5/2 | 3 | 7/2 1/2. 3 V7) 0.062994 
4 1/2 | 4 | 1/2 1/(2У3) 0.288675 | 3 5/2 | 3 | 7/2 1/(4.3-7) 0.011905 
1 3/2 | 1 | 3/2 171 V2-3) 0.204124] 3 | 7/2 | 3 | 7/2 3/(8 - 7) 0.053571 
2 3/2 | 2 | 3/2 1022-5) 0.158114 4 7/2 | 3 | 7/2 1/(8- 3737) 0.009092 
C 0.12909 | 35% | 4 | 22 4/4У327) 0.054554 
з | 52 | 3 | 52 | tue ~ 7) 0.109109 3 | 7,2 | 4 | 72 | —1(8-373:7) | —0.009092 
3 7/2 3 | 7/2 1/(4V7) 0.094491 4 121411 У5-7/8.9У3) 0.047439 
4 | 72 | 4 | 7/2 1/(4-3) 0.083333 | 
а b 1 | а b 3 
a d b e | а е 1 | | d e 2 | 
12 1/2 0 12 12 0 
1 1/2 | 0 | 4/2 1/(2-3) 0.666667 | 2 | 3/2] 0 | 1/2 1/(2.5) 0.100000 
4 32 | 0 | 4/2 1/(2-3) 0.666667 | 2 | 5/2 | 0] 4/2 1/(2.5) 0.100000 
0 1/2 | 1 | 4/2 | —4/(2-3) --0.666667 | -1 3/2 | 1| 1/2 | —1/(2V2:3-5) | —0.091287 
1 1/2 | 4 | 1/2 4/(3 V2.3 0.136083 | 2 3/2 | 1| 1/2 1/2. 5 V2) 0.070711 
1 3/2 | 4 | 4/2 | —1/(2-3V2-3) | —0.068041 | 2 |5/ | 4 | 1/2 | —1/(3-5V2) —0.047141 
2 3/2 | 4 1/2 1/(2-3 V2) 0.117854 | 3 5/2 | 4 | 1/2 1/9.3У5) 0.074536 
0 1/2 | 1 | 3/2 1/(2-3) 0.666667 | 1 1/2 | 1| 3/2 1/(2 V2-3-5) 0.091287 
1 1/2 | 1 | 3/2 1/(2-3 V2.3) 0.068044 | 1 | 3/2 | 1 | 3/2 1/(& УЗ. 5) 0.064550 
4 | 3/2 | 1 | 3/2 | У5Д4.зУ3) 0.107582 | 2 | 3/2] 1| 3/2 | 4/(4-5) 0.050000 
2 3/2 | 1 | 3/2 1/(4-3 V5) 0.037268 2 | 5/2 | 1 | 3/2 V1/(2.3.5V2)| 0.062361 
2 5/2 | 1 | 3/2 1/(2¥2-3-5) 0.091287 | 3 5/2 | 1| 3/2 1/(2.3У5.7) 0.028172 
‹ | 42 | 2 | 32| 42.398) 0.147851 3 | 72 | 11 3/2 | 12V2-5-7) 0.059761 
4 | 32| 2 | 3/2 | —1/(4-3¥5) —0.037268 | о | 1/2 | 2 | 3/2 | —1/(2-5) —0.100000 
2 3/2 | 2 | 3/2 V3 /(4.5) 0.086603 | 1 12 | 2 | 3/2 1/(2-5 V2) 0.070711 
2 5/2 | 2 | 3/2 | —1/(2-3-5V2) | —0.023570 | 4 3/2 | 2 | 3/2 | —1/(4-5) — 0.050000 
з | 52 | 2 | 32| 4/(2-3V5) 0.074536 | 2 | 3/2 | 2| 3/2 | У7/(4.5У5) 0.059164 
1 | 32 | 2 | 5/2 | 1/2V2:3-5) 0.051287 2 | 52| 2 | 32 | —1/2.5у2.5) | —0.031623 
2 | 32| 2 | 52 | 4/(2-3-5v2) 0.023870 3 | 52 | 2| 32 | 4592-7) қарайда 
2 [52| 2 | 5/2 | У7/8-5У 79 | 0.07208| % 2% —¼5 ) оов 
3 | 5/2 | 2 | 5/2 1(9.зУ3:5-7)| 0.016265 | 4 | 7/2 EON a 
з | 72) 2 | 52 | 1/2-зҰТ) 0.062994 | d 2| 52 | 1-9 | 0.100000 
2 | 3213 | 5/2 | 4/(2-3Vv5) 0.074536 | 1 | 52] 2) 52 | 1/G-5V2) — | 0-047141 
T | 1 | 3/2 | 2 | 5/2 | УТ/(2.3.5У2)| 0.062364 
2 | 5/2 | 3 | 5/2 | —1/(2-3V3-5- 7) | —0.016265 | у 9.031623 
з | 52| 3 | 52 | v5/(3-7V¥3) 0.061475 | 2 | 32| 2 | 52 | 1/2.542.5) | 
| 2 | 5/2 | 2 | 5/2 1/(5 V3-5) 0.051640 
з | 7/21 3 | 5/2 | —1/(4:3-7) —0.041905 | 
| 3 | 5/2 | 2 | 5/2 1(2.5У3-7) 0.021822 
4 7/2 | 3 | 5/2 1/(4¥3-7) 0.054554 | j * Е 
| з | 7/2 | 2 | 5/2 v3 (2.52.7) | 0.046291 
| 4 7/2 | 2 | 5/2 1/(2-3-5V2-3)} 0.013608 


398 


Quantum Theory of Angular Momentum 


Table 10.13. (Cont.) 


me WW b м ыз wow rto fo o AUGON Юю кь к= 


eww to to FF ©з бо м со 


eww М м ~ 


EM oM RRR (20 00 со со 00 оо Фо со с 00 00 59 9 


m pa p p — — — 2 — 2 ОС 


to b O P м ~ 


a b 
| а e 
1/2 1/2 


1/(2-3 Y5) 
—1/(2-3 v5.7) 

1/(5 У2-7) 
—1/(2.5V3-7) 

1/0 2-5) 
—1/(4.7¥5) 

V5 / A4 3 V3- 1) 


1/(2 V2-5- 7) 
1/(4-5 УТ) 

УЗ ((2.5У2-7) 
1/(4- 1 V5) 

V5 /(8 - 7) 
1(8У3.5-7) 


(4-5) 
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—0.021822 
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—0.015972 
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0.059761 
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0.012199 
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V13/(4- 27 V2) 
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a b 
| 4 е 
0 12 32 


—0.043033 | 2 2 —1/(9 У2 -5) 
0.025747 | 3 2 | 5/2 | —1/(2-9) 

=0:029881 |: 5 3 | 5/2 (2-9) 
0.029134 | з з | 5/2 1/(9 v) 
0.043033 | 4 3 | ½ | eym 
0.024845 |, з | а | ад.з) 
0.029696 
0.026972 | 3 4 1/(8 - 3) 
0.021547 || ^ 4 V5 /(8 - 9) 


—0.044544 
0.025717 | 
—0.029696 | 
ти LE a ием) 
0.025717 | 9 | E 
| 
0.048883 1 , ham | E 
„ а 
0.026072 2 | 32 | 2 1602.523) 
0.021735 | 2 |5212 1/6 -5) 
0.025253 | 2 | 32 | 2 | 52 | —1/3-5) 
0.016600 | 2 / 2 5/2] УТ(2-3-5У9) 
0.055856 9 | 5/2 | 3 | 5/2 | -У5/2.3-7У3) 
30 з | 72| 3] 52] 1487 
—o.030003 | 3 | 5/2 | 3| 7/2 | —4/(3-7) 
0.029434 | 3 | 72 | 3 | 1/2 4. 5 
—0.021547 | 4 | 7/2 | 4 | 7/2 | —УТКА - 27) 


0.023607 


1 1 172 0 | 1/2 1/(3 У2-3) 
қ | 4 | 3/2] 0 | 4/2 | -4/0.3У2:3) 
о | 1/22 | 1| 1/2 1/(3 2-3) 
—0.666667 | 1 | 3/2 | 4 | 1/2 | 1/(4-3) 
0.666667 | 2 | 3/2 | 1 | 1/2 | 1/(4.3V3) 
0.136083 | o | 142 13%, | 1/(2.3V2-3) 
—0.048113 | 1 | 1/2 | 4 | 3/2 | 1/(4-3) 
—0.083333 2 | 3/2 | 1 | 3/2 1/(3 V3-3-5) 
0.083333 | 2 | 5/2 | 1 | 3/2 | —1/(4-3V5) 


w w 69 (59 ~ m — 

~ — — oM 

52 5 М2 12 ~ ~ ~ 
a ff |L— — — | 


0.064550 


1 
| 
1 


—0.035136 
--0.555556 


0.555556 
0.041996 


--0.027277 
--0.041667 


0.041667 
0.031056 


0.288675 
—0.055556 
0.111111 
—0.111111 
0.087841 
—0.040825 
0.066667 
—0.066667 
0.050918 
—0.030738 
0.047619 
--0.047619 
0.035714 
--0.024498 


0.136083 
--0.068041 


0.136082 
0.083333 
0.048113 


0.068041 
0.083333 
0.060858 
--0.037268 
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Table 10.13. (Cont.) 


a 5 2 
| 4 е 1 | 
12 1/2 1 


1 1/2 | 2 | 3/2 | —1/(4-3V3) —0.048113 | 3 5/2 | 2 | 5/2 | —2/(3-5V3-7) —0.029096 
1 3/2 | 2 | 3/2 1(8У2-3-5) 0.060858 | 3 7/2 | 2 | 5/2 | —1/(4-3V5-7) — 0.014086 
2 5/2 2 | 3/2 1/(4-3V3) 0.048113 | 4 | 7/2 | 2 | 5/2 | —1/(4-3V5) —0.037268 
3 5/2 | 2 | 3/2 1/(2-3V2-3-5)} 0.030429 i 3/2 | 3 | 5/2 1/2. 3 U =5) 0.052705 
1 3/2 | 2 | 5/2 1/(4-3V5) 0.037268 | 2 3/2 | 3 | 5/21 4/(2-3-5) 0.033333 
2 3/2 | 2 | 5/2 1/(4-3 V3) 0.048113 | 2 | 5/2| 3| 5/2 | 2/(3.5V3-7) 0.029096 
3 5/2 | 2 | 5/2 1/(3 V2-5- 7) 0.039841 | 3 5/2 | 3 | 5/2 | V2/(3-7¥5) 0.030117 
3 12 | 2 | 5/2 | —1/(2.3\2-3-1)| —0.025717 | 3 7/2 | 3 | 5/2 1/47 v2 3) 0.014580 
2 | 3/2 | з | 5/2 | —1/(2-3V3-3-3)| —0.030429 | 4 | 7/2 3 | 5/2 | 1/4-3V2:7) 0.022272 
2 | 52| 3 | 5/2 1/(3 ¥2-5-7) 0.039844 | 2 | 5/2 | 3 | 7/2 |—1/(4-3V5-7) —0.014085 
3 7/2 | 3 | 5/2 1/(4.3У2-3) 0.034021 | 3 5/2 | 3 | 7/2 | —1/(4.7 V2-3) — 0.014580 
% | 5/2 1(4- 372 7) 0.022272 1 3 | 7/2 | 3 | 7/2 | —1/(4- 7 V2-3) —0.014580 
2 | 52 | з | 2| 1/2-3V2-3-3)| 0.025172| 4 | 7/2 | 3 | 7/2 |—1/(4.3V2:7) | —0.022272 
з | 52 | 3 | 7/2 / U) | 0.034021] 2 | 5/2 | 4 | 7/2 | 41f(4-3¥5) 0.037268 
4 | 72 | 3 | 72 1/(9 V2-7) 0.029695 | з [5/2 | 4| 7/2 | 1/(4.3У3.7) 0.022272 
з | 52 | 4 | 72 -—1(43V2-3) | —0.022:2| 3 | 7/2 | 4 | 72 | 1/(4-3V2-7) 0.022272 
3 | 72| 4 | 72 | 1/9v2-7) 0.029696 | 4 | 7/2 | 4| 7/2 | Vtt/(4-27 V2) 0.021715 
a b 2 | а e 2 
| а e 1 | 12 12 1 
25 22 | 1 3/2 | 0| 1/2 | 1/(2.3У5) 0.117851 
2 | 32 | 0 | 4/2 | —1/(2V2-3-5) —0.091287 | 1 | 3/2 | 1| 1/2 | 1/(4-3V3) 0.048113 
1 | 12| а |12] 19 омии 2 | 32| 1 12 |—1(4-3.5) —0.016667 
1 | 22 | 4 | 42 | 14.9 0.027778 | 2 / 1| 12 | 1⁄3-5) 0.066667 
2 3/2 4 | 4/2 | 1/4V3:3) 0.064550 | 9 | 1/2 | 11 3/2 | 1/(2.3У2) 0.417854 
1 4/2 | 4 | 3/2 | —1/(4-9) —o.027778 | * ж а шу» v3) оке 
à 5 >= - 1 | 3/2 | 4 | 3/2 | 1/(2-3¥2-3) 0.068044 
4 3/2 | 4 | 3/2 |—1/(2.9V2-5) --0.017568 | 2 | з2 | 132 |—t/(2-3-5vz) 
- і --0.023570 
2 3/2 | 4 | 3/2 | —1/(2-5 V2-3) — 0.040825 [ 5 5/2 | а | 32 V [(4-3-5) б бй 
2 | 5/2 | 1 | 3/2 | —1(4-3-5) —0.016667 | | | : 
з | 572 | 4 | 3/2 1½¼2.3 WU 3) | —0.052705 | 1 | 12 | 2 | 32 |—1/4-3-5) |--0.016667 
| | | 1 | 32 | 2 | 32 1/(2-3.5V2) 0.023570 
9 [52|2|32, 102027575) | 0007] 2 [am |a | 32 1.5 ¥273-5) | —0.019257 
1 ½½ 2 | 32 | 143-3) 0.064590 | 2 52 | 2] 32 | VT/(4.5V3-5) | 0.034156 
+ 132 |2 | 32 | 4Қа.5У23) | 099985] 5 | o2 2 am | 4/2-5У271Г7) 0.018430 
2 3/2 2 3j2 vira .5v2. 3-5) 0.048305 | 3 1/2 2 3/2 4/5 v3-7) 0.043644 
2 | 5/2 | 2 | 3/2 | У7[4.3.5У5) | 0.019720 | , 
з | 52 | 2 | 32| tQ.3.5) 0.053333 1 1 | 2 % 1—1063-5) Ser 
| 1 | 3/2 | 2 | 52| V7/(4-3-5) 0.044096 
1 | 3/2 | 2 | 5/2 |—4/(4-3-5) —0.016007 | 2 | 3/2 | 2 | 5/2 |--УТ/((4.5У3-5) | —0.034157 
2 3/2 | 2 | 5/2 |—V7/(4-3 5 У5) | —0.019720 | 2 5/2 | 2 | 5/2 У2:7/(9.5У5) 0.037185 
2 | 5/2 | 2 | 5/2 |—1(3-5V3-5) | —0.017243 | 3 | 5/2 | 2 | 5/2 |--2/9.5У?7) —0.016798 
їз | 7/2 | 21 5/2 | 1/(2.5У2 7) 0.026726 
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Table 10.13. (Cont.) 


a ь 1 а b 2 
| d e 2 | а а b e | а е 2 | 
12 12 1 12 12 1 
2 | 3/2 | 3 | 52 |—1/(2-5V2-3-7) | —0.015430 | 3 | 5/2 | 2| 5/2 | 1/(5V2:3-7) 0.030861 
2 | 5/2 | 3 | 5/2 | 2/9-5У7) 0.016798 | 3 | 7/2 | 2 | 5/2 1--4((4.5У3:7) —0.010911 
3 5/2 | 3 | 5/2 |-1/9-7) —0.015873 | 4 7/2 | 2 | 52 | 7((4-9-5У3) 0.022453 
з | 7/2 | 3 | 5/2 | 4(4.1У2) 0.025254 | 4 | 472 | 3 | 52 |--4/өУ22) 0.035136 
4 | 12] 3 | 52 |-4Да-3У2-3-7) 0.012889 , | зә | з 2 / 0% 7) | 0.03320 
2 3/2 | 3 | 7/2 |—1/(5V3-7) —0.043644 | 2 3/2 | 3 | 5/2 | —À1/(2.3-5V7) | 0.012599 
2 | 5/2} 3 | 72 | 1/2.5V2-7) 0.026726 2 | 5/2 | 3 | 5/2 1/5 v2 37) 0.030861 
3 5/2 | 3 | 7/2 —1/ 4. 7 V2) —0.025254 | 3 7/32 | 3 | 5/2 | 1/(4-3V2.5) 0.026352 
3 12131721 14.792) 0.025254 | 4 7/2 | 3 | 5/2 | Ұ5(4.9У273-7) 0.009584 
4 | 72 | 3 | 72 |-4(4-3У2-3.7) | —0.012859 | , | зә | 3 % | 12.3577) 0.028172 
3 5/2 | 4 | 7/2 |—1/(4.3V2-3-7) | —0.012859 2 3/2 | 3 | 7/2 4/(2-5 v2 7) 0.026726 
3 7/2 | 4 | 7/2 1/(4.3V2-3.7) | 0.012859 | 2 5/2 | 3 | 7/2 | 1/(4.5V3-7) 0.010011 
4 | та | 4 | 7/2 | -3/(4-9V2-3-8) —0.013418 | з | 5/2 | 3 | 7/2 | 1/(4-3V2-5) 0.020352 
4 7/21 3 | 72 | 1/(3У2-3.5.7)| 0.023002 
а b 2 — С 
Я "m IN | РЕ | 2 | 3/2} 4 | 72 |—1/(2-3-5Vv2) | —0.023570 
12 12 1 2 | 5/2 | 4 | 7/2 7(4-9.5У3) 0.022453 
з | 5/2 | 4 | 7/2 |—V5f(4-9V2-3.7)) 0.0584 
2 32 | 0 | 1/2 | 1/2:5V2) 0.070711 | 3 7/2 | 4 | 7/2 | 1/(392-3-5-7)| 0.023002 
2 52 | 0 | 1/2 | —1/(3-5 V2) — 0.047140 
1 32 1 | 4/2 | 1/(4V3:5) 0.064549 | 
2 | 32 | 1 | 1/2 | 1/4-3-5) 0.016667 | 
2 | 52| 1 | 1/2 | 2/(9.5) 0.044444 | ай 
з | 572 | 4 | 1/2 | 102.5) 0.035136 || 3 | 5/2 | 0 | 1/2 —/ 2.3 7 --0.062494 
i 2 4 | 32 | 1049385) 0.064550 | 2 |32] 1]}]1/2] 30-5) 0.006667 
2 | 32 | 1 | 32 | 1/(3.5V2) 0.047140 | 2 | 52 | 1 | 12 | 4/(2-9-5) 0.011111 
2 | 52 | х | 3/2 |—V7K4-9-5) |-оомөө| 3 | 9/2 | 1 | t2 | 1/97) 0.044996 
з | 5/2] 4 | 3/2 | У5/2.9У2.7) 0.033201 | 2 | 3/2 | 1 | 3/2 | —1/(2.3-5V2) | —0.023570 
з | 2| 1 | 3/2 |—1/2.3V5-3) | —0.028172 | 2 | 5/2 | 1 | 3/2 |—1/(9-5 V7) —0.00830 
o | 12 | 2 | з2 | 1-52) 0.070711] 3 | 52 | 1 | 32 |- 706: _ —0.031746 
1 2 | 2 | 32 |—ї/(4-3-5) —0.016667 | 3 7:2 | 4 | 3/2 |—1/(4- 3-7У2) —0 018418 
7 32 2 | 32 13.52) 0.047140 | 4 12 | 1 | 3/2 1--1/(4У2-3-7) —0.038576 
2 | 5/2 | 2 | 32 | 1/(4.3V5) 0.037268 | 1 | 1/21 2 | 3/2 | 1/3-5) 0.056567 
3 52 | 2 | 3/2 4/(2-3-597) 0.012599 | 1 3/2 | 2 | 32 1/(2-3-5V2) 0.023270 
3 72 | 2 | 3/2 | 1/2.5У2-1) 0.026726 | 2 | 3/2 | 21 3/2 | 1/(2.5У5) 0.044721 
4 772 2 | 3/2 1/0-3.5У2) 0.023570 | 2 5/2 | 2 | 3/2 V2 (3.5 U 7) 0.015936 
o 12 2 | 52 | 1/8-5У2) 0.047140 | 3 | 5/2 | 2 | 3/2 215. 775) EI 9.032034 
i 42 | 2 | 52 | 20-5) 0.044444 | 3 7/2 | 2 | 3/2 VJ /A. 5.72) 0.008748 
1 32 2 | 5/2 | vVr/(a-9-5) 0.014699 4 | 72 | 2| 3/2 | 4/а4-3У277) 0.022272 
2 3/2 | 2 | 5/2 4/(4-3V5) 0.037268 | 1 172 2 | 5/2 |-41/2.9.5) —0.011111 
| 1 3/2 | 2 | 5/2 | —A1/(8.5 VT) — 0.008390 
2 32121 5/2 |—V2/(3.5V5 3) | —0.015936 
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--1/(2.5У3:5-7) 
—4 (5.7У2) 
—1/(3-5-7) 
—1/(9 УЗ -7) 


1/(2-3 YT) 
1/(9 V7) 
2109-7) 
2/(5.7У3) 
4/(5-7V2) 
1/02. 7 v7) 
1/37 V2.7) 
Ү11/((9.7 V2.3) 


1/(4.3.7 V2) 
—V3/(4.5.7V2) 
—1/(3-5-7) 
-1/8.7У%2-7) 
—1/(4-7V2-7) 
—У11/(4.3.72.3) 


4/(4V2-3-7) 
4/(4-3V2-7) 

1/(9 Y3- 7) 
viil(9.7 V2.3) 
Ү11/(4.3.7У2.3) 


V41/(4-3V2-3-5-7) 


1/(2· 3 V5) 
1/(9 V2.5) 
—1/(2-9-7) 
1/(3-7) 
1/(4¥3-5) 
—1/(4-3-5) 
2/(9-5) 
-У2/(9.7У5) 
1/0-7У2-3) 
4/(4-3-5) 
—1/(4.5 577) 
2/8.5Ұ5:7) 
—1/(3-5-7) 


0.062994 
0.041996 
0.031746 
0.032991 
0.020203 
0.026997 
0.012726 | 
0.021492 


0.008418 | 
— 0.008748 | 
— 0.009238 
—0.012727 
— 0.009545 | 
—0.016119 


0.038576 | 
0.022272 | 
0.024246 | 
0.021492 
0.016119 | 
0.019072 | 


—0.007937 | 
0.047619 


0.044444 | 
—0.010039 | 
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Table 10.13. (Cont.) 


УЗ (4.7 V5) 
—1/(4.3 V3-5.7) 


1/(2.3У5) 
—1/(9У2.5) 
2/(9- 5) 
—2/(3 -5 V577) 
1/(5 757) 
—1/(2.5.7) 
1/(7У5.3-5) 
—1/(9V2-3-5-7) 


—1/(2-9-7) 
УЗ [(9.7У5) 
—1/(3.5.7) 
1/(2-5-7) 
1/7 3 5 7) 
1/3.7 V7) 
1/9 7 V3) 
—1/(3- 7) 
1/(2.7У2.3) 
—V3/(4-7V5) 
4/(7 V2-3-5) 
—1/(3-7V7) 
v11/(8.7 V1) 
II/ 8. 3.7 ) 
—1/(4-3V3-5-7) 
1/(9V2-3-5-7) 
1/9. 7 V3) 
VII / (s. 3.7 vJ) 
—1/(8 -3 V3-7) 


a d 
| а е 
12 12 


1/(3-7) 
—1/(4-7) 
1/(9 V7) 
1/(9- 7) 
5/(8-3.7) 
1/(8 ¥3-7) 


1/(3 У2-5.7) 
—1/(2.9V2-5-7) 


0.027664 
—0.008133 


0.074536 
--0.035136 
0.044444 
--0.022537 
0.033806 
--0.014286 
0.026082 
--0.007667 


--0.007937 
0.010039 
--0.009524 
0.014286 
--0.009858 
0.017998 
--0.009164 


--0.047619 
0.029161 
--0.027664 
0.020082 
--0.017998 
0.022385 
—0.011398 


--0.008133 
0.007667 
--0.009164 
0.011398 
--0.009092 


0.047619 
—0.035714 


0.041996 
0.015873 
0.029762 
0.027277 


0.039841 
—0 .006640 
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з | 5/2] 4 | 32| 5%5/(4.9.7У2) 0.031372 | 3 | 5/2 3/2 | --\5 (4.3.7У2) 0.018823 
з | 72] 4 | 3/2 | —4/(4-7¥2-3) —0.014580 | 3 | 7/2 | 4 | 3/2 | —1/(4-3-7 V2-3) 0.004860 
4 | 7/2] 1 | 32] 1/43 v7 0.022271 | 4 | 7/2 | 1 | 3/2 | —V5/(4-9V2-3) --0.025358 
1 | 3/2) 2 | 32| 1/(3У3-5.7) 0.039844 | 2 | 3/2] 2 | 3/2 1/45 vi- 7) 0.043644 
2 5/2 2 |3/2| 1/(4-3V7) 0.031497 | 2 | 5/2| 2 | 3/2] 1/(4.5%3.7) 0.010911 
з | 5/2] 2 / 1/(4.7V2.3-5) 0.006521 | 3 | 5/21 2 | 3/2] V5/(4.7 V373) 0.032603 
3 |72] 2 | 3/2 1f(4-7V2) 0.025254 3 | 7/2] 2 | 3/2 1(4.3.7Ұ2) 0.008418 
4 | 7/2) 2 3/2 4(4-3У%-3-7) 0.012859 | 4 | 7/2 | 2 | 3/21 Vit/(4-9V3-7) 0.024622 
1 11212 |5/2| 1/(9V7) 0.041996 | 2 | 3/2| 2 | 5/2 | —1/(4.5V3-7) —0.010911 
13/2 2 | 5/2 1/(2-9¥2-5-7) 0.006640 | 2 | 5/2] 2 | 5/2 | —1/(9.5 Va- 7) — 0.004849 
2 |32| 2 | 5/2] 1/(4-3VT7) | 0.031497 | 3 | 5/2] 2 | 5/2 | —v5 (9.7 V2-3) —0.014490 
3 | 5/2] 2 |52] 1/(1V3.3.5) 0.026082 | 3 | 7/2} 2 | 5/2 | —1/(8.3- 7) —0.005952 
3 | 72] 2 | 5/2 | —1/(8-3-7) —0.005952 | 4 | 7/2] 2 | 5/2 | —V11/(8-9 V7) —0.017411 
4 |72| 2 | 5/2}  V7/(8.9V3) 0.021216 | ½ 3 52| 18. 0.047619 
о |12| 3 15/21 1/(3-7) 0.047619 | 1 13/2| 35%ĩ У5/а.з.7У2) 0.018823 
11/2 3 | 5/2 | —1/(9-7) —0.015873 | 2 | 3/2} 3 |52] v5/(4-7V2-3) 6.032603 
1 |32] 3 | 52] 5V5/(4.9.7V2) 0.031372 | 2 | 5/2) 35% [v5 /(9.7V2-3) 0.014490 
2 3/2 3 | 5/2] —1/(4.7¥2-3-5) —0.00652! | 3 15/2] 3 | 5/2] v5 11/97 7) 0.025688 
2 5/2 3 | 5/2 1/(7 У2-3-5) 0.026082 | 3 | 7/2] 3 | 5/2 | У1Ї/(4-3.ТУ2.7) 0.010552 
з | 7/2} 3 |52] 1/(4.3V2.7) 0.022272 | 4 | 7/2} 3 | 5/2] Ұ5.П/Д4.9.7У2)! 0.020810 
4 | 7/2) 3 | 5/2} „f/. ) 0.00373 , |a] 3 72 | —1/(8-3-7) 0.005952 
0 1/2 3 | 7/2 1/(4 -7) 0.035714 | 4 | 3/2] 3 | 7/2 | —1/(4-3.7 2-3) —0 004860 
1 11213 | 7/2 5/(8 3-7) 0.029762 | 2 | 3/2| 3 | 7/2 | —1/4.3.7У2) —0.008418 
1 | 3/2] 3 | 7/2) 1/4. 7V2.3) 0.014580 | 2 | 5/2 | 3 | 72 | 18.3.7) —0.005952 
23/2 3 | 72 1f(4-7V2) 0.025254 | 3 | 5/2] 3 | 72 | -УИДа-3.7У2-7) | —0.010552 
2 5/2 3 | 72| 1/8-3.7) 0.005952 | 3 | 7/2 | 3 | 72 | —1/(2.3.7У2.7) —0.006363 
з | 52| 3 | 7/2 1(4. 3 V2.7) 0.022272 | 4 | 7/2| 3 | 1/2 | --\5 (2.9.72) —0.012548 
4 |72| 3 | 7/2 | 1/8.7У 2 ) 0.00440 | & ао | 4 | 12| 1/4.33) 1 8 
11/2 4 | 7/2 | —1/(8V3-7) —0.027277 | 1 | 4/2] 4 |13] У5К8:9) 0.031057 
4 | 3/2] 4 | 7/2 |. 1/(4.3У9-7) 0.022272 | 13/2 4 %, УБД4.9У2-3) 0.025358 
2 3/2 4 | 7/2 | —1/(4-3V2-3-7) —0.012859 | 2 | 3/2] 4 | 72 V11/(4.8 V2.7) 0.024622 
2 | 572] 4 | 7/2 V7 (8-9 УЗ) 0.021216 | 2 |52] 4 | 7/2 V14/(8-9V7) 0.017441 
3 | 5/2) 4 | 7/2 E .0.7У2-3) | —0.005373 | 3 | 5/2] 4 | 7/2] V5-11/(4-9.7 V2) | 0.020810 
3 [72| 4 | 72 3.72.3) 0.019440 | 3 7/2 | 4 | 772) У5/0-9.7У2) 0.012549 
x 4 | 7/2| 4 | 72| visl(.2:V2-7) 0.017845 
a d e 3 | a b 3 
HUNE № 12 1 a d b e | а е 4 | 
а [12] 0 | 4/2 | 1/(4.3V3) —0 048113 Uo Je. cd 
з |5211 14/21 4/8-7 0.047619 | 3 | 72| 0 | 1/2] 1/(4V3-7) 0.054554 
3 7/2] 1 | 4/2 1/(8.3.7) 0.005952 | 3 7% 4 | 4/2 1/(8 V3.7) 0.027217 
4 [72| 1 | 41/2] V5/(8-9) 0.031057 * 4 | 7/2] 1 | 1/2 | —1/(8-27) —0.004630 
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1/(2-3V2-7) 
—A/(4.3.7 V2) 

V5 /4. 7 V2-3) 
—V5 (AQ 27 v½ 7) 


1/(4.3У5.7) 
—1/(4.3.7У2.3) 

V5 /(4-3-7V2) 
—1/(4-3V2-3-5-7) 


1/(2.3 V2.7) 
—1/ (4. 3 v5 7) 

1/(3 V3-5-7) 
1/97 V2) 

V5 11 /(8. 3. 7 V3) 
—vti/(8.9 У5 7) 

1043.7 ½) 
—i/(4.3.7V2-3) 

1K(9. 7 V2) 
—1/(9.7V7) 


V5-41/(4-3-7V2-3-7) 


—V5 [(4.9.7%2) 


1/7 
—1/(8 V3-7) 
V5 (4-72-38) 
—V5 [(4-3.1V2) 
У5.11/(8.3.7У3) 


—V5-41/(4-3-7V2-3-7) 


ҮП/(2.3.7У2-7) 
—1/(2.3-7¥2-3) 


—1/(8- 27) 

V5 (4.21 V2-7) 
—1/(4.3V2-3-5-7) 
V11/(8.9 ¥5-7) 

—V5 /(4-9-7V2) 
1/(2-3-7V2-3) 
—V5 /(2. 27 V2-3-7) 


0.014086 
--0.004860 
0.018823 
--0.005750 | 


0.044544 


—0.011224 
0.025487 | 
—0.007786 | 


0.008418 | 
—0.004860 | 
0.011224 
—0.005999 
0.013623 
—0.006274 | 


0.054554 | 
—0.027277 | 
0.032603 

—0.018823 

0.025486 
—0.013623 
0.021105 
— 0.009720 


—0.004630 
0.005533 | 
—0.005751 
0.007786 
—0.006274 
0.009720 
—0.006390 
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ыз CQ) to м m — ~ 52 59 м ~ 
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1/2 
3/2 
3/2 
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3/2 
5/2 
5/2 
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A ы фк A A A A 


3/2 


1/2 


7/2 


v5 /(а.9 УЗ) 0.035861 
V5 /(8-9) 0.031056 
1/(8-9) 0.013889 
V5 /(4.3У2-3-7) 0.028753 
—1/(4-9 V2.7) —0.007424 
У7/(4.9У2-5) 0.023241 
1/(4- 9) 0.027778 
1/(4.9У2.5.17) 0.003320 
V3 /(4.5У2:7) 0.023146 
У11/(4.9.5У2-3) 0.007522 
1/(4- 9) 0.027778 
1/(8У2-3.5.7) 0.023002 
—Vii/(8.9.5V7) | —0.003482 - 
7/(8-9-5) 0.019444 
V5 (4-3 V¥2-3-7) 0.028527 
—1/(4.9V2-5-7) —0.003320 
1((8У2:3:5-7) 0.023002 
1/(4.9 V2) 0.019641 
1/(4-9 V2.5-7) 0.003320 
V5 /(8. 9) 0.031057 
1/(&-9У2-7) 0.007424 
V3 /(а.5У2:7) 0.023146 
Ү11/(8.9.5У7) 0.003482 
1/(4-9 Y2) 0.019642 
1/0 ¥2-3-7) 0.017145 
V5/(4-9V3) 0.035861 
—1/(8-9) --0.013889 
ҮТ [(4-9 V2.5) 0.023241 


—Vii/(4-9-5¥2-3) | —0.007522 


7/(8.9-5),, 0.019444 
—1/(4.9V%-5-7) | —0.003320 
1/(9 V2-3-7) 0.017145 


a b 
| а е 
12 4/2 
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1/2 
1|2 | а 4 
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0 | 4/2 | 12 | 0 | —1/4 —0.250000 | 2 | 5/2 
1| 4/2 | 4/2 | 0 1/4 0.250000 | з | 52 
о | 12 | 1/2 | 1 1/4 0.250000 | з | тә 
4 | 4/2 | 12 | 1 1/(3- 4) 0.083333 | 
4 | 3/2 | 12 | 4 1/(2 -3) 0.166667 || 4 | 7/2 
1 | 1/2 | 3/2 | 1 1/(2-3) 0.166667 
1 | 321 32 | 1 | —4/(3-8) —0.041667 | 1 | 3/2 
2|3/2]|3/2]| 1 1/8 0.125000 3 | 3/2 
1 | 3/2 | 32 | 2 1/8 0.125000 | 2 | 5/2 
2 | 3/2 | 32 | 2 1/(5-8) 0.025000 
2 | 52 | 3⁄2 | 2 1/(2-5) 0.100000 | 3 | 5/2 
2 | 3/2 | 52 | 2 1/(2-5) 0.100000 | з | 7/2 
2 | 5/2 | 5/2 | 2 | -1/3-4.5) —0.016667 
3 | 5/2 | 5/2 | 2 1/(3 - 4) 0.083333 | 4 | 7/2 
2 | 5/2 | 5/2 3 17634) 0.083333 
з 5/2 % 3 1.4.7) 0.011905 | 2 | 3/2 
3 | 7/2 | 5/2 | 3 1102-7) 0.071429 || 2 | 5/2 
3 | 5/2 | 7/2 | 3 4/(2-7) 0.071429 | 3 | 5/2 
3 | 7/2 | 72 | 3 | —4/(7-46) —0.008929 
4 | 72 | 7/2 | 3 1/16 0.062500 | 3 | 7/2 
3 | 7/2 | 7/2 | 4 | 1/16 0.062500 | 4 | 7/2 
4 | 7/2 | 7/2 | 4 | 1/(9-16) 0.006944 
2 | 5/2 
a b 32 3 5/2 
a а b e | d е 32 | 3 12 
1 1 0 
a 4 | 7/2 
4 | 3/2 | 92] 0 | —1/8 —0.125000 
2 | 3/2 | 41/2] 0 4/8 0.125000 
1 | 4/2 | 1/2 | 1 1/(2.3 V2) 0.117851 
1 | 3/2] 1/2 | 4 V5 /(3- 8) 0.093169 |2 | 5/2 
2 | 3/2 | 4/2 | 1 1/(8 V5) 0.055902 | 3 | 5/2 
2 | 5/2 | 41/2] 4 1/(2 2-3-5) 0.091287 | 2 | 3/2 
0 | 1/2 | 3:2 | 1| —1/8 —0.125000 | 2 | 5/2 
4 1 4/2 | 3/2 | 1 v5 /(3-8) 0.093169 | 3 | 5/2 
1 | 3/2 | 3/2 | 1 —1/(3-4V2) —0.058926 | 3 | 7/2 
2 | 3/2 | 3/2 | 1 1/(4 У2-5) 0.079057 | 4 | 3/2 
2 | 5/2 | 3/2 | 1 —1/(8 V3-5) —0.032275 | 9 | go 
3 | 5/2 | 3/2 | 1 148 V3) 0.072169 | 3 | 5/2 
о | 1/2 | 32 | 2 1/8 0.125000 | 3 | 5/2 
1 1/2 | 3/2 | 2 1/(8 V5) 0.055902 | 3 | 7/2 
1 | 3/2 | 3212 104 У2:5) 0.079057 | 4 | 7/2 
2 | 3/2 | 32 | 2 1/(4.5 V2) 0.035355 | 4 1/2 
2 | 5/2 | 3/2 | 2 Ут 5-8) 0.066144 | , | 3/9 
3 | 5/2 | 3/2 | 2 1/(8 У5 7) 0.024129 | > | 3/2 
3 | 7/2 | 3/2 | 2 1/(2У2-5-7) 0.059761 | > gi 
1 | 1/2 | 5/2 2 1/(2 У2-3 5) 0.091287 | 3 | 5/2 
1 1 3/2 | 5/2 | 2 | —1/(8V3-5) —0.032275 | 3 | 7/2 
2 | 3/2 | 5/2 | 2 ҮТ /(5 - 8) 0.066144 1 4 | 7/2 


mom ық н~ 66 бо 69 (9 Co бш 02 со о meh м Мз 


NNN NN 59 Lb 


— — p — — кы 


21/2. 3.5 v2) | —0.023570 
1/5 v5 7) 0.056344 
—41/(8 V2-5-7) —0.014940 
1/8 У273) 0.051034 
1/(8У8) 0.072169 
1(8У5.7) 0.021429 
1/(3У5-7) 0.056344 
1(9-3.7У2) 0.016836 
v3-3/(7.8 V2) 0.048904 
1/(3.8 3.7) 0.011136 
1/(2V2-5-7) 0.059761 
1/8 V2-5-7) —0.014940 
V3-a/(1-8V2) 0.048904 
— 17.872) —0.012627 
V5 /(8 V6 -7) 0.043129 
1(8У2-3) 0.051031 
1(5.8У2-7) 0.011136 
V5 /(8 ¥6-7) 0.043129 
1/(8-9 V2) 0.009821 


—1/(3-4) —0.083333 
1/(3.4) 0.083333 
1/(2-3 Y5) 0.074536 
У7 /(3.4V3-5) 0.056927 
V5 (3-43-17) 0.040663 
4/(2-3V7) 0.062994 

—1/8%3) —0.072169 
У7 /(3-8V3) 0.049301 

—A/(2. 33-5) —0.043033 
103 v2 | 0.051434 

—V5 /(3-8У2.1) | —0.024901 
1/8 v2 3) 0.051031 
1702.3 v5) 0.074536 
У7 (3.875) 0.049301 
УЗ (5 . 8) 0.043301 
1/(3-5 V2) 0.047141 
i/(2.3V5-7) 0.028172 
3/(8 v2-5-7) 0.044821 
1/(3.8 V2.3) 0.017010 
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Table 10.14. (Cont.) 


а b 12 
| а е 112 | 
12 12 0 


0 | 4j 5/2 | 2 | —4/(3-4) —0.083333 | 2 | 3/2 | 3/2 | 2 4/(4-5) 0.050000 
4 | 4/2 | 5/2 | 2 ҮТ [(3-4У3-5) 0.056927 | 2 | 5/2 | 3/2] 2 ҮЗ ((5.8У2) 0.030619 
41 3/2 | 5/2 | 2 | —1/(2-3V3:5) —0.043033 | 3 | 5/2 | 3/2] 2 1/(8 V2 -7) 0.033408 
23/2 5/2 | 2 1/8.5У2) 0.047141 | 3 | 7/2 | 3/21 2 4/(8 У2 7) 0.033408 
2 5/2 | 5/2 | 2 | —1/(4-5V3) —0.028867 | 4 | 7/2 | 3/2 | 2 1/8 2.3.5) 0.022822 
qwe sem 14 нм W E. 3/2 | 5/21 2 | —1/(8V2-3) — 0.051031 
з | 7/2 | 5/2 | 2 | —1/(6¥2-5-7) —0.019920 | 2 32 | 52| 2 УЗ (5.875) 0.030619 
4 | 7/2 | 5/2 | 2 1709 · 272) 0.039284 | » | 5/2 5% 2 |—4/2-3-5) 0.033333 
о 12] 5/2 | 3 18-4) 0.083333 3 | 5/2 5%, 2 | 1/(3-4V7) 0.031497 
1 | 4/2 | 5/2 | 3 | V5/(3-4V3-7) 0.040663 | з | 7/2 | 5/2 | 2 | —4/(16 YT) —0 023623 
1 | 3/2 | 5/2] 3 | 1/(3/2-3-7) 0.051434 | 4 | 7/2 | 5/21 2 | УП/з-%6У5) 0.030901 
2 | 3/2 | 5213 1/(2.3V5-7) 0.028172 , | , 2 52 3 ЕН) 0.054555 
b NEN ia М1) N 3/2 | 5/21 3 1/8 ¥2-7) 0.033408 
3 | 5/2 | 52 | 3 | 1/4.1%3) — 0.020620 | | зә | 52| 3 | 4/(8v2-7) 0.033408 
не 0.037646 | » | sia | 5/21 3 1/8-4У7) 0.031497 
4 | 7/2 | 5/2 3 1/(2-9 V2.7) 0.014848 | 3 5/2 | 52| 3 4/(2-3-7) 0.023810 
11/2 7/2 | 3 1/2. 3 V1) 0.062994 | з | 72 | 572 | 3 У11/(7 16) 0.029613 
4 | 3/2 | 7/2 | 3 | —V5/(3.8V2-7) —0.024904 | 4 | 7/2 | 5/21 з У5 /(3-16 V7) 0.017607 
2) 3/2 | 72|3 3/(8 У2-5-7) 0.044821 | o | , 2 тј | з | 46 0.062500 
VVV 0.019920 | 4 | 42 | 7721 3 | V3/(t6VT) 0.040946 
3 | 5/2 | 7/2 | 3 V5 /(2-3.7У2) 0.037646 ha | 32 | 72| 3 | 4/87) 0.033408 
C 0.015465 2 | зо ½ 3 | 4/(8v2-7) 0.033408 
4 | 7/2 | 7/2 | 3 V5.11/(3.16 V3-7)| 0.033716 2 | 52 | 12| з | 1677) 0.023623 
1 | 3/2 | 7/2 | 4 1/(8 V2 -3) 0.051031 | 3 | 5/2 | 7/2 | 3 V¥11/(7 - 16) 0.029613 
2 | 3/2 | 7/2 4 1/(3 -8 ¥2-3) 0.047010 | 3 | 7/2 | 7/2] 3 | —1/(7-8) —0.017857 
2 | 5/2 | 7/2 | А 1108. 272) 0.039284 | 4 | 7/2 | 7/2) 3 1/8 ¥3-7) 0.027277 
3 | 5/2 | 7/2 | 4 1/(2-9 2-7) 0.044848 | |, 2 | yla 1/46) 0.062500 
: „ „ 7) 0.033746 |, уо | 12| 4 У7/3-16У2) 0.031823 
72 | 72|4)| А/з-16У3) 0.012028 | 4 | 32 | 1121 4 | \5/3.8У2-3) 0.038036 
a d 72 2 | 3/2 | 72| 4 1/8 ¥2-3-5) 0.022822 
| а e d | 2 | 5/2 | 7/2| 4 її (3-16 V5) 0.030901 
12 712-0 |3 | 52 | 121 4 | v5/(3-16V7) 0.017607 
3 | 772 | 12 | 0 | —4/16 —0.062500 | 3 | 7/2 | 7/2| 4 | 1/8Ұ3-7) 0.027277 
а | 72 | 172 | 0 | 4/16 0.062500 | 4 | 7/2 | 7/2) 4 1(8-9) 0.013889 
3 | 52 | 1/2 1 4 1/(4 У3 -7) 0.054555 | 
3 | 7/2 | 4/2 | 1 УЗ /(16 V7) 0.040916 | 
4 | 7/2 | 172 | 1 | Vz/(3-16V3) 0.031823 | 
5—5 |0 0 0.250000 
E 0.0804 | 1 | 12 | 1 |0| . 0.088383 
MU j ГО | 11/2 | 12 | 4 1/(8-4) 0.083333 
3| 7/2 | 3/21|11|--4/8У2-7) —0.033408 | 1 | 1/2 | 4/2 1 5/(4-9) 0.138889 
4 | 72 | 3/2 | 1 | V5/(3-8V2.3) 0.038036 | 1 | 3/2 | 1/2 | 1 | —1/2-9) —0.055556 


~“ 


97 and 12] Symbols 
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Table 10.14. (Cont.) 


a 5 172 
| а е 3/2 | 
12 12 1 


mw их фә οο 0 МӘ Wh Mbt vee 


1 
1 
1 
2 
0 
1 
1 
2 
1 
2 
2 
3 
4 
2 
2 
3 
2 
3 
3. 
4 
2 
3 
3 
4 
3 
4 


mm 6020000 00 CO МӘ Мо МУ М КК = e 


14-9) 


(8.16) 


1/(3. 16) 
17/(16 - 27) 


1/(2. 372) 
Y5 (2.912) 
v5 (4.972) 
1/(3-4V2) 
—1/(3-4У2-.5) 
—Af(4.5 v2) 
—1[(2.3.5V2) 
—1/(2.32-5) 
1/(4 V3.5) 
УТ ((3: 4-5) 
У7/(2.5-9) 
v2 /(3-6V5) 
172.9 7) 
—Vv5 7. 92) 
—V5 /( 34. 7 V2) 
—Af(4 v2.3.7) 
1/(2-3 V2 7) 
12.7 v2 3) 
Và (7.872) 
5/3. 8 N 7 


—1/(3. 83) 
--Ұ5:7/(8.27У2) 


--0.055556 
0.097222 
0.041667 


0.041667 
0.075000 
—0.033333 
— 0.033333 
0.061111 
0.027778 


0.027778 
0.051587 
—0.023809 
—0.023809 
0.044643 
0.020833 


0.020833 
0.039352 


0.166667 
—0.055556 
—0.027778 
—0.083333 


0.117851 
0.087841 
0.043921 
0.058926 
—0.026352 
--0.035355 
--0.023570 
—0.052705 
0.064550 
0.044096 
0.029397 
0.035136 
—0.020998 
—0.025097 
—0 018823 
--0.038576 


0.044543 
0.029161 
0.021870 
0.024901 


--0.017010 
—0.019367 


& Өо бо a4 wwe to hw 2 CO Co e 52 € к= bo b) к» e о кз ma о км 


~ о 


C) ho bo О ол >, 


р. 
—— ФФ 


1/(2-3 V2) 0.117851 
1/(2-3) 0.166667 
—1/(2-9) --0.055556 
У5 /(9.9У2) 0.087841 
—A[(4 - 9) --0.027778 
v5 /(4.9V2) 0.043921 
—4/(3.4У2-5) —0.026352 
4/(4У3-5) 0.064550 
--1/(8-4) —0.083333 
1/3.4У7) 0.058926 
—1/(4.5 v2) —0.035355 
V7 (3-4-5) 0.044096 
—i/(2-3-5V2) —0.023570 
У7/(2-5.8) 0.029397 
—4/(2-9 Y7) 0 —0.020998 
1/9.3У2-7) 0.044543 
—1/(2-3V2-5) —0.052705 
1/(9 V2 5) 0.035136 
—Vv5 / 7. 9 v2) —0.025097 
102.7 V2.3) 0.029161 
—V5/(3-4-7¥2) | 0.018823 
3/7. 8 V2) 0.021870 
—1/(3.8 2 30 0.017010 
—1/(4V2-3-7) —0.038576 
У5 (3-8У7.2) 0.024901 
--У5.7/(8.27У2) | —0.019367 


a b 3/2 
ае з | 


12 12 1 

V5 /(3-8) 0.093170 
1/(8 У5) 0.035902 
/5 (2.9 У2) 0.087841 
—1/(8-9) —0.013889 
1/(3.5-8) 0.058333 
2.5 N- —0.040825 
V5 (3.8) 0.093170 
—A[(8. 9) —0.013889 
7/(4-9У2-5) 0.061489 
134.5 V2) 0.011785 
УЗ /(5.8) 0.043301 
1/(8 V375) 0.032215 
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a b 3/2 
a d b e | а е 3/2 | 
12 12 1 
о | 4/2 | 3/2 | 2 1/(8 V5) 0.055902 
4 | 4/2 | 3/2 | 2 7/(8.5-8) 0.058333 
1 | 3/2 | 3/2 2 1/(3-4-5 V2) 0.011785 
2 | 3/2 | 3/2 | 2 3(4.5У2-5) 0.047434 
2 | 5/2 | 3/2 | 2 | —Vz/(3-5.8V5) | —0.009860 
3 | 5/2 | 3/2 | 2 11/(3- 5. 87) 0.034647 
з | 7/2 | 3/2 | 2 | —1/(2-5V2-7) —0.026726 
4 | 4/2 | 5/2 | 2 | —1/(2.5У2.3) —0.040825 
1 | 3/2 | 5/2 | 2 V3 /(5 - 8) 0.043301 
2 | 3/2 | 5/2 | 2 | —Vv7/(3-5-8V¥5) | —0.009860 
2 | 5/2 | 5/2 | 2 11/ 2.5.9 v2 5) 0.038650 
3 | 5/2 | 5/2 | 2 1/(5-9 77) 0.008399 | 
з | 7/2 | 5/2 | 2 43/(3.5.8У2:7) 0.028953 | 
4 | 7/2 | 5/2 | 2 1/(8У2.3-5) 0.022822 
11 3/2 | 5/2 | 3 1/(8 У3:5) 0.032275 | 
2 | 3/2 | 5/2 | 3 41/(3-5-8V7) 0.034647 | 
2 | 5/2 | 5/2 | 3 1/(5-9 V7) 1 
3 | 5/2 | 5/2 | 3 13/(2.7.9 V2.5) Тен 
з | 72 | 5/2 | з | -4(7.вУ2:3) —0.007290 | 
4 | 7/2 | 5/2 | 3 V5 ((3.8У2-7) 0.024901 | 
2 | 3/2 | 7/2 | 3 | —1/(2-572-7) —0.026726 | 
2 | 5/2 | 7/2 | 3 13/(8.5.8У2-7) 0.028953 | 
3 | 5/2 | 7/2 | 3 | —1/(2.4.7V2.3) | —0.007290 
3 | 7/2 | 7/2 | 3 v5 (8.7 V3) 0.028235 | 
4 | 7/2 | 7/2 | 3 4(3.8У2:3.7) 0.006429 | 
2 | 5/2 | 7/2 | 4 1/(8 2. 3. 5) 0.022822 | 
з | 5/2 | 7/2 4 V5 /(3-8 2.7) 0.024904 
3 | 7/2 | 7/2 | 4 1/(3.8V2-3-7) 0.006429 | 
4 | 7/2 | 7/2 | 4 17/(8.27 V2-5) 0.024888 | 
| a b 5/2 
a d b e | d e 3/2 | 
12 1/2 1 
2 | 3/2 | 4/2 | 0 1(2.У2.3-5) 0.091287 
2 | 3/2 | 122 | 1 | —1/(2.5V2.3) --0.040825 | 
2 | 5/2 | 12 | 1 | —1/(2-5.9) —0.011111 | 
3 | 5/2 | 12 | 1 | —1/(2-9) —0.055556 | 
1| 1/2 | 3/2 | 1 4/(3- 4) 0.083333 | 
11 3/2 | 3/2 | 1 41/(3.4¥2-5) 0.026352 | 
2 | 3/2 | 3/2 | 1 У7/(4.5У2:3) 0.054006 | 
2 | 5/2 | 3/2 | 4 V7 /(4-5-9) 0.014699 
3] 5/2 | 3/2 | 1 1/(9 V275) 0.035136 


о dO 0 8 N 


$4 © CQ) to 8 о м tO = BPO CO м м = Co М loo BO RW WH м кь m 


3/2 


5/2 


5/2 


із із 4M со со 02 оо бо фо CQ» Qo со вә to bo ho bo bo NN зоо м ~ м ~ 


~ ~ ~ © 


> 


__Table 10. I$; ‚(Сот.) 


12 12 1 
—A[(3- 4.5) —0.016667 
--1(в-4.5У2) —0.011785 
--У7/(8.5У2:3-5)| 0.024152 
—1/(4.5У3-5) —0.012910 
—1/(5 V2-3-7) —0.030861 
—1/(4.5V3-7) —0.010911 
—A/(3-4 V5) —0.037268 
1/(2-3 V5) 0.074536 
V1/(2.3.5V3) 0.050918 
Vil(2.3.5V2-3)| 0.036004 
V7 [(2.3.5У5) 0.039441 
4/(3-5 V2-5) 0.021082 
1/(5 V6 -7) 0.030864 
1/(4.5У3-7) 0.010911 
13.4 v3 5) 0.021517 
—1/(2-3V2-3-5-7) | —0.011501 
—1/(2.3.5V7) —0.012599 
-1/0.3.5У7) —0.012599 
—102.7У5:3) —0.018443 
—1/(3.4.7) —0.011905 
—У5 [(4-9 VT) — 0.023477 
1/(2.3У2-7) 0.044544 
1/(2-5 2-7) 0.026726 
1/(2. 52-7) 0.026726 
1704.7 ) 0.025254 
5/7. 8 V2-3) 0.016301 
Vi1/(3.8V2.3-7)| 0.021324 
—1/(2.9V2-3.5) | —0.010143 
—V5 (9. 47/2-3-.7) | —0.009584 
—1/(3-8V2-7) —0.011136 
—V11/(8.9 V2.5) —0.014567 


а 5 3/2 
Е е 4 


12 1/2 1 
1/(2.3 V5) 0.074536 
1/(3-4) 0.083333 
—1/(3.4.5) --0.016667 
V7 /(2-3-5V3) 0.050918 
1/(3.4У2-5) 0.026352 
—1/(3-4-5V2) —0.011785 
V1/(2.3.5V2-3) 0.036004 


~ CS сш bo NE e Se мм O UU 


d о CO 252 o о Co tO fto o CO 02-52 e ~ ~ 


C) C toto ~ ~ 


1 
1 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 


--4/(9.5У2-3) 


9j and 12] Symbols 


а d 3/2 
| d e 52 | 
12 12 1 


--0.011501 
0.044544 


0.091287 
--0.040825 
0.054006 
—0.024152 
0.039441 
—0.012599 
0.026726 


—0.011111 
0.014699 
—0.012910 
0.021082 
—0.012599 
0.026726 
—0.010143 


— 0.055556 
0.035136 
.—0.030861 
0.030861 

— 0.018443 
0.025254 
—0.009584 


--0.010911 
0.010911 
--0.011905 
0.016301 
--0.011136 


—1/(2-3V2-3-5-7) 
1/(2-3V2-7) 


1/⁰ v2 35) 


V7 /(4-5 v2 3) 
—У7 [(4. 5 2 J 5) 
7/2. 3.5 v5) 
1/2. 3.577) 

1/9.5У2.7) 


—1/(2.5.9) 
УТ (4-5-9) 
—1/(4- 5 V3.5) 
1/035 V2.5) 
—1/(2.3.5VT) 
1/9.5У2-7) 
—1/(2.9V2-3-5) 


—1/(2-9) 
1/(9 V3.5) 
—1/(5 ¥2-3-7) 
1/(5 ¥2-3-7) 
—1}/(2-7V3-5) 
1/7 V2) 
—У5 (4. 9 V2-3-7) 


—1/(4.5 V3.1) 

1/(4 5 У3 7) 
—1}(4-7-3) 

У5 /(1.8У2:3) 
—1/(3-8V2-7) 
—1/(4-3 V5) 

1(8-4У3:5) 
—V5 (А - 977) 

Viij(a.8V2-3-7) 0.021324 
—Vvii/(8.9 v2.5) —0.014567 


а 5 52 
| 4 е 52 | 
12 1/2 1 


--0.037268 
0.021517 
—0.023477 


Ут (3-4 V3.5) 0.056927 
V5 (3.4 V3.7) 0.040663 
V7 [(2.3.5V3) 0.050917 
—1/(3.4.5) —0.016667 
4f (4-7) 0.035714 
-Ұ5/(9.3.7У3) —0.030738 


н~ сә со В ~ ~ 


~ 


Nere Pw CQ DO bl к>» e (QD oo CQ) ene к® = o4 CQ e м Pe 


~ осмо bo do — AUGNN 


5/2 
7/2 


7/2 
7/2 
7/2 


к» кк — — — — 


55 59 м 55 М О HH 52 HK ~ о ~ 
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Table 10.14. (Cont.) 


a b 52 

| d e 52 

12 12 1 
УТ (3.875) 
1/(3.8.5 V3) 
1/(2-5V7) 
1/(3.7 V2.5) 


11/37. 8 42-3) 
У5 /(3-8 v2 7) 
7/2. 3.5 V3) 
1/(3-5-8V3) 
9/(8.5У5.7) 
-1/8.5У2.3-5-7) 
11/(2.3-5.7V3) 
—3 V3 /(5-7-8V2) 
13/(8. 972 -5-7) 


97/3. 4 v3 5) 
—1/(3.4-5) 
102.517) 
—1/(3.5У2-3.5.7) 
11/(3- 4. 5/5 7) 
1/(4-5-7V3) 
13/(2.3.5. 7 V2.3) 
1(2.3У2.3:5.7) 


У5 /A 337) 
14 7) 
148.7У2.5) 
11(2-3.5.7У3) 
1/(4-5-7¥3) 
13/(8.4.7У5-7) 
—1/(2-3-7V2-3-7) 
5/2. 3.7 2) 
—V5 /( 2. 3. 7 V3) 
11/(3 -7-8 J 3) 
—3 v3 /(5. 7.8 Y7) 
13/ (2.3.5.7 3-3) 
—if(2-3-7V2-3-7) 
15/(7.16 5:7) 
У11/(7-9.16) 
У5/((3.8У%2-7) 
13(8.9У2:5-7) 
1/2. 3 V2-3.5-7) 
V5 /(2.3-7V2-3) 
У11/(7-9.16) 
17/9. 16 5-7) 


| 


0.049301 
0.004811 
0.037796 
0.015058 
0.026731 
0.024901 


0.050918 
0.004811 
0.038032 
—0.004600 
0.030242 
--0.013122 
0.021581 


0.056927 
—0.016667 
0.037796 
—0.004600 
0.030989 
0.004124 
0.025272 
0.011501 


0.040663 
0.035714 
0.015058 
0.030242 
0.004124 
0.026160 
--0.003674 
0.021735 


--0.030738 
0.026731 
—0.013122 
0.025272 
--0.003674 
0.022638 
0.003290 


0.024901 
0.021581 
0.011501 
0.021735 
0.003290 
0.019955 
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а b 
| d e 
12 1/2 


1/(2.3У7) 


—V8/(2:3.7 V3) 
—1/(3-7-8) 
--1/8.8) 


1/(2-3 VTO) 


7/2 
5/2 
4 


1/(2-3V2-3-5-7) 


V5 /(2.-3.7У2)) 
1/(8. 7 V2-3) 
V5 (3. 872 .7) 


—1/(2-5 v2.3.7) 
—1/3-4-5У7) 
—1/(4.7У3) 
21/47. 8 v2 3) 
25 (3.8 V2 7) 


1/(2- 9) 

1/(2.9 W) 
4/(2.5 VT) 
1/(2.5 V2-3-1) 
1/(2- 7 V2.3) 
1/(1.8 V3) 


V5 -11/(8.9 V3- 7) 


—1/(2-7-9) 
--У5 /(4-7-9V2) 
—1/(4-.7V2-5) 

--1/0.3.7У2:5) 


—V5 (2.3.1271) 


—1/(4.7V3-7) 


--У5.11/(4.7-9У3) 


1/(4 УЗ -7) 
1/(4-7) 

V5 /(7. 8 V2) 
V5 /(7-8 v2) 
V5/(3.4.7V2) 


V5-11/(3-4.7V3.7) 


У11/(1-8У3-7) 

V11/(3- 7-8) 
—1/(3.8V2.3.7) 
—1/(3.8V3.3.7) 
—1/(4. 9 v2 7) 
11/4. 7.9 2) 
—V5 3.7.8 5) 
—V5 /(8. 9 7) 


| 


—.0.030738 
—0.005952 
--0.041667 
0.052705 
0.011501 
0.037646 
0.007290 
0.024901 


0.062994 


--0.015430 
--0.006299 
--0.020620 
--0.007290 
--0.024901 


0.055556 
0.020998 
0.037796 
0.015430 
0.029161 
0.010310 
0.022477 


—0.007937 
—0.006274 
--0.011294 
--0.007529 
--0.014229 
--0.007794 
--0.016991 


0.054555 
0.035714 
0.028235 
0.028235 
0.018823 
0.023596 
0.012924 
0.019742 


--0.006429 
--0.006429 
--0.007424 
—0.009306 
—0.007684 
—0.011738 
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1/(4 У3:7) 


1/(2-9) ` 
—1/(2-7-9) 
1/4. 7) 

1/ (2.9 VT) 

— V5 /4. 7. 9 v2) 
V5/(1.8V2) 
—1/(3 -8 V2.3. 7) 
1/(2-3 V2.5) 
—1i/(2.5V2-3-7) 

1(9.5У7) 
—1/(4.7V2-5) 

V5 (8.772) 
—1/(3-8V2-3-7) 


1/(2.3 V2-3-5. 


—1/(3-4-5V7) 
1(9.5У2-3-7) 
--1/9.3.1У2-5) 
У5/((3.4.7У2) 
—1/(4-9¥2-7) 
1/(2.3 V7) 
-Ұ5/(8.2.7Ұ3) 
Ү5/(2.3.7У2) 
1/4. 7 УЗ) 
1/(2- 7 V2-3) 


-У5/(2-3.7У277) 
У5.11/(8.4.7У%2-7) 


-У11/(а.7.9У2) 
-1/(3.7.8) 
1(1-8У2-3) 
—1/(8.7V2-3) 
1/(7.8У3) 
—1/(4.7V3-7) 
vii/(1 .8 3-7) 
—V5 /(3.7-8V3) 
—1/(8 - 8) 
V5 K(3.8V2.3) 
—У5 (3 -8 V27) 


Vit .5/(8.9У3-7) 
—vV5-11/(4-7.9V3) 


Ү11/(3.7.8) 
-У5/(8.9У7) 
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0.054555 


0.055556 
—0.007937 
0.035714 


0.020998 
--0.006274 
0.028235 
—0.006429 


0.052705 
—0.015430 
0.037796 
—0.011294 
0.028235 
—0.006429 

7) 0.011501 
—0.006299 
0.015430 
— 0.007529 
0.018823 
— 0.007424 
0.062994 
—0.030738 
0.037646 
—0.020620 
0.029161 
—0.014229 
0.023596 
—0.009306 
—0.005952 
0.007290 
—0.007290 
0.010310 
—0.007794 
0.012924 
—0.007684 
— 0.041667 
0.024901 

— 0.024901 
0.022477 

— 0.016991 
0.019742 
—0.011738 
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a b 72 a b 712 
| а е 7/2 | а а 5 е | ае 72 | 
12 12 1 12 12 1 
УЗ [(16 V7) 0.040916 | 2 | 3/2 | 5/2 | 3 14/(3.7.8 V2.3) 0.026731 
V7 K(3.16 УЗ) 0.031823 | 2 | 5/2 1 5/2 | 3 1/(4. 7.9 V3) 0.002291 
1/(4-7) 0.035714 | 3 | 9/2 | 5/2 | 3 | 13/(2-7-9V3-7) | 0.022515 
--5/(8-7.16) —0.014881 | 3 | 7/2 | 5/2 | 3 | —YTI/(3 -7.16 Y3-7)| —0.002154 
11/6. 27) 0.025463 | 4 | 72 | 5/2 | 3 | svs/(3-7-16V3) | 0.019244 
1(8У2.7) _ 0.033408 | 0 | 1/2 | 7/213 | v3/(46v7) 0.040916 
4(1-8У2.9) — 0.007220 | 4 | 4/2 | 7/2 | з | —5/(3.7-16) 0.014881 
31/3 7.82.3) 0.026734 | 4 | 3/2 | 72131 41/68.7-8У2:3) 0.026731 
5V5(S-27V2-7) | 0.013834 | 2 з/2 / | з | —4J(1-8V2-3) — 0.007290 
V3 /(4-5 V7) 0.032733 2 | 5/2 | 7/2 | 3 | 13/(3-7-16V3) 0.022338 
—1/(3-5-8V2-7) | 0.002227 | 3 5/2 | 7/2 | 3 | —Vfi/(3.7-16V3-7) | —0.002154 
11/(4.6.7У2-3) 0.026731 | 3 | 7/2 | 7/2 | з | 5/(7.8У377) 0.019484 
—4/(7-8 V2.3) —0.007290 | 4 | 7/2 | 7/2 | 3 | 1/(7-8-9) 0.001984 
13/(8-9V2-5-7) | 0.024581 | o | 472 | 12| 4 УТ(3-16УЗ) 0.031823 
1/8 ¥2-7) 0.033408 | 14 | 1/2 | 7/2 | 4 | 14/46-27 0.025463 
—1/(3.5.8V2-7) | —0.002227 | 1 | 3/2 | 7/2 | 4 | SVS/(B-27V2-7) | 0.013834 
11/(2.5.9У3-7) 0.026674 | 2 | 3/2 | 7/2 | 4 | 13/(8-9Vv2-5-7) 0.021581 
1/(4.7.9У3) 0.002294 | 2 | 5/2 | 7/2 | 4 | Vit/(3-16V3-5-7)| 0.006743 
13/3. 7.16 v5) 0.022338 3 | 5/2 | 7/2 | 4 | 55/3. 7. 16 V3) | 0.019211 
Vii/(3-16V3-5-7)| 0.006743 | 3 | 7/2 | 7/2 | 4 | 4/(7-8-9) 0.001984 
(4-7) 0.035714 | 4 | 7/2 | 7/2 | 4 17/(8.27 ¥3-7) 0.017175 
1/(7-8У2-3) 0.007290 
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Chapter 11 


THE GRAPHICAL METHOD IN ANGULAR MOMENTUM THEORY 


To solve many quantum mechanical problems involving angular and spin dependences one has to integrate a 
product of the spherical harmonics or the Wigner D-functions and to sum products of the Clebsch-Gordan 
coefficients and 3nj symbols. Expressions of this kind are, as a rule, rather complicated. They contain so 
many arguments and parameters that it is difficult to understand interrelations between them, to find out the 
symmetry of the expression, and to see its invariance with respect to a particular transformation. 

The representation of such expressions in diagrammatic form facilitates their general analysis. À graphical 
representation is more compact and clear. All arguments and parameter interrelations are obvious. The 
structure and symmetries of the expression as a whole and each part of the expression are evident. Moreover, 
the graphical technique substantially reduces the calculation job. 

There are several versions of the graphical method. A handy technique for summing the 3jm symbol 
products was suggested by Levinson [80], Yutsis, Levinson and Vanagas [44] and Yutsis and Bandzaitis [45]. 
A slightly modified version was proposed by Brink and Satchler [9]. A certain development of this diagram 
technique was presented by El-Baz and Castel [17] who extended it to expressions involving continuous vari- 
ables. This version is now commonly used.! However, various books and papers concerning such diagrams 
are somewhat different in definitions, phase conventions, and rules of the graphical technique, although the 
notations, sometimes, are similar. Therefore, one should be careful in using formulas from various sources. 

In this chapter we represent the unified graphical method in detail. The basic elements of diagrams are 
defined in Sections 11.1 and 11.2 where the graphical representation of the standard functions and main 
operations of the angular momentum theory are given. Section 11.3 exhibits the rules of the diagram technique, 
i.e., the graphical method of calculation. For practical convenience, all the definitions and rules are arranged 
in tables. The general scheme of application of the diagram technique is formulated in Sec. 11.4. 


11.1. GRAPHICAL REPRESENTATION OF FUNCTIONS 


A principle of any graphical method is in establishing a one-to-one correspondence between elements of a 
diagram and constituents of the analytic expression. Any expression inherent in the theory may be represented 
by a definite diagram, and vice versa, any such diagram represents a definite analytic expression. 

Moreover, a transformation of the expression under some analytic operation corresponds to a certain trans- 
formation of the associated diagram. That is why all calculations of spin angular quantities may be performed 
by the graphical method instead of the analytic one. 


1A somewhat different graphical method was suggested by Shelepin [105], but it is not very widespread now. 


412 


The Graphical Method in Angular Momentum Theory 413 


11.1.1. Basic Elements of Diagrams 


The Dirac representation of quantum mechanical quantities seems to be most adequate to the graphical 
method. This representation operates with state vectors: the “kets,” U) and the Hermitian conjugate “bras,” 
(VI. Graphically, these vectors are represented by directed lines connected with nodes (dot or cross bar). 

A line with an arrow coming out of a node represents the “ket” U), i.e., a covariant (standard) state 
vector, whereas, a line with double arrow coming into the node represents the “bra” (V|, і.е. а contravariant . 
(Hermitian conjugate) state vector. | 

A thin solid line corresponds to a state with some definite angular momentum 7 and projection т: 


Such lines are referred to as the 7-lines. 
A dashed line corresponds to a state with some definite direction of the position vector (or linear momentum) 


019, е) 


— — 2), 


== (al. 


Such lines are referred to as the (1-lines. 
A double dashed line corresponds to a set of the Euler angles a, 8, у (or the angles w, O, Ф) which specify 
a rotation of the coordinate system, R. Such lines are called the R-lines 


The symbols jm, (1 and R are usually indicated near the corresponding lines. Therefore, length, curvature, 
orientation, and position of the line are inessential. For example, 


^—— is equivalent to — апа .. 


However, the arrow direction with respect to the node is of importance. 
The normalisation of state vectors may be different. In diagrams it is indicated by the type of node. A 
state vector | jm) normalized according to 


(3m|7'm!) = буу bam! 


is represented by the j-line with a bar node, whereas, a state vector | jm), which obeys the normalization 
condition 
mj m') = (27 + 1) 7%; mm 


is represented by the j-line with a dot node. The completeness condition for wave functions jm) or jm) reads 
У ту јт = У |ут)(27 + 1)(7т| = 1. 
jm gm 


Similarly, a state vector |) normalized by the Dirac ó-function 


(aa) = 6(0 — ) 
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corresponds to the N-line with the bar node, whereas, a state vector |N) normalized by 
(n = 416(0 — ) 


corresponds to the f1-line with а dot node. The completeness condition for the functions |) or |N) reads 


IEEE ра Јо) а= 1, 
respectively. 


11.1.2. Diagrams of the Basic Functions of the Theory 


Quantum mechanical quantities, 1.е., state vectors and operators, may depend on many spin and angular 
variables (such as jm or П) and also on coordinate system rotation R. Accordingly, these state vectors and 
matrix elements of the operators may be represented graphically as blocks (1.е., аз subdiagrams) with external 
Im, N- and/or R-lines associated with the corresponding spin angular variables. A diagram corresponding to 
a composite expression will be a combination of such blocks connected by some of јт-, N- and R-lines. 

Diagrams of some spin and angular functions are listed in Tables 11.1-11.3; graphical displays of their 
properties and relations is given in Tables 11.4-11.14. 

A spherical harmonic V (9, 2) = (Alm) is represented by a junction of a thin solid and dashed lines which 
correspond to im) and (N|. 


A Wigner 37 m symbol 2 ; У = (00|aabfcy) is represented by а dot-node junction of three thin solid 


lines which correspond to aq), bg) and |су). The sign of the node determines the cyclic order of arguments, 
1.е., the sequence of coupling of momenta: plus corresponds to the anticlockwise one. 

Тһе 37, 67, and 9) symbols, or, more generally speaking, the 3nj symbols, may be represented graphically 
by closed diagrams without external lines because they are invariant under coordinate rotation. Such closed 
diagrams consist of 3n j-lines connected in 2n dot nodes by three’s, because the 3n7 symbols аге actually 
the sums of 2n various 37m symbols (Sec. 10.13). Any 3nj symbol may be represented by several equivalent 
diagrams which differ in the arrow directions of internal the 7 lines and in the node signs since each 377 symbol 
may be expressed through different sums of products of the 37m symbols; such sums turn into one another by 
replacing summation indices. 

Matrix elements of the rotation operator in the l- representation, (iR) = = RN), and in the jm- 
representation, (т | т!) = буу, 2 UR), are displayed as junctions of three lines. One of them is a double 
dashed R-line and the two others are either dashed lines corresponding to |0” and (N| states, or thin solid lines 
corresponding to |j'm') and (jm| states. The sign of the junction node determines the order of arguments; 
strictly speaking, it shows which of two states is initial and which is final. Plus corresponds to the anticlockwise 
reading of arguments, and minus to the clockwise one. Therefore, a sign reversal means conversion from the 
rotation R to the inverse rotation RI. 

Matrix elements of any irreducible tensor operator (VTI | W') are represented by a block with three external 
lines corresponding to (V|, | V) and |Au); the operator symbol (and other possible quantum numbers) аге 
indicated inside the block. 


“ket” | 3m) 
Im) 
“bra” Im 
Im 
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Table 11.1. Basic Elements of Diagrams. 


Analytical Expression 


Im jm!) = буу бм! 


(тј ти) = Зав 


“ n |0) 
ket n 
"EU 
bra (a 


(an) = 6(0 – 0') 


КЕТТІ 
2771 


(0107) = 4=5(@ — N’) 


(01,050) = &(0, — 0)6(02 – N) 


(Пт) = Угл (0) 
(тј) = im (0) 
(aum) = Oim (0) 


(тп) = Cin 


JM 


jm-State Vector 


Kronecker 5-Symbol 


(1-State Vector 


Dirac Ó-Function 


Spherical Harmonics 


Clebsch-Gordan Coefficients 


Am, | 
Cin m (Jm ,) = (Ji ii miqama) $— = 
. лт 


Graphical Representation 


2 о” 
-»>--%---- 


2 п 
-»--О----> 


~ 
~. 9 
~ 
== = > 
„7 


- 
мж” 93 
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Table 11.1. (Cont'd) 


Analytical Expression Graphical Representation 
Wigner 3)” Symbols 
Am т, 
ЖЕЛ mom hm: - Јута 
(à ја 2 ) = (00| jj m, 9majs ms) М $3 33 
ima 3 . . . ут, jam, 
= (јата jamm jsms|00) іт; Am, 
= + = 
Am, Jimi 
т, тз 
Metric Tensor 
(ы ) = () 5, -m jm т . jm іт 
(ын) (Y) -en jm т т | jm 


Table 11.2. Invariant Functions. 
Analytical Expression Graphical Representation 


(га + 1) Ө, 


Na +1 <): 
bab С» 
жін LN 
2a+1 
с 
b 
wi | |] 
2а+1 4 с 
а 
37 Symbol . 
fa b c) a 
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Table 11.2. (Cont'd) 


Analytical Expression Graphical Representation 


67 Symbol 


97 Symbol 


ај 510 
a3 52 с2 
аз 63 сз 


127(Г) Symbol 


а 42 ag 44 
bi bg bs b, 
Ci C2 сз C4 


12/(П) Symbol 


— c2 bg a4 
сз — аз by 
bz аз — са 
ai by с — 
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Table 11.3. Matrix Elements. 


Analytical Expression 


Irreducible Tensor Operator 


f1-Representation 


MAI 


^J denotes all quantum numbers except а 


Adjoint Matrix 


(| ME, а) -(-1) ^ (0| 9, 0)* 


jm-Representation 


(aim Mm 


^j denotes all quantum numbers except jm 


Adjoint Matrix 


(im M. Nm) = (7-1? Ce 35, _ „| уут)“ 


Reduced Matrix Element 


GiMA) = Стат 90,167 m) (71? 7 


: T 
«( 2 
m u m 


Graphical Representation 


Фуу’ Au 


рт 


р Au 
9, 
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Table 11.3. (Cont'd) 
Analytical Expression Graphical Representation 
Rotation Operator 


f1-Representation 


(y/"|D(R) IN) = ef — RO) | sg 


Jm-Representation 


oR 
В M 
(3j m|D(R) |y Ут) = . Dimm (R) и NZ 


jm jm 
Inverse Rotation Matrix 
mD D = 6,6; D, a um p 
|| " Tag a 
== (пт р-р т) = бу! От, [R) сч || R 
jm рт! u 


11.2. GRAPHICAL REPRESENTATION OF THE MAIN OPERATIONS OF THE THEORY 


Expressions which occur in calculations based on the quantum theory of angular momentum have a specific 
character. They contain spin angular variables of two kinds, i.e., external and internal ones. 

(i) External variables are actual arguments of the expression under consideration. The evaluation of an 
expression does not involve any integration or summation over external variables, i.e., they appear as 
fixed (but, in principle, changeable) parameters. 

(ii) Internal variables are those over which integration or summation is assumed. It is essential that each 
internal variable which enters an expression inherent in the theory corresponds to some scalar product 
V) (VJ. This is why one does not need to take into account any transformation of internal variables 
under rotation of the coordinate system. This specific feature is important for practical calculations. 

In other words, quantum mechanical problems are mainly concerned with invariant integration and/or 

summation of bilinear forms over total ranges of all internal variables. Accordingly, the graphical method 
under consideration may be applied only to the expressions of such a type. 

This section describes the graphical representation of those analytic operations which are specific to angular 

momentum theory, while the rules of calculations by the graphical method will be formulated in the next section. 


11.2.1. Multiplication 


The product (direct product) of factors M and 90 is represented graphically by unlinked subdiagrams 
(blocks) which correspond to factors W and N. The mutual disposition and orientation of these subdiagrams 


are inessential. For example, the product 
ABC ABC 
a B4 a bc 
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may be represented by 


11.2.2. Invariant Summation over Projections 


The scalar product of two irreducible tensors of rank 7, ОЛ; and 905,4, i.e., the sum of bilinear combinations 
over all possible values of the projection m 


У) (fim) mist, 


т=-) 


is represented by the conjunction (closure) of |jm)- and (ут |-іпев of subdiagrams corresponding to (| jm) 


and (7т|91]) E | 


The resultant linking j-line has the same direction as the original |ут)- and (jm. lines. 
For example, the sum of product of two 37m symbols over two projections, a and В 


Dhaai) (aar) -S 


aĝ a, 
may be displayed as 
аа da a 
ст cy’ ст c 
> a А 7 
а,в 
58 bg 


Thus, each internal j-line of a diagram represents а scalar product (contraction over m) of two irreducible 
tensors of rank 7. To construct such a scalar product one of these tensors should be written in a covariant 
form (N jm) = Ni while the other should be written in the form (jm|9t|) = (—1)7—-™N;_m (Sec. 3.1.8). 
Graphically, this means that one of the corresponding subdiagrams has the external |ут)-Ипе (with single 
outward arrow) and the other has the (jmj-line (with double inward arrow). 

Two diagrams which differ only by the direction of an internal j-line, correspond to analytic expressions 
which differ only by the phase factor (- 1) 27, because 


(Y) Ni = (-1)27 (CY), %;т. 


One should especially mention the entirely invariant sums of products of two, four, six, or more 37m symbols 
over all projections. Corresponding diagrams are closed with respect to all j-lines. These sums represent the 
Wigner 3nj symbols (Table 11.4). 
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Table 11.4. 
Sums of 337 Symbol Products. 
Analytical Expression Graphical Representation 
37 Symbol 
+ 

ХА he ^ (P із is )=> (y inen h в 13 W Ji 72 is) Givi. 2 | 
+ Ма Ва B3/ Ма Be Bs vé тіп -H -NH Be Вз Л 73 

6j Symbol 


> ерк j2 2i ke 5) 5 j2 ка || ky Ко 2 


ы; By Бо Әз/ Мы —%2 53/51 Be — 7 \—%1 *2 Bg 
= > (1) а + + —0 Ji j2 ја \( ћ ke zl hy 7² | 
ы By Mo H/ МОВ -772 *3/ МА TE? —*3 


x( ky ke МББ fo із | 
—* Xy —из Ку № Ку 


9/ Symbol 
> ® % 15 ke AG ly |Б ky 11 ЈЕ ko | s ks i| 
Bo ра hz ha) Va 42 53/21 3% Ui x1 А / ро 22 57 Хаз 43 Às 


= 2 (10 лы | h J2 ds ) (A ky d 


ылды Bi Во B3/ У *2 53 
hhi 

x(t ls || h k 00 ho М h k h)a 1 kk 
> 273 

Ai Às ва —м А Ава — А ва —*s — 1. 1. 1 

1 13 


11.2.3. Summation over Angular Momentum 
A thick 3-line linking two subdiagrams 


[m——T1»| 
represents the complete sum over 7 and m of scalar products of irreducible tensors of rank 7 


Ум, У (ту тј), 


ісі m=-j 


where N, is the weight factor; М; = 27 + 1 for а summation involving the 37m symbols, 3n7 symbols and the 
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functions of the type D? m (R), Cin (0) = [4х/(2 + 1)] / Ve (П), ог Р, (созш). On the other hand, Ny = 1 
for summations involving Cim jma U 01222334: 22"), OF Yjm(Q). For example, 


аз a'a 
Dernen (28 (480), > 
єє be b's" 


у, Yim (Пју (0) = (Njim) (то), > — = — => 


—2— . 


A Clebsch-Gordan coefficient may be represented as а sum over c'4' of products of two 37m symbols 
(Table 11.108) 


СТ, bees, CM. Уе +1 (25) (220) 
ey! 


"P b a d e c0 
z(-1 2a 2 "1 -1 а-а+5-#+с'—-т ( ) ( ) ; 
See + ncn pay) (450 


aa 


bs 


11.2.4. Invariant Integration over Directions 
A double integral of a bilinear form 


/ amm пул), 


over the total solid angle 4x(0 < 9 < х,0 < р < 2х) is represented by dashed N- line which links |П)- and 
(N|-lines of subdiagrams corresponding to the integradd factors | 


Јо] = EA 


The resultant (1-line has the same direction as the original |П)- and (П|-Ппев. In this case По is the normalization 
constant; for integration of the standard spherical harmonics бо = 1, 


іт а Im 


Ју tes nan = (тајајет), т т 


whereas По = 4x for integration of the functions Ci (П) = [4x/(21 + 1)]?/?¥im (0). 
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11.2.5. Integration over Rotation Parameters 


The integration of a bilinear form with respect to parameters which specify the rotation R (the Euler angles 
(a, B, 4) or the angles (o, O, Ф}) over the entire domain of their definition (Ro = f dR, see Sec. 4.10) 


ПО 


Table 11.5. 
Basic Operations of the Theory. 


Analytical Expression Graphical Representation 


Multiplication 


1 [s 


Invariant Summation over Momentum Projection 
(Scalar Product of Irreducible Tensors) 


У ту <} —(9..q. jm jm К 1 
n m On ND N.) z n} Ha} a 


Complete Summation over Angular Momentum and Projection 
У АИ jm» , т | > 
јт 


sa: j : 
Completeness Condition z [m Ha} s 


È | ту м, (m | —1 
jm 


<1 ML><1 Wl 


Irreducible Tensor Product of Irreducible Tensors 


> LIM лт) € | 91 | am X jimjam | jija? Mp = 
== (Mz. 99;3м 


Complete Invariant Integration over Direction Angles 


IE IET I N19 


ап 
Completeness Condition * > > = 2 {xf 


| [9» 49 <Q | —1 


Complete Integration over Rotation Parameters 


d R 
KELDI KIELI 


| dR 
Completeness Condition {m} I 
Ro 


„аң 
ја RR =í 


и 
"ES 
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may be represented by a conjunction of corresponding R- and R I. lines of subdiagrams which display the 


integrand factors. 
aR 


[apf]: a 


Note that integrals of three or more functions of R may be reduced to standard bilinear forms, using the 
Clebsch-Gordan expansion. 


11.3. RULES OF THE GRAPHICAL TECHNIQUE 


In this section the rules of calculation by the graphical method will be formulated, specifically, the rules for 
the reduction of diagrams to standard diagrams which represent the basis functions of the angular momentum 
theory. 


11.8.1. Deformation of Diagrams 


Expressions which appear in calculations based on the theory of angular momentum can be rather com- 
plicated. Corresponding diagrams consist of many lines, thin and thick, solid and dashed, single and double. 
These lines are partly linked to some nodes. One can clearly distinguish two types of lines: internal and 
external. Internal lines have both ends linked to nodes, whereas external lines have one end linked to a node 
but the other free. Any identical transformation of an analytic expression corresponds to some transformation 
of the internal lines of the diagram with external lines remaining unchanged. 

If the structure of the inner part of a diagram is unimportant, it may be replaced by a block with the 
same external lines, because these are just the external lines which determine the transformation properties 
of corresponding diagram (or sub-diagram) under rotation of the coordinate system. For instance, any closed 
diagram without external lines is invariant under such rotation and may be reduced to some of the 3nj symbols 
or their combinations. 

As pointed out in Sec. 11.1.1, the length of the lines, their curvature and orientation are not important. 
Consequently, any diagram may be arbitrarily rotated and deformed, although the node signs have to be 
reversed for those nodes where the order of momentum coupling becomes changed. 

Thus, any deformation of a diagram performed under the proper check for the node signs does not change 
the meaning of the diagram, i.e., the deformed and original diagrams represent the same expression. Such 
diagrams will be called identical. An example of identical diagrams is given below: 


Two diagrams will be called topologically similar, if it is possible to make them coincident by means of 
rotations, deformations and/or reflections. Topologically similar diagrams have the same numbers of nodes 
and of lines, solid and dashed, but they may differ by directions of lines and by node signs. 

The expressions corresponding to two topologically similar diagrams are equal in absolute value, but may 
differ by a phase factor. One may find this factor by means of successive reductions of one diagram to the other, 
1.е., by reversals of node signs and line directions (where necessary) in accordance with the rules formulated 
in Secs. 11.3.2 and 11.3.3. In this way one may reduce any diagram to the topologically similar diagram 
of some basis function of the theory, and determine the additional phase factor. Several examples of such 
transformation for the 37, 67, and 97 symbols are displayed in Table 11.6. 
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Table 11.6. 
Symmetry of 3nj Symbol Diagrams. 


3j Symbol (a b c) 


Reversal of Node Sign and Line Direction, and Argument Permutation 


* * = 
1» 3 () e 1» = (Dee 49; = 

m. + - 

* - * 
СІ», = С» Scope? 15 

2 “ м 


. abe 
67 Symbol ABC 
Reversal of Node Sign 


+ - + 


E A B A B A 
=(—1)2(4+В+С) = (- 1)4%54с 
C C * 


* — С s * 


Reversal of Line Direction 


* + 


B A B 
= (1) 204+8+0) DE PAN 
' X AEN 


+ С + + 


` 


Argument Permutation 


| 
АХ. A 
| | 
ЖХ. ИХ 
; 


|: 


" 
! 


} 
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Table 11.6. (Cont'd) 


41 42 аз 
9j Symbol 4 Сі 62 сз 
bi bz з 


Reversal of Node Sign 


where Jo = а; + a + аз НЫ + bz ＋ bs + су T ez + сз 


11.$.2. Change of Node Sign 


The reversal of the sign in a node joining (7; 72 7s)-lines corresponds to the change of the momentum- 
coupling order. This transformation is equivalent to introducing the additional phase factor ( 1)71 . For 
example, 
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ji Л, 
&z(-1)^ * tis - 
73 73 


The reversal of signs of all the nodes in a diagram produces ап additional phase factor of (-1 
where Jo and J; are the algebraic sums of all the momenta for the internal and external lines, respectively. 


yet, 


For example, 


cy 


cy ! 
-(-1) a+b+c 
+ = 
аа bg aa b6 


су ст 
= (–1) 2(A+B+C) +а+Ь+с 
B A B A 
C 
b 


aa bó aa 


11.8.8. Change of Direction of External Lines 


The direction of an external j-line specifies the form (covariant or contravariant, i.e. Im) or m]) of an 
irreducible tensor of rank 7 (Sec. 11.1.1). The conversion of covariant components of a tensor into contravariant 
ones, as well as the inverse transformation, is carried out by contraction (over m) of the tensor in question 


with the tensor E „) = (C) =, which may be considered as the metric tensor for the (27 + 1)- 
dimensional space of the functions |j mm). Such a transformation reads 


Урт) (,) = бт), 


т! 


іт" jm'jm іт 
z [apr 
= 


and the inverse transformation is 


j ) (imam) = (інді? т). 


mm 


jm jm jm jm 
zmp- === 
т” 


Thus, a reversal of the direction of any external j-line (Im being fixed) corresponds to the transformation 


p 


т! 


(аут) = Mn 2 (jm) = (1) 7 а, 


in the associated analytic expression. In other words, the replacement of a single outward arrow by а double 
inward one corresponds to the introduction of the phase factor (—1)’~™, and substitution of —m for m, and 


vice versa. 
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ОЛИМ СТЫ. 


> Laced oss 


11.3.4. Change of Direction of Integral Lines 


For example, 


and, conversely, 


The reversal of the direction of any internal j-line produces the phase factor (-1)2 in the associated 
analytic expression, because 


У (197 а N. m = (-1)% Dy) M, m Nim . 


m 


For a closed diagram which represents а 3nj symbol, reversal of the directions of the j-lines produces the 
factor (~1)?/ in the associated expression, where J is the algebraic sum of all the momenta of the 3n7 symbol 
(Table 11.6). 

The reversal of the directions of three internal j-lines (71 2223) coupled together іп a node does not produce 
any additional phase factor, since (~—1)?(#:+%2+5s) = 1. For example, 


For a closed diagram associated with а 3nj symbol the reversal of directions of all the 7-lines and simulta- 
neous reversal of signs of all the nodes do not change the meaning of the expression. 


11.8.5. Linking Subdiagrams 


In this Section the graphical rules for the multiplication of subdiagrams are formulated. These are the rules 
for linking the subdiagrams (blocks) into one united diagram. 

(а) Two subdiagrams representing factors W and N, which have at least one identical (for both subdiagrams) 
2-Іпе, may be linked together into the combined diagram which displays the product of these factors: 


i і 
Пәдер OA 
j 


The necessary condition for such a linking is that at least one of these subdiagrams should have no external 
line. The graphical rule is equivalent to the relation 


(отту) х (529 у") = (27+ 1) У) (ут Mim’) (ут | 9 ут). 


mm! 
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(b) Two subdiagrams representing the factors W and N which have at least one identical (for both sub- 
diagrams) node, i. e., three coupled j-lines (713273) may be linked together into the combined diagram which 
corresponds to the product of these factors: 


ћ i h 
73 із 3 


This is equivalent to the relation 


Y E » в ) am mm) 


И (Д 
mi ma ms mi та mi 


у)  (о0ј mij mas ms) ie пв ) х 
173273 тұтату 
— {ñh} У, (00[g[im:gmaisms) (лт јатајата NI). 


mimamz 


For example, 


As in Scheme (a), at least one of these subdiagrams should have no external lines. However, in the other 
subdiagrams the joined j-lines may be external. For instance, 


су cy 
— — — — сл ст 
с 
— 0 
СЭ 
cy 
cy 
+ 
TaN B A 
+ жеу? 
+ + С 
aa РВ C aa bg 


Note that Scheme (a) is a special case of Scheme (b) when one of the momenta 71, 22, 73 equals zero. 


11.3.6. Cutting Diagram into Subdiagrams 


The scalar product of two n-fold irreducible tensors of rank 11, 72, . . , Jn, i. e., the n-fold invariant sum over 
projections 


(Чај Даља) = У) (00 Mm тз... Ja ma) (ami јата . ja ma N 


mima...fma 
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may be transformed into a k-fold complete sum (over momenta XI, X2,... , Xn with k = n 3 and п > 4) of 
the product of factors: 


k=n-3 
(Фа Magenta) = У) (Хн1)2Х444)...(2Х1)94,,». , (ХХ... Xe) N. (Х Ха... X4). 
XIXZ. X 


These factors represent contractions of the original tensors and 3m symbols: 
Ny n 1. (Xi xa 5 Xx) 


= M, А А A 22 Х, (-1)Х-Ма Xi J5 Хз (-1)Ха-М% Xr Jn-1 Jn 
Т 778 mmm Umi та AI Mi ms Ma M т-у m 


N. . 3. (Xia ... Xx) 


= 3 Nimm, [Л № X (UX -N Xi з Xo (-1)% -Ma || Xk м n 

RE Ma cL ті m; NMI Mi тз – M; My та-і ть 
MiMi 

Again, at least one of these contracted quantities must be a true invariant, i.e., should not depend on any 


additional momentum projection or direction. 
For n < 3 the sum over X; may be reduced to the direct product of the contracted tensors. For example, 


(M,. . у N. . 3.) = M, 5 1. i N. 1 3. . 


This means that the original sum becomes factorized. Therefore, the cases n < 3 are the most important ones 
for practical applications. 

The analytic transformations under study correspond to cutting the associated diagram into two subdia- 
grams which represent two factors. The necessary condition is that at least one of these subdiagrams should 
have no more external lines (apart from those j-lines which link the subdiagram together) 


Л 


The most important cases of cutting of one, two, three, as well as four, five, and six 7-lines are presented 
in Table 11.9. 

In many cases, the successive use of these rules allows one to divide a diagram into several (three or more) 
subdiagrams representing invariant factors. For example, 


A 
сы се р FCA 
Ly LR 
X X X 


The most important cases for the application of the cutting rules are in the separation of external lines of a 
diagram, i.e., in extracting the dependence on all the external variables in the form of the standard functions of 
the theory (er. fma! D? m (R), Cim (О), etc.). Such a separation is the essence of the Wigner-Eckart theorem 
which will be discussed in Sec. 11.4.2. 
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11.8.7. Graphical Method of Summation 


According to Sec. 11.2.3, a complete invariant sum over angular momentum 7 and projection m is graphically 
represented by a thick j-line. Such a summation may be easily performed by the diagram technique, if this 
thick j-line connects two identical nodes. 

Rule L: Any thick j-line which connects identical pairs of thin j-lines, may be removed provided the ends 
of the thin lines with equal momenta are linked together. This is displayed below: 


hi h 


ћ A) h LÁ NN 
ыж | ~ 


Such a graphical operation does not change the meaning of a diagram and corresponds to the equation 


У (29 + 1) (ль am) = У. (лт јот [лт јот), 


gm mim; 


where 
(y mio ma | | т јат) = У „(27 + 1) G Hos ) iiim BRL m) 2 n я ) 


ту то т 
jm 


For example, 


D A Јата тегт (5; a = (5 A |) = (26 +1) 5 у dj E FÉ 2) = baa⸗ бар" , 


cy 
aa ag 
— — 
bp bg’ 
Y abc бы 
(2X+1) 4 de › = {abc}{bde} ; 
= сех (25 + 1) 


= . г = 
| QD 15 | 
+ + 
+ + 

When а common thick j-line is included into two or more unlinked subdiagrams, one should preliminarily 
link these subdiagrams with the aid of the rules of subdiagram multiplication (Sec. 11.3.5) in order to arrive 
at one thick j-line. Only after this operation can one perform graphical summation over 7 and m according to 
Rule У). These combined graphical operations are displayed in Table 11.9. 


The complete invariant summation over 7 and m may also be performed graphically in the cases when the 
lines adjacent to the thick 7-Нпе are dashed (1-lines. For instance, 


D Yim (Q)Yz, (0) = а-а), 


im 
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У? (27+ 1) D Ri) DI (Fa) = 16x75(R, — Ез), 
JMM' 


In fact, all the rules for complete invariant summation formulated in this section follow from the complete- 
ness of jm) - functions. 


m m = У im) + 1) (тј = 1, 
gm jm 


11.3.8. Replacing An Internal 0-Line by a Thick j-Line 


Each internal f1-line which represents invariant integration over direction angles 1{9,ф} may be replaced 
by a thick j-line representing the complete invariant sum over j and т, according to 


| аап) = Ута), 


jm 


where 


(im [Bi = || || amc) CNN) Hy. 


Thus, all the Q-lines in the inner part of a diagram may be converted into the j-lines. Hence, it is sufficient 
to formulate the rules of graphical operations only for diagrams in which all the internal lines аге j- lines. 


11.3.9. Elimination of j = 0 Line 


In the particular case of 7 = 0 the corresponding expression is independent of the angular variables 1{9, р}. 
Hence, the corresponding j-line may be removed from a diagram without changing its meaning. However, there 
remain the nodes which were initially connected with this 7 = 0 line. These nodes may also be extracted from 
the diagram in the form of a separated subdiagram corresponding to the factor 


5. 
K = + 271 2122 . 
| 1) Ven +1 


The phase of К depends on the node sign and line direction. К is positive if the node sign corresponds to 
the cyclic order of the coupling momenta (д, J, 72), the 7;-line is directed toward the node and the j2-line is 
directed outward from the node. In this case the resultant j, = j2-line has the same direction as that before 
the node’s removal. In other cases the phase of K may be determined by means of the reduction of the diagram 
under study to the above case, using the rules of Sec. 11.3.2. 
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Thus elimination of the 7 = 0 line may be illustrated by 


+ H 

В : ћ 
= - z В л = 

72 2 ж 72 


Some special cases of the 37m and 3n7 symbols with 7 = 0 are presented in Table 11.7. 


11.3.10. Elimination of the R = 1 Line 


In the particular case R = 1, a double dashed R-line corresponds to no rotation, i.e., it represents a fictitious 


lependence. Hence, ап В = 1 line may be removed and the lines adjacent to the R-line have to be closed. 
This operation does not change the meaning of the diagram. 


a 
j ai | 
jm 
80 R=] du 
x - 
В | «| 
N 


Some examples of the expressions and diagrams containing R = 1 are given in Table 11.8. 
A summary of the rules of graphical operations is presented in Table 11.9. 
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Table 11.7. 
Zero Angular Momentum (J = 0). 
Analytical Expression Graphical Representation 
jm Symbols 
да + b bB - 4% аа Е B 
- bes (5)- 1) aba -8 " жо + 
208) У2а--1 (ag У2а- 1 IVA IVA 
c=0 c=0 
+ + 
aa _ bẹ _ 58 + да аа bé _ ба РВ 
(; b = dez ( а )- dadda, -8 4 4. у 
аф0) Уга-4 ва У 2a +1 И IVA 
с-0 с-0 + 4 
aa + b6 bp EN aa aa 
8 = z p 
cv 7900 Basbas | | + + 
208) V2a+i М Љ 
с=0 с=0 
+ 

да _ 58 _ bB + ао aa 8 

3 = =z y> 

МЕ b о) ab a8 Я + 

S (Ce- C^ v | | XA 
c=0 c=0 У 
nj Symbols 


аду ба, 


(2a + 1) 


aa' 0 — das ⸗ oss 
eT nmn 


es NO abc 
" 4 САТИ 
m ~ rr e eF ls e 1) 
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Table 11.8. 
Zero Rotation (R = 0). 
Analytical Expression Graphical Representation 
(a) For А =} 
5 (Q. RQ) — (0 — 0), 3 Е 76 
I 
i. e., ! 
<Q' |R 19) =<% |9). Џ 
R=} 
(b) ForR=1 | jm x жи) | im т 
0,5 Diam! (000) = ёру nm " 7 
i 
ie., н 
Gm | D (1) | jm» = €jm|j'm'». R=1 
(с) For RR =1 2 — о а я Loe 
PAT — 2/5 = ar-re = 
d M „7 * „ 
| $ (Q" — Ri) 49% (Q' — RQ) => (Q” — 0), RO NÝ R “227 
n R 
ie., n 


<Q” | | 'ж0' | R | > = 0" | 9). 


(d) ForR"R-1 - < 


У тоқ + jm " т — d _ 
т? Düben; (1) Di, (R) == ёт, R- NYÍ R Е e E 
if R 
ie " 
» u 
А —1 , 75 А = im" 1] -IR = іт" т 
Gm" | D (87) | у тут | D (В) | jm) = Gm" | jm). R ia : 


Table 11.9. 
Rules for the Transformation of Diagrams 


Analytical Expression Graphical Representation 


Invariant integration over directions Replacing dashed - line by thick solid j -line 


{о со[а[о = 2: IM n ao 


where 


«1м |M|I'M’y =| | мо) axe m |0'уво «ој ' m'y. 


Completeness Condition 


| | 04020 | Sh Ui. 
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Analytical Expression 


Complete summation over J and M 


> (27 4-1) Ci: ЈМ MI II: J 
J. 
= > (ym, Јута |M | fom, Im. 


> (27 + 1) O 7M 197 | је TAD 
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X Фі; TM Rites TMD Cd; IAE jija; JM 
= У Xm јат, [9% | т, т) X 


X m; Јат, | N | fom pmo? (am, Jeme [LI лт, Јата. 


where 
Qs IMI MI: TAD 
— ћ ћ 7 hs Ja J 


Transformation of product of invariant sums into invariant 
sum of products (at least one of two factors must be a 
perfect invariant). 


(5 «т | M jm») (2 Әт” |91 іт) 
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xÍ > (3 ^ u) hm nir 
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Qum, m, 
Expression reduction for J = 0 


> emitir Ee 


„ 0 „) 


—m' O т 


è 
27 
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Table 11.9. (Cont'd) 


Graphical Representation 


Elimination of thick solid j -line 


+ J 4 А h 


Linking subdiagrams containing identical /-line (at least 
one of subdiagrams should have no other external lines) 


і 
[sp ida f= |n Ида 
1 


Elimination of a J = 0 line in a diagram 


eh . 
Г уг 


The Graphical Method in Angular Momentum Theory 437 


Analytical Expression 


Expression reduction for R = 1 


У Gm [9 | jm» «тр (00 0)1 jm» 


тт’ 


=, Ў т | 9 | ут). 


Transformation of singie, double, or triple invariant sum 
into direct product of two factors (at least one of the 
factors must be perfect invariant) 
DY <0 0197 | jm» m q19t | p» = б <0 0| 9t [0 0> 
m 
хе 04190 p>. 
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> OO M | jim, Јата Јута» Jimi јата Јута 4197] ру 
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x(^ a 10 «ль 2) 2. 
X та Jama јат, gi NI ру. 


Transformation of n- fold invariant sum (п>4) over 
projections into а k-fold sum over momenta (К =n —3) 
(at least one of factors under summation must be perfect 
invariant) 
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mim 
тут, 
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and similarly for </,,/4Д991/Р> 


Table 11.9. (Cont'd) 


Graphical Representation 


Elimination of the R = 1 line 


1 „ j 
i ғ 


Cutting of a diagram into subdiagrams linked by one, two, 
or three j-lines (at least one of subdiagrams should have 
no additional external lines) 


Hm] [8] 


ћ +72 + 
TEPLE 
72 i *A* 
= + - 


Cutting of a diagram into two subdiagrams linked by n 
j-lines (n > 4) (at least one of subdiagrams should have 
no additional external lines) 


h й 
Pa 
M JJ R 
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Table 11.9. (Cont'd) 


Analytical Expression Graphical Representation 


> 00195 | лт... mp та... јут 9 NI p» 
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ies 
X Gia | Rll p», 
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Table 11.10. 
3)т Symbols. 


Analytical Expression Graphical Representation 
Reversal of Cyclic Order of Momentum Coupling 
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Table 11.10. (Сота) 
Analytical Expression 


Graphical Representation 
Orthonormality 
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Table 11.10a. 
Relation of Clebsch-Gordan Coefficients to 3jm Symbols. 
Analytical Expression Graphical Representation 
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Table 11.11. 
Metric Tensor for (2 J + 1)-Dimensional Space of Functions | jm). 


Analytical Expression Graphical Representation 


Definition and Properties 
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Table 11.12. 
Spherical Harmonics. 


Analytical Expression Graphical Representation 


Definition 
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Table 11.13. 


Wigner D-Functions. 
Analytical Expression Graphical Representation 


Adjoint Matrix 
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Table 11.13. (Соп d) 
Analytical Expression Graphical Representation 


Clebsch-Gordan Expansion and Associated Relations 
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Table 11.13. (Cont d) 
Analytical Expression 


Graphical Representation 
Addition Theorems 
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Table 11.14. 
Matrix Elements of Irreducible Tensor Operators. 
Analytical Expression Graphical Representation 


Matrix element of an irreducible tensor 
operator of rank К іп the JM-representation 
(Wigner-Eckart theorem) 


2 
II Reelt I'M = (—1 = ) TRITT) 
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Table 11.14. (Cont'd) 


Analytical Expression Graphical Representation 


Matrix element of the scalar product of two irreducible tensor operators which 
depend on variables of the first and the second subsystems, respectively. 


J'M' 
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11.4. SUMMARY OF THE GRAPHICAL TECHNIQUE 


The preceeding sections present the principles of the graphical methods of angular momentum theory, i.e., 
graphical representations of the basis functions and operations (Secs. 11.1 and 11.2) as well as the rules of 
handling them (Sec. 11.3). This section resumes the discussion of the general properties of diagrams, the 
Wigner-Eckart theorem in diagrammatic form and the scheme for the application of the graphical technique. 


11.4.1. General Properties of Diagrams 


Let us summarize the main properties of diagrams which are consequences of the graphical relationships 
discussed above. 

(a) Any diagram may be arbitrarily turned and deformed, bent or stretched. Along with these continuous 
transformations, discrete transformations such as reflection and inversion are also allowed. 

A transformed diagram corresponds to the same analytic expression provided node signs are reversed for 
those nodes in which the cyclic order of the coupled momenta becomes opposite to the initial one. 
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(b) Each j-line holds a fixed value of angular momentum 7 inspite of any deformation of the line. For an 
external j-line, the projection m is fixed as well as the j-value. Moreover, j and т remain unchanged along 
the line even if any block (subdiagram) is inserted into the line, provided this block has no additional external 
j-lines. 

(c) The total angular momentum of any diagram or subdiagram, i.e., the vector sum of angular momenta 
of all external lines, is equal to zero. 

i. -0, > mi; = 0. 
1 


1 


Hence, for a diagram with one external j-line 7 has to be zero; for a diagram which has two external j-lines 
associated with 31 and 72 one has 9; = 72. 

(d) Any diagram may be cut into two subdiagrams in many different ways. The total angular momenta 
of both these subdiagrams are identical. Moreover, the angular momenta will be the same for all the diagram 
cross-sections with fixed sets of external lines for each subdiagram. 


11.4.2. Generalized Wigner-Eckart Theorem in Diagrammatic Form 


Standard functions of angular momentum theory may be used as a basis for the expansion of any expression. 
However, sometimes all the dependence of the expression on external variables may be factorized in the form 
of some standard function. Graphically such a function may be separated according to the rules of Sec. 11.3.6. 
The most important special cases are the following. 

(a) A diagram without external lines (i.e. a closed diagram) is invariant with respect to coordinate-system 
rotations. | 

(b) A diagram with one external line also is invariant. This is a consequence of the fact that, in principle, 
one cannot distinguish any preferred direction in isotropic space. Therefore, any dependence on one direction 
is fictitious, so that such an external j-line has to correspond to 7 = O and may be eliminated in accordance 
with the rule of Sec. 11.3.9. 
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- [8] = [npo D = 
72 72 h 
* 


(c) A diagram with two external lines corresponding to (7; mi| and |72 m5) is non-zero only if 7; = р and 
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This follows from the fact that any dependence on two directions is, actually, the dependence on the angle 
between these directions, i.e. it may be represented by the scalar product of two functions jm) and (m. 
(d) A diagram with three external j-lines which represent ji mi), |j2m2) and |7зтз) is proportional to the 
37m symbol “ 22,22 
ті та тз 


(00|9|т2тазтз) = (O|| Mel] 7172 73) a 2 2 
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where (O M1 3233) is the reduced matrix element defined by 
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(е) A diagram with four external j-lines corresponding jimi, ama, ams and Jam, may be presented as а 
sum (over 7) of the product of two 3/т symbols 
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Table 11.15. 
Generalized Wigner-Eckart Theorem. 


Analytical Expression 
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Graphical Representation 
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Table 11.15. (Cont d) 


Analytical Expression Graphical Representation 
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11.4.8. Scheme for the Application of the Graphical Technique 


The aim of calculations inherent in the angular momentum theory is to transform an original formula in 
such a way as to express all the dependence on the orientation of the coordinate system in the form of a simple 
standard function (Cin, рта» Yim(Q), Diem (N), or some related combination). The remaining factor (ог the 
expansion coefficient) is invariant and can be represented as a product (or sum of products) of the standard 
37, 67, 97 symbols. 

To carry out these calculations by the graphical method one has to perform the following operations: 

(a) To represent the original analytic expression in diagrammatic form using the graphical representation 
of functions and operations in accordance with the rules formulated in Sections 11.1 and 11.2. 

(b) To eliminate all fictitious 7 = 0 lines and R = 1 lines according to the rules of Sections 11.3.9 and 
11.3.10. 


(с) To link step-by-step, all the subdiagrams which have a common thick j-line, using the rules for graphical 
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multiplication of subdiagrams (Sec. 11.3.5). 

(d) To replace each internal N-line by the corresponding thick j-line, using the rule of graphical integration 
(Sec. 11.3.8). 

(е) To remove thick j-lines with identical nodes (71 273) and reconnect the remaining thin i- and Ja-lines 
in accordance with the rule of graphical summation (Sec. 11.3.7). 

(f) To cut the resultant diagram (according to the rules of Sec. 11.3.6) into subdiagrams which are topo- 
logically similar to diagrams of the standard functions. In particular, one should separate all the external lines 
in the form of the simplest possible subdiagram. 

(g) To determine the phase factor of a diagram by reducing each subdiagram to some standard diagram 
(Tables 11.1 and 11.2) by means of reversal (when necessary) of node signs and line directions according to 
the rules from Section 11.3.2 and 11.3.3. 

(h) To represent the final diagram in analytic form. 

One can use a simplified version of the graphical method without taking the signs of the nodes and directions 
of the lines into account, if one is interested only in the absolute value of an expression but not in the phase. 
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Chapter 12 


SUMS INVOLVING VECTOR. ADDITION AND 
RECOUPLING COEFFICIENTS. 


Many quantum-mechanical problems are concerned with calculations of sums containing products of the 
Clebsch-Gordan coefficients and 3nj symbols whose summation indices represent quantum numbers of angular 
momenta and momentum projections. Summation over different indices may be performed independently and 
successively. It is more convenient to start with the summation of 37m symbol products over projections. 
This summation may be carried out with the aid of the equations presented in Sec. 12.1. Summation over 
projections yields invariant 3nj symbols. The next step is to sum the products of 3nj symbols over momenta; 
this may be done with the aid of the equations of Sec. 12.2. 


12.1. SUMMATION OF PRODUCTS OF 33m SYMBOLS 


This section contains a collection of sums involving the 37т symbols. Each sum is illustrated by a diagram 
which shows the coupling scheme of angular momenta involved in the sum. The equations are grouped in 
accordance with the number of 37т symbols in the products. Within each group the equations are arranged 
according to the number of fixed indices, i.e., the number of external lines of the corresponding diagram. The 
summations are of two kinds: 

(а) Summation index j represents an angular momentum and runs over all possible values consistent with 
the triangle condition. Summations of this kind are shown by thick internal j-lines in the diagrams. 

(b) Summation index т; is a projection of 7 and runs over all allowed values, 7,7 — 1, 1 — 2,...,—3. 
Summations of such kind are shown by thin internal j-lines in the diagrams. 

The sums are written in such a form that each summation index m, is included in two 37m symbols, 
although with the opposite signs. In addition, the sums contain the phase factors (—1)?—'/ which ensure that 
the results of summation are invariant under coordinate rotations (Sec. 11.2). Any sum over projections, which 
is invariant with respect to rotations, may be converted into such a form (Sec. 8.4). 


Hereafter, we use the notation 


II. , = У(га + 1)(2 +1)... (2f +1). (1) 
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Sums Involving Vector Addition and Recoupling Coefficients 


12.1.1. Sum Involving One 357m Symbol 
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12.1.2. Sums Involving Products of Two 37m Symbols 
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(2) 


(3) 
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12.1.9. Sums Involving Products of Three 37m Symbols 
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12.1.4. Sums Involving Products of Four 3jm Symbols 
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12.1.5. Sums Involving Products of Five 33m Symbols 
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12.1.6. Sums Involving Products of Six 37m Symbols 
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12.2. SUMMATION OF БЕРШС OF 6 AND 97 SYMBOLS 


This section presents a collection of sums involving 6) and, 97 , symbols. All the sums are illustrated by 
diagrams which display the coupling scheme for angular: moments involved in the equation. The sums are 
grouped in accordanc with the number of 3nj symbols in the products. Within each group the sums are 
arranged according t to the number of summation indices. The summation indices are printed by capital letters 
in equations and таг ed by thick j-lines. In Sec. 12.2, just as in Sec. 12.1, we use the notation 


— II. = (а + 10022 +1)... (2f + )j. 


Some of the sums presento ade taken frotn Refs. 4240 and [44]. | 
4 12.2.1. Suma Involving One 3nj Symbol 
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12.2.2. Sums Involving Products of Two 3nj Symbols 


(i) Single summation 
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(5) 
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where R=a+b+c+d+e+f+pt+q 
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(ii) Double summation 
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12.2.8. Sums Involving Products of Three 3nj Symbols 
(i) Single summation 
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(ii) Double summation 
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(iii) Triple summation 


b 
IÉ Ix рРХ2)||4Ү2 = (-1* IT. abp | 
XYZ dec deb dlecg 
XYZ 9 Z 


26) 


(27) 


(28) 


(29) 


Sums Involving Vector Addition and Recoupling Coefficients 469 


Seren ае | НЫ Je (30) 
x 

NN ‘ФИМ 

АУА NS 


УОП, 9 А ur 1 (31) 
с е е 81 
xyz ХУ? loyZ ghp jkaq 


12.2.4. Sums Involving Products of Four 3nj Symbols 
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(ii) Double summation 
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(iii) Triple summation 
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Chapter 13 


MATRIX ELEMENTS OF IRREDUCIBLE TENSOR OPERATORS 


13.1. THE WIGNER-ECKART THEOREM AND THE 
EVALUATION OF MATRIX ELEMENTS 


In this section we consider the evaluation of matrix elements of irreducible tensor operators in a general form. 
Let a quantum mechanical system be characterized by a set of the quantum numbers (njm), where j and 
m are the angular momentum and its projection on the quantization axis, respectively. The symbol n stands 
for all other quantum numbers required to define the state of the system. Let V,;,, be the wave function of 
this state. The matrix element of any irreducible tensor operator Ut, of rank k between the states (n'7'm') 
and (njm) is defined as | 


(n'j'm'|Min|ngm) = ] Vn im Жк Vn im dT. (1) 
where M. is a tensor component. 


13.1.1. Wigner-Eckart Theorem 


The Wigner-Eckart theorem is widely used for evaluation of matrix elements. According to this theorem, 
the dependence of any matrix element on the orientation of the coordinate system, i. e., on the projections m, 
m' and к, is entirely included in the 37m symbol ог the Clebsch-Gordan coefficient, 


MUR а АЗ мады ЕЕ ЛІ?) 
МЫМЕН ЫНА и 


The invariant factor (п/7 |9, |n) is called the reduced matriz element of the set of tensor operators Min. 
As follows from the definition (2), the reduced matrix element of the unit operator is given by 


(пи |) VI + 16е буу. (3) 
In this section, as well as in Chap. 12 we shall use the notation 


IL, Ia n5 1... et. 


415 
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13.12. Sum Rules 


Making use of the definition (2), one can obtain the following rules for sums of matrix elements of irreducible 
tensor operators: 
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13.1.3. Matrix Кешен of Products of еы: Tensor Operators 
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Another frequently used relationship for the same matrix element is as s follows: 
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Matrix elements of irreducible ы products may | be evaluated -— the equation 
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Putting с = 0 and b = a in Eq. (10) and multiplying the resulting expression by (-1)-“П, (in accordance 
with Eq. 3.1 (34)) we get a matrix element of scalar product of two tensors of rank 4 


(пт (Ра · Ga)lnijm) = bib - = T DE 1)77*? (n'ia) (тај Qallns) - (11) 
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From the three irreducible tensor operators Ба Qv and Nas, one can compose the products 


Ба Ges Ras, (5. & Ge Ras, Pas (d & Ra} yy; 
(В, ® Qj. e Ва), , (P, e (9 ® £4); * 
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Making permutations of operators one can construct other products which differ from the given above only 
by commutators of operators. The matrix element of the direct product of three tensor operators is given by 


: ~ А 2 Ж —1)20+20+24 1 баз А “nn . 
(ту т Faa Qua Ras nim) = a | a у; П (n j Ра fin (пал |Өь[|пә) 
J тата) 117105 
x (no Аа) У, Cim „Сры, ied - (12) 
mim, 


The evaluation of matrix elements of the products (Ра Ф Qi Ras and Ри: (d. Ф Ray is reduced to the 
successive use of Eqs. (8)-(10). 
The matrix element of the irreducible tensor product of three tensors may be represented in the form 


(o Фа QU. o Ren -C He cf 
x X c» (252 [457 иная я ава] а). 03 
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By the use of Eq. 3.3(1) the evaluation of the matrix elements of (P, & {Q, © В. }.} /e is reduced to 


applying Eq. (13). 
The matrix element of a scalar product may be obtained from Eq. (13). Taking into account the factor 
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Of the four irreducible tensors Ба, дьв, Ras and $,, one can compose the following types of tensor products: 
(a) В. -Qeg - Ras RT jn РЕДУ "en 
(b) (b. e Qa: LEE ees Раа = ® Каја. 5 See, p O {Ва ® S. во; F 
(c) ҚР. ® › Qo} ® йш), e Ау (P. e (9% Ф fa) $ ee, Paa: {{Чь® Ва}, 9 S.) ye, 
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(d) ((Р.ө0.).ө Ва), ө5.р,, {Р.® (Qi ө(84ө8.Һ)/)ь, (B Able Ra & 8.) lee. 

Products with other orders of the operators can be reduced to the products listed here using the commu- 
tation rules. 

A matrix element of a direct product may be evaluated as follows: 


(n'j'm' Pas Qus Ras тут) = (— 1)2е+2%+24+зе 1_ У (7 16.117) пал быта» (из RI па) 
"ye 
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Matrix elements of products of (b)- and (c)-type products can be evaluated by using Eqs. (8)-(14). 
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The evaluation of matrix elements of irreducible tensor products yields 
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Finally Eq. 3. 3(5) allows one to simplify the calculation of matrix elements of the tensor product (Pe ® {бь ® 
{Ra ® $. }һ}у dere to Eq. (16). Thus 
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18.1.4. Matrix Elements of Operators Which Depend on Variables of Two Subsystems 


If a quantum-mechanical system consists of two subsystems, 1 and 2, and eigenstates of these subsystems 
are characterized by the sets of quantum numbers (11711) and (п2/2т2), it is often convenient to introduce 
the two following representations of matrix elements. 

(а) The angular momenta of both subsystems are not coupled. Then 


(пай m1; nb јата Б (1, 2)|ni3i т; n = Ја т, ‚ (2) (1,2) Wag 5 m. (1) Ua т; andn, ) 
20 


where Vn im and Un zm: are wave functions that describe the eigenstates of each subsystem. Such а 
representation of matrix elements is called the (117171; n272™m2)-representation. 


(b) If angular momenta ]1 and j2 are coupled to the resultant angular momentum j with projection т = 
m; + ma, then 
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This representation of matrix elements is called the (n171 n2723 Mm)-representation. 
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In general case, we have 


(nidi mi nmz [Poo (1, 2) n mi; n272ma) 


EIC Ж Ср dim: Cir dui тли Pall, 2) 717172227). (23) 


J jmj'm! 


Any operator âl, 2) which depends on variables of two subsystems can frequently be expressed as a direct 
or irreducible product of two operators Paa(1) and (2) which depend only on variables of the first and 
second subsystem, respectively. 


A(1,2) = Êsa (1) G2) ог A(1,2) = {Pa(1) e Qo(2)}ey- 
The matrix element for the direct-product case is given by 
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whereas for the irreducible tensor product case it may be expressed in the form 
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The matrix element of a scalar product із given as follows: 
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Matrix elements of the same operators can be evaluated in the (n171n272j m)-representation. This yields 
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Let us consider the products of three operators which depend only on variables of one of the subsystems. 
In this case the matrix elements of direct products of these operators can be evaluated by the successive use of 
Eqs. (24), (27) and (8). If two of three operators form an irreducible tensor product, Eqs. (25), (28), (9) and 
(10) must additionally be applied. 

Matrix elements of irreducible tensor products of three tensor operators may be represented in the forms 


(пті; ы ® Q)). e Rall) Jeen mi; najm) 


ei П, т abc daf 
о 4-21 “Т У feb сілі ME bd 3 7 
IL INJ hA 


x(ni M JUN Ва (1) пала )(паја | вы) пал) , (30) 


(миру те (ih ө Qu(2))« @ Ва) mi тут) (7197747575 TT. c£, ^ IT; 


JNJ 
UA. о у А 
4 st ый | (МІР () IN (NI Ra) snot (nas). (82) 
jej ! 
(мыть) s dc (al. Re (1) uma im) = бу убы (71) 757977 II. 
ЕРНАТ 


The evaluation of matrix elements of the product (Ра (1) ® (802) ө &,(1)),), can be performed using 
Eq. 3.3(1), while, for the product {{Pa(1) @ &4(1)); ® 9ь(2)} к, one can use Eqs. (25), (28), (10). 

Matrix elements of direct products of four tensor operators can be obtained by the successive use of the 
foregoing relations. | 

We give below expressions for matrix elements of irreducible tensor products of four tensor operators: 
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= 606 oL (- 1) A -b -i si ай 2 [ab e fing a d g 6 1 9 
= 6; 75 m'm ( 1) +4-5+/-7+л+ IL, LI. [а 45) 4 5 „ P 3d | i A an 
x (па Pe (1)] Ns J1) (Na Ју Ва (1) ая (пб) || NoJ2) (№ Ј218; (2) па) - (38) 


Matrix elements of irreducible tensor products with other coupling schemes of operators may be evaluated 
using the formulas for the recoupling of four irreducible tensors (see Eq. 3.3(3)-3.3(5)). 

If the wave functions and operators depend on variables of three or more subsystems, the evaluation of 
matrix elements is reduced to the successive use of the above equations. 


13.1.5. Matrix Elements of Operators Which Depend on 
Variables of One of the Subsystems 


Let Рь (1) be an operator which depends on variables of subsystem 1. Matrix elements of this operator 
are diagonal with respect to quantum numbers which characterize eigenstates of subsystem 2. 


(піл ті; пат Pag (I) па: mi;naj2ma) = бил па бу ја бт та (па јата Pas (тл та). (39) 


Further evaluation is reduced to the use of the foregoing relations. 
If an eigenstate corresponds to some fixed resultant angular momentum j = jı + j2 and its projection 
т = ту + то, one has 


(nj sina iai m Pia (i) nat nahIn) = бабы (71) 4-9 О, { наи | T пал Peli) a1). 
40) 
A matrix element of the direct tensor product of two operators may be represented in the form 


(nh tsi! Вы d (h m тайт) = бады 1) t IT YT TT oft ez, {А 9 5} 
cy 


„ { Bibs | (etti Bs OIN) (Qe CO ia à) (41) 
NJ 


AAJ 
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For an irreducible tensor product one gets the expressions 
бийлет”) ө sem modnm) = bm Sg C) 7 II, суу |133) 
b А А . 
хе у (В. ИЛЛ Ду ал), (42) 
j J 
Ny л A 
(та пот | (P a(1) : 9.(1) 171 naja m) = бып» бий бил бу убт 
1 E ЕКЕ. ^ . 
x—r CI) * (-I) (пл Êa (DININ Ја (ал). (43) 
n JN 


In the case of the irreducible tensor product of three operators we obtain 


(01311527 m {Бо (1) ® Qu (1). ® В (1) jo |тіл n272 m) 
_ TREE "P лр 7 1. abe dcf 
= snm bgal Aitte II, Ofato Е fit UNS (5 ЛЛ H | 


мыл лл J2 
х (па (А Ја) (Ма Ја || Qo (i) HN) (Маја Ra (1) па л), (44) 


(балта m ((Ра(1) ө Qu(1))« - R.(1)) пада појајт) = б, „бу „би „бу убтет (71) 7*2 


«ll y^ [535 СТАТ nass) Unis). — (5 


П;, NI NaJ 


The matrix elements of irreducible tensor products of four operators may be evaluated using the expressions 
given below: 


(пал полат Beli) е Qs(1)}. 9 (Ва(1) ® 8. (1) us Ini пәйут) 
НИЕ ЕЕЕ "т Ј ла) _ ал] @ вс e df \ [ск 
бара ба (1) II. „, Cjmke E Ей } L Cay U 11 7¹ } % A Js 


ман, Kn Ja 
JI Ја Ја 
x (n4 1 | Ра (1) л) л || Qo(1) || Na Ја (N2 Ja | a (1) Ns Js) (Ns Js |8, (1) 141), (46) 


(пл т» т' ((Ра(1) e 8(1)). · {Ra(1) 8 S. (U) l) ал nam) 


L8 боб, bug, СОЯ Ja be ede 
= балға C1 67555 67 76m m ТЕ, P 1)? 5 А A } n D i} 
Ji Ја Js 
х IL СЕЛ || Ра (| М Ji) (МЛ 5, (1) Va J) (Va Ra (1) V Js) (Ns J| S. (1) 31) (47) 


(лв m (Ра (1) e Фу). e Ёш(1)}, ® S. (1) Ini nasi m) 


_ ЖЕТЕТІНІН "m Jn J2 7 љ+љ J a be dec f efk 
Б G. g )" ж "IL, Сутек {5 k А ) >. СУ ** n 71 Л } {л Js Ja д A Js 


Ni Na N; 
ллл 


х (па Ба (1) Ма Л) лё) (Мој ||Ва (1) Ла Ја) (Ма Ја В. (1) Un! 41), (48) 
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(niini m (Ра (1) e 0,(1))-ө Ёш(1)}у-8,(1))|тлтут) 


мрља П, abe а f 
= бил па бул бу ја бу бт (—1)° 4 а > (-1)” bs 71 Ji | |, Js 2 


Ji МММ 
JI J Ja 


x (па P. (I) VII) (VI Ја || Qs (1) 0.72) (Na Ja]| Ra (1) ]| Ns Js) (Ns Js ||S (1) |пал). (49) 


Matrix elements for tensor products with other coupling schemes of operators may be obtained from the 
foregoing equations by the use of the recoupling rules and the commutation relations for irreducible tensors 
(Chap. 3). 


13.2. MATRIX ELEMENTS OF BASIC TENSOR OPERATORS 
18.2.1. Some Introductory Remarks 


In this section we shall consider matrix elements of the following operators and their tensor products: 

(а) the unit operator Ё 

(b) the unit vector operator fi = BI; 

(c) the gradient operators Фе 9, апа Ga = (9a); 

(d) the total angular momentum operator 1-3 1; 

(e) the orbital angular momentum operator L=f,; 

(f) the spin angular momentum operator 8=8;; 

(g) the spherical harmonic operator Yim(¥, p). 

All matrix elements may be evaluated from the equations of Sec. 13.1. 

A wave function which describes an eigenstate of some quantum system will generally depend on the position 
(r, ö, p) as well as on the spin variables (2). It may be defined by 


Ф(т, 9,9; €) = Фа (r) Um (9) x. m, (C) = (r, 9,0; eln, I,m; sm,) , (1) 


where ! and т аге the orbital momentum and its projection; s and т, аге the spin momentum and its 
projection. The symbol n has been defined previously in Sec. 13.1.1. 

The wave functions (1) determine the (nlmsm,)-representation of operators. 

If the angular momenta L and 8 аге coupled into the total angular momentum J with its projection M, 
the wave function which describes an eigenstate of the quantum system is defined as 


P(r, 9,9; ê) = V, (r) У 9 Ут (9, )Xem, (£) = V, (Ум (9, e) == (r, 2,0; eln, l, s, J, M) . (2) 


mm, 


These wave functions determine the (піз JM). representation of operators. 
If an operator acts only on position variables, the evaluation of matrix elements in the (nimsm, )-represen- 
tation is reduced to calculating matrix elements in the (nim)-representation. 


(nl ти; з'т Mx (т, 9, e)|nlm; sm,) = ва "бт ти, (n' m! (ғ, 9; ф)|тїт). (3) 
If an operator depends only on spin variables, we get a similar relationship 
(п' ту; „m. ки (2) т; зт,) = би! бат! (n's'm!,|Kt вк (£)|nsm,) . (4) 


Hereafter matrix elements of operators which depend only on position variables or only on spin variables will | 
be evaluated in the (nlm)- or the (nsm,)-representation, respectively. 
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To determine matrix elements of operators Sit. (т, 8,2) and N (e) in the (nls J M)-representation one 
should use the equations 


(n'. nls )) = 6,,(71)7 ****** Il, Is ү 2 (n'l l|[Sjt, Ind), (5) 
(WPAP и UA:] ЛЕЙ ы 


If some operator Raa (ғ,9,; €) acts on position as well as on spin variables, its matrix elements will be 
given in the (nls J M)-representation. These matrix elements may be evaluated іп the (nimsm, )-representation 
with aid of 


(п' mj m Raa lr, d, р; £)|nlm; em.) = у; CPM са (та I'M" Raa lr, v, p; C) Ins JM), (7) 


JM 
J'M' 


or from the corresponding equations of the section above. 
From now on, we will omit the arguments of operators in the expressions for matrix elements to simplify 
the equations. In addition, the index n will also be dropped in all the cases for which it is not essential. 


18.2.2. Matrix Elements of the Unit Operator 1 


The unit operator T is an irreducible tensor operator of rank sero. It does not act on variables г, 9, p, &. 
Hence, in any representation its diagonal matrix elements are determined by 


(МШ) = op) = 6 . (8) 


All non-diagonal matrix elements vanish. A reduced matrix element of the operator 1 may be represented in 
the form 


(ШІ) Mi i, (э г) = у2а +1, (РЈ 187) = У2Ј + 165," . (9) 


18.2.8. Matrix Elements of the Unit Vector 8(9,о) = 81(9, 2) 


The unit vector operator fi;(2, р) acts only on variables &, р. In the (Im)-representation matrix elements 
of spherical components of this operator are given by 


us UW yl) o 
(бейбіт) = SED сүт, (10 


where 


(Рё) -V 10190. (11) 


Taking into account Ед. (5), we obtain a reduced matrix element in the (lsJ)-representation 


(балада) = bsa (71) *7* 23 + , 1)(21 + C { F r} | (12) 
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The matrix element (10) vanishes unless | = I 1. Using Eq. (11) опе can rewrite Eq. (10) in component form 


as 
m _ |Џт+1(+т+2) 
(E+ im [Янь т) = 221 T 1)(21+3) "2° 
(1-т+1(+т+1) 


пә = : 
(L+ 1m'[fiio|lm) = (21 + 1)(21 + 3) nom 


(13) 
Um- m 
2020 + 1)(21 — 1) 


((—т)(1+т) , | 
(21+ 1)(21—1) ""' 


АП other matrix elements of the spherical components of the operator in question аге equal to zero. 
The matrix elements of the cartesian components of the operator 81(9, о) are given by 
(t+ m+ 1)(LE m+ 2) 1 |(Іғтт-1)іғт) 


1 
И ара ТРИ. 14 
и, (21+ 1)(21+3)  ""-^2V ие 1) 1 (14) 


1 == 1m'|[fiizi|lm) = бұлт Й 


(1 == Im Яой”) = 


у m 1 | = т+ 1)(L E m 2) i m- 1)(Lv m) 
(m + 1|[f,|lm) = 2 ^ Quxi(uas) "+ — 2 21 ＋ 1) 1 "e 15) 
(1-т+ 1)(1+ т+ 1) m) (i m) 
(Г+т(л+з) "HN pi) - 1) 


All other matrix elements of the cartesian components of 81(9,) vanish. 
It is easy to obtain the matrix elements of direct products of two operators involving fi; (9, p): 


^ ^ (-1)" 2 21+ 1 i' i'm! 
(Рту |f, ν,isͤm) = —3. 6, Sram’ б, -v + 3 20 41 Столб Cima, Ы (17) 
These matrix elements vanish unless l’ = l,l +2. То derive the matrix elements of direct products of cartesian 
components of fi; (2, о) one may express these products in terms of the products of spherical components. In 
this way we get 


Bus (16) 


mn. Im) = 


im + 2ј8,8,|т) = gm ааа); 


(Рт а Ва lm) = —('m|fisaifiigi|lm), 
(Um x 2|&, fi, |lm) = — (Im + 2|П1 + 111 + |т), 
my fi |lm) = — (И RHEIN im), 
(mn. N т) = (Рту ой о"), (18) 


~ ж-ж- 1 ~ ~ 
(m + 2 Пут) = Um + 2|%141%141|lm) , 
(um + 18,8, |т) = vog m * If icin); 


(йт + IIR Nm) = mt 11 1+1й 1017) . 


1 
— (l! 
ж 

The matrix elements of the irreducible tensor product of k unit vector operators 8 (, р) may be represented 
in the form 


k 
~ ~ ~ ~ 2! + 1 t i чё 
(m'. .. (ба @ 81) ® fiia, 8...8 filas lim) = ү 2" +1 Сі9,0 П СІР СЫН oe , (19) 
4-2 
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where q, = 1. In particular, if 42 = 2, 43 = 3, q4 = 4,... one has 


k! 21+ 1 


Gk Ii 27 T 09004. (20) 


(m'. .. ((8198,)2 өз) @...@ ба } кт) = 


From Eq. (19) one obtains two obvious equalities, 


(m'|(& . i) im) = биб т! 1 


(ти [В x Јр) = 0. 


18.2.4. Matrix Elements of the Operator V(r, 9,9) = У! (г, s, €) 


The operator eir, 9,4) acts only on variables r, 9, р. The matrix elements of its spherical components 
are determined by 


(nlm |9 |nim) = eerie Cim. , (21) 
where 
(n't Vs 190) = VI+ 1 An- УАВорыба-і. (22) 


The quantities Алты and Вали in Eq. (22) тау be represented as the integrals 


n -Г Vo lr) (2- У V,i(r)r?dr , 


_ А 9 141 2 
Ват = Г Via (r) (2 + Ur ) Уы (r)r dr, 


Here У (г) is the radial part of the corresponding wave function. 
Reduced matrix elements of the operator У, (х, 9, p) in the (nisJ M)-representation may be obtained from 
Eq. (5) by replacing M. — 91. 
The matrix elements (21) vanish unless “ = | + 1. In detailed form Eq. (21) reads 


+1019 - fU m t ут +?) 
(n'l + 1т У 1 + nim) = 2(2Г+ 1)(21 + 3) Anci nióm mái; 
^ l—-m+1)(l+m+1) 
di 1 у V { = lomil m1) т’ пб; imi 
(n't im |Улојтт) (2+ 1)(ai+ 3) beten, (а) 
4 
1 1m'|O = [Оят (ж т) р 
(n l-im [У1+1 т) = 2(21 + 1)(2! — 1 B.- I, nm mA 1 


"1. 159/19 – „| т) т) 
(ni 1m'|Vio|nim) = (21+ 1)(21— 1) Brat-1,nt6mim · 


All other matrix elements equal zero. The matrix elements of the cartesian components of Я! (+, v, p) are as 
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follows: 
(Lx m  1)(L x m + 2) 


(n' & ИЯ, ит) = (21 + 1)(21 + 3) 


Ani I, nil 
( m- 1) U т) 


1 
tz (21+ 1)(21- 1) 


Bran-1nt6vt-1 , 


т s Ита 
(um + т) = 2 (21+ (21+ 3) Anu 
25 
i / m-) m) 
2) (24--1)(24-1) 


Bu, 1-1. 161,11, 
(t—m+1)(l+m+1) 
(21+ 1)(20 + 3) 


- m) (1 + m) p 
(21+ 1)(21 - 1) 


(nm N. nim) = Апиа 


Bran~1,ni6vi-1 - 


All other matrix elements are equal zero. 
The matrix elements of the angular part of V(r, 9,9) тау be presented in а simpler form. According to 
Eq. 1.3(10), 
Vo = -i[f x LI. 
This operator is independent of r. The use of the Wigner-Eckart theorem yields the following expression for 
the matrix elements of the spherical components of (а), 


д ҚУ l 
bene боди = EED ope, (26 
where 
( 10 = —{М+1&н+ + (1+ У би). (27) 
Equation (27) may be obtained from (22) by the formal substitution 
Ами тм — -l, Вим —l-1. (28) 


Similarly, Eqs. (24) and (25) become valid for (Vp), after the same substitution (28). 
Let us consider the matrix elements of products of two operators (Уп). In the case of the direct product 
we obtain 


~ ~ -1)! (1+ 1)\/@+1(+2) 
Га | (М V lm) — Y 1+ 108056 + C2" Сі+2т+кр, 
( ( a) iu a) 1 т) 3 ( ) пи mm' 6, 141 (21 + 3) (21 x 5) Imi 112 


1 10 + 1) 3 2 с! ГІ + 1) 10 — 1) 2 
— | и 1419 + == MERE у + — == (1 2гтееб : 
21-1 6(21 1) (21 3) [4 6l 41 — 300 іт2к bu (21 == 1) (2 = 3) 1т2к б4-2 (29) 


The matrix elements of the product of cartesian components (Уа) (а) k (5, k = 2, y, 2) are related to the matrix 


A 


elements (29) by means of Eqs. (18) where one should make the replacement N NE (Va)i(Va)e(t,& = 2, y, 2). 
In the case of the irreducible tensor product of two operators (Мп): one has 


(m' Ha): e (9а) кіт) 
ЕМЕС» U 15 итда) ее 19) 0. (во) 
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In particular, Eq. (30) yields the well known expression for the matrix elements of scalar product of two 
operators (а): 


Im - (Ма) lim) = -8r óm'ml(! + 1). 


Matrix elements of products of the operators fi; and (Va), are of interest for application. For the matrix 
elements of the direct product of these operators one obtains 


a (ігі | 3 
mii Va) iollm) = – би. +) lets, Cm. __ oe che. 
U 1+1) (1+2 5 Ж 
—91+21 aay + ae + 5 С? Ci, Я + bin- 2( (1 + 1) BS 1 — 3) Ci» Cima . (31) 


The matrix element of the direct product (aini differs from the foregoing one by the factor 
('m'|35,1,(fi,, (Уа) ли) | т) 


where 9,,,,, is the commutator of the operator components in question (see Sec. 3.1.7) 


FG" РА М 2 | 
Riviulâiv, (Va) i = (Ҹа) = (71 t 26, yZ T OPH Y, iv (9, р) (32) 
and 
[2 21 21-1 Ж 
U m "| Raya (Язь, (Va) 10 т) = (- 1)! 8, быв mm! + 3 2031 +1 САС Crete (32a) 


To determine the matrix elements of products of cartesian components of the operators fi; and (Чај опе сап 
transform these products to the products of spherical components (see Eq. 1.2(11)) and use Eq. (31). 
For the irreducible tensor product of ñ; (9, p) and (Уа); one obtains 


e i mw [2К+1 111 
тй, ө (дај Prelim) = (о, др Ус Уй +1 | у L | Cho (Фа). (88) 
I" 


The reduced matrix element of (Фа); in (33) is given by Eq. (27) 


"ту (Ма), S fii дет) = (IU {i ® (Va): uelim) — (C Um | REE (81, (V0)))lim) . (44) 


The second term in Eq. (34) is the matrix element of the commutator of the irreducible tensor product in 
question. 


a 78 2 2x 
Rix (81, (Мој) = Vi бө + 2\/ 15 You (9, 2)6,2. (35) 
Using Eqs. (104) and (105), we find 
т < 2 2 21 + 1 ' n 
(m' Rin, Ca) i) lum) = боба бит +V3 wal C030 Ci m2 быр. (36) 
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13.2.5. Matrix Elements of the Total Angular Momentum Operator 123 1 


The operator of the total angular momentum J =1+8 acts on position as well as spin variables. Making 
use of the Wigner-Eckart theorem, we get 


(23:17) сім 


(CM им) = МЫЛ +1 JM1g? (37) 
where 
(Us Hike) = врба бл VI + 1(2J + 1). (38) 


For simplicity in equations (41)-(47) we shall omit the quantum numbers | and s in notation for matrix 


elements. Thus, 
III 
V2J'+1 


(213.17) = bsr / J(J + 1)2J + 1). (40) 


(мым) С. (39) 


where 


In expanded form 
(J+M+1)(J FM) 


(ЈМ + 112141]J M) = = 2 ; (41) 


(JM|io|JM) = M. 


All other matrix elements are equal to zero. Let us present the non-vanishing matrix elements of the cartesian 


components of 3: 
(JM + ЈМ) = 5/0 ЕМ + (ЕМ), 
UM + ИМ) = 32 У ЕМ + 1U F M), (42) 
(JM|J,|JM) = М. 
The matrix element of the operator 32 із as follows: 
(M') = SSN. J(J + 1). 43) 


Let us consider matrix elements of products of the 3 1 components. Matrix elements of direct product of 
spherical components may be represented in the form 


СіМ'-и 


(МА, ЈМ) = JU + CRM u б». (44) 


In component form 


UM + 214114100) = 2 Мі2(2:5М:31)7%М-1)7%М), 


(IM + ИЛ. Лом) = FM UEM UC TM) | 


(7=М+1(7=М) (45) 
2 3 
ж. та 1 
(JM|J1x1JixilJ М) = 204 M)(J = M+ 1), 
(JM|JyoJio| JM) = M2. 


(JM + Јо Ла УМ) = = (M +1) 
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The non-vanishing matrix elements of product of the cartesian components are as follows: 


UM ДМ) = LU EMI EMF FM- М], 
UM SIM) 2 +1) - ма), 
UM 2M) = NIN FM- IH V, 
(JM|JyJy|JM) = a 1) -M], 
(JM|J,5,|JM) = 
(JM + 20. JIM) = s (ЕМ + ОЈ ЕМ + (ЈЕМ 1075 М), 
UM|, SM) = 2 (46) 
r MN EHI N= i M), 
(7М|2,217М)- 5M, 
UM x15, 5,JM) = 2 HH м) ; 


UM x 15, Лим) = мы (ТЕМ + М), 


(JM +1|J,J,|JM) = + a TN IJ MJ, 
(JM +1|5,5,|JM) = = 5(М + (J£ M41) М). 


In the case of the irreducible tensor product of two operators J one obtains 


5 5 11 k d 
ИМЗ, 63:0 = tj» DVM HTI H.. ben 
In particular, from this equation one has two obvious relations 


U'M'((3 -3)J M) = Sy лбым Ј(Ј +1), 
("М3 хм) = N OH. 


In applications, the expressions for matrix elements of products of the operator J and the operators fi; or 
(Va): are of particular interest. Some relations for the matrix elements in questions will be considered below. 
The matrix elements of the direct tensor product of operators Я! and J, are given by 


(s! J' M'|fs , Dhu |lsJ M) = fs (- 17 TA J(J + 1) (21+ 1)(2Ј + 1) С 1010 { x i н ШЕ ; \ 
48 
(I's'J'M'|FyAiyllsTM) = (Ма Ў M) - "ЛМ Я (тим, Jiv)llis JM). (49) 


The commutator of components of these operators is as follows: 


Siu (Nin, Jie) = Vr Si није, e) * (50) 
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Using Eqs. (104) and (105), one finds 


(s ITM Ra (АЯ, Jv) ls M) = (1) * **6, / 2(20 + 1)(2J + 1) jets f Р | р оноу, те 


(51) 
In the case of the irreducible tensor product of the operators fi; and Ji one obtains 
(Us! I'M Kâ S JIM) = (-I) *" 7 +#+15, + 1)(2k 1) 2 + 1) 
116 137 м 
x (2J + 1) cto |» НЕ Mr (52) 


The commutator of the irreducible tensor product may be expressed as 


Rix (Hi, J Ji) = 2 МЕЙТІН (53) 


Taking Eqs. (104) and (105) into account, we get 
(Ра МУ (ви ум) = 172 5, „221+ 1)(214+ 1 IE rt uj О M ii (54) 
Now the matrix elements of Gi ® п: } к are determined by 


(s J'M' (3i SIM) 
= (-1)* (s J' M'|(81 8 Fy Jen M) + (-1)* (s J'M' RI (81, 87М). (55) 


This expression may also be rewritten in the form 
(М да је JM) = (-I) -t] V 1) 2k + 1) (2J" + 1)(2J + 1) 
РПС 1 1 * laJ М 
J'(J' +1) о (аза ј (1 T) cf. (56) 


Let us consider the matrix elements of products of the operators (Va) and Jy. In the case of the direct 
product of these operators we have 


| JJ'1 1770 
(I's'J'M"|(Vo) piv |lsIM) = (71) *** + 1)(2Ј + 2) 1 5 7 7 | (|а СИ ы CIM 
(57) 
As in the foregoing case, 
(s I’M" ЛЬ (а): |187М) = (Us! I'M" (Va) ip Jills Му ~ (ЕМ, (о): Jie) HIM). (58) 


The commutator of components of the operators (Va). and 2 118 


Rini (Va) 1a, Ло) = —V2CR (Va), (59) 


Using Eq. (26), we find 


Я В. 13.7 5 
(CSI M| Rauw ois дым) = C) GT) | у ООО. 
(60) 
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In the case of the irreducible tensor product of these operators, { (Ма), & 3 1}кк one has 
(s Ма), ® Зак lla JM) = (CI) 77 *** би VIZE + 1)J(J +1) 
eech. (ey 
while for the irreducible tensor product (3, & (Уп) } кк we have 


(s J' MS, ® (99 7/М) = (-i) (U Ј'М' | (о), Tiles JM) 
+ (ПЦ М (90): J) lls JM). (62) 


The commutator of (а) 93 1}кк is determined by 
и (ој, Ја) = -У(Яо)1«бы , (63) 
1.е., 
(еМ (о), Ji) O = (71) , S. ү/2(27 +1) { ae | (NODC e (64) 
Equation (62) may also be represented by 


(I's! J M'|(3i ® (Фо) јео јМ) = (-i) -i , MZR + 1)(2J + 1)(27 + 1) 
JJ ’ULf1ik Т 
«уут H ууу ето ICH. 


18.2.6. Matrix Elements of the Orbital Angular Momentum Operator Іше Li 
This operator acts only on the position variables d, p. In accordance with the Wigner-Eckart theorem, we 


get 
~ VL) vu 
(laum) = EAD суд, (66) 


(г) = ёа 1) 209 1). (67) 


Equations (39)-(47) are obtained for the matrix elements of the total angular momentum operator J and 
remain valid for the operator Г after the replacement 


where 


Pah. Mem, XL 


A reduced matrix element in the (Is J)- representation is given by 
(s Jl E, HH) = (-1) 715. би (27+ III 1)(2Г+ 1) { Fe } (68) 


We present matrix elements of products of the operators Ti and пі. For the direct product of these 


operators we have 
~ т 1 l + 1 21 + 1 П foe 
(m iy, Liv т) = ү | zt 1 Соло С 1 m * (69) 
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The commutator of the components Ni and Liz may be written in the form 


~ 7; E 
Ripr СУРЕ Li) =— Е СІНУ „+, (9, e) А (70) 


Taking Eqs. (104) and (105) in account one finds 


~ 7 21 + 1 , foe 
(ти Жш», (Fay, т) --Ү2 2-1 Со ы (71) 
The matrix element of the direct product Йй и is 
7 2 21 4- AY! (I! + 1 n m i 
(m'|Li, fi, |l m) = — rn C1010 Cm ши та - (72) 


In the case of irreducible tensor products of the operators in question one gets 


(tr! {Bs ө} т) = (но VE (а дове [111], 09 
(ет (ва eim)» (CC et Gee III GERD Oe {рту} 09 

Both equations are related by the expression 
(та, е Lite) = (71) (Рту (Ба еа) рт) + C RE (Br, T), (75) 


where 


/8 
Rix (81, £1) = = Ү,кбк1 Й (76) 


a Ф 21-1 П toe é 
(m ke (83, Та) ет) = -N = ClotoCimis - (77) 
20 +1 
Let us now consider matrix elements of products of the operators (а) 1 and Li. The matrix elements of 
the direct product of these operators are 


ES ~ +1 ES юэ! m 
IST, = 552 (дс, „с, (78) 

^ ^ ! ! + 1 A ғ , 
гт (Фаһыйт) = у ЕЭ. tro); MCE ы cle“. (79) 


Equations (78) and (79) differ by a quantity which is the matrix element of the commutator of Ly, and (Va) in, 


41 иль (Фа) Tw) = -/2 Ci (Va) nev ; (80) 
A т 2 ES tor 
(ти (Уа) Liv) т) = — 25 (Ма) отек Coeur: (81) 


In the case of the irreducible tensor product of the operators (9а): апа Г, we find 


(ето (Wa): өт) = (71) te BEC DU 9 yn Cr cht, 


(82) 
(ега ва s (Фа) uim) = CC) VEF EG I) (Oa {у уу с. (83) 


494 Quantum Theory of Angular Momentum 


The commutator of the product { (Ha) 19 b) may be represented in the form 
31 (а), Li) VI Va) Isel, (84) 


Using Eq. (26), one obtains 
^ ES 2 ~ . 
(ти (Моја La) im) -N (| (Ма) li) Cimin - (85) 


The matrix elements of the irreducible tensor product of the operators Îi and 3, are 


(s ULI S 3i. |lsJ M) (-i) +6, СМ (27 + 1) 


x VR + 1) (20 + (+ 1)J(J + 1) { г : } b Я А | | (86) 


(изм, елм) = (71) 177 7 * 646, СМ, 


«ҮЙ + 1)( + INL I) U + 1)2J + 1) E Р ane | 1 | (87) 


The commutator of the irreducible tensor product {Li 93 1}кк is defined as 
9$11(£,,3) = —У2Ткбы ; (88) 
To evaluate its matrix elements one can use Eqs. (66) and (67). Then 


(ҰШУЫ Фі (LI, J) ls JM) = (1) 76 бит У 2(2Ј + 1)(2l + 1){ + 1) { ~ 1 | | си, у 159) 


То determine the matrix elements of the direct tensor product of the operators fi and J 1 one can decompose 
this direct product into irreducible products. In this way one obtains 


(Us'I'M Ey Pulls JM) = У CR Дру М' Ui Ју JM). (90) 
Кк : 

(агым Дым) = У СК (ls! МЗ, ә.) ЈМ). (91) 
кк 


The commutator of the operator components Li and Jio may be presented in the form 


Rigi Lins Jw) = -V20 Tina Й (92) 


From Eqs. (92), (66) and (67) we find 


(з М RIA (Lays ДМ) = (1) 716,6, VJ 1)(21 + (1+ 1) { | i 1 | О да 


(93) 
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13.2.7. Matrix Elements of the Spin Angular Momentum Operator S= 8, 
This operator acts only on spin variables. Using the Wigner-Eckart theorem, we get 


2 (38) Ды ‚ 
(веть) = SEES суң, 60 


(818, ||5) = 6,„ Mels + 1)(28 + 1). (95) 


Equations (39)-(47) were obtained for the matrix elements of the operator J; and they remain valid for the 
spin operator S, after the replacement 


Js, M= m,, Ji Sy 


The use of Eqs. (6) and (95) yields an expression for the reduced matrix element of the spin operator in 
the (IsJ)-representation 


(i's "YS, з) = (-1)*** 8,5, Vale + 1 (26 + 1)2J + 1)(2J +1) { void | | (96) 


The operators nl, (o). LI commute with the spin operator 81. Matrix elements of the irreducible tensor 
products of these operators and the spin operator are given by 


111 
(“%% MHS SIe Is M) = b., (2k + 1) (27 + 1) (21+ 1) (2 + 1)s(s + 1) CIC | sls | ‚ (97) 


Jk J' 


ЕЈ 


111 
(Us Ma) ® За} M) = бг VOE F EI + 1) (2s + Isls + GNS) sl) СУ. | s | 
Ј 


111 
(19 MUL S SHUI J M) = баби, УЉЕ + 1)(2J + 1) (21+ 1) (28 + (1+ 1)s(s + СУМ” | sis | ; 
Jk 


(99) 
The operators S; and 7, do not commute. Matrix elements of irreducible tensor products of these operators 
depend on the order of the operators. 


(s М", S 3} к в M) = (-1)7 **7'7**16,,5,4(2J + 1) У (2k + 1)s(s 1) (2s + 1)J(J + 1) 


11k 17 "p" 
EP e) Ne (100) 


(U's' J'M'I(3i ® S1 Us JM) = (-I) ЕН VIE 1)(2J + 1)J' (J* + 1)(2Л + 1) 
Tikit lJ tagi 
ху ++) у ane 128 | Ж (101) 


Тһе commutator of the product (8, 93 1 јак is as follows: 


Re (81,31) = -У2 бы - (102) 
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Using Eqs. (94) and (95), we find 
aA 4 ' lJ "v 
(лм (S1, Ji) l JM) = (-i) 556,65 V/2s(s + 1)(28 + 1)(2J + 1) { P s Jens. (103) 


To obtain matrix elements of direct products of the operator 8, and the operators fij, (9, а) Li or 1, one should 
decompose the direct products into irreducible products in accordance with Eq. 3.1(22) and use Eqs. (97)-(101). 


18.2.8. Matrix Elements of the Spherical Harmonic Operator Viv = VI (V, S) 


A spherical harmonic operator, y depends only on position variables 9, р. From the Wigner-Eckart 
theorem it follows that 


PIS) wm 
ти | Фр т) = Cs 104 
(m'|Yz, т) Рур ime (104) 


5 2L + 1)(21 + 1) w 
(y, = у ERED ore (105) 


Similar relationships for an operator Ĉr (S, e) (see Eq. 5.1(7)) may be represented in the form 


"А (z) ces 
(m'|Cz,|lm) = үшті Сир» (106) 
(Су) -V I Ciclo (107) 


Let us consider the matrix elements of some tensor products involving Fz, (9, o). 
For products of the commuting operators fi; and V, we get 


2 (2L + 1) (2+1 V4 ' ' tnt 
ma em) = \/ ee a 243 vote Cm“ СЫ Fim 
гр ЈЕ _ А 
~ 20-1 Chro? apenas] , (108) 


~ ~ 4." (2L + 1) (21/ + 1) (21 + 1) ет! 
(m' Ini Yr) т) = (-1)" +! "V UU oo Cimt'v 


' Lil 
х УМЕ ІС ОСК { "lk } (109) 
k 


The matrix elements of products of the non-commuting operators (Va): and $, аге determined by 


x 2L + 1)(21+ 1) 7 y 
t D я Ӯ, 1 Е ( * 1—10 
( m ( а) L. m) 41 (2 + 1) ( 1) 21 2-1 Cioro 
Cl -imtv m , Р +1 l' 10 МИ + ти elm! 
X im L '~Im+vlp $ U + 2) 27 + 3 CioLo Cimbv Стил , (110) 


(Рт (о); ® Ў) т) = (—1) ++ НИ +В 


^ L 1 ГАЈ т! 
x Уедо) IA {к орд... (111) 
k 
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The commutator of components of these operators is as follows 


111 


RAL (Фа) $,,) =—V 6L(L + 1)(21 + 1) т APU G0 { LLL је IL, p) s (112) 


The commutator of the irreducible product of the same operators may be expressed as 


x ~ 6L(L+1 111 
90, (бој, Pe) = -y HEED er + дове, [ 1, 1.1] Pele, . (119) 


One can easily obtain the matrix elements of these commutators: 


(т! | Ripe ((Уа)ли Pre) | ту) = 71 | (or (21, + 1) 


111 
Cho Со tec Os 1 L ij , (114) 
~ ~ 6L(L + 1)(21+ 1 ЖГ ' ' 111 
(ити, (Фа), Li) f = — PEE 53 ар Dc, och , E E). 19 


Of particular interest are the matrix elements of direct and irreducible products of the angular momentum 
operators and the spherical harmonic operator. 
The matrix elements of products of the operators Lı and V are given by 


(2L + 1) (21 + 1) (I + 1) д 
412 + 1) 


ж ^ tay 21 + 1 21 71 1+1 "+ 1) 1”! LIV 
(trl (hs ө uim) CU ey BEE DOE EDENE ср ов ТІР), (ит) 


The commutators of these operators are 


(m! Ба а Po lim) zz ioo C LU VOU odii (116) 


91а (Lips Pov) = V I(L- 1) CHE иль. (118) 
R, (Li, Хр) = -VLL + 1) бибии: (119) 


Using Eqs. (104) and (105), we find the expressions for the matrix elements of the commutators, 


~ ~ L(L + 1 (21 + 11 (21 + 1 DP 
m' К (1, LY) lim) = \/ и С t Сри Со» (120) 


L(L + 1)(2L + 1)(21+ 1) 


Mm iL, г V — 
т | L'v (1, VI) lim) 4 (21 ＋ 1) 


Сі CAL. 121) 
In the case of products of the operators 81 and У, the matrix elements may be evaluated in ше (is JM)- 
representation: 


(2J + 1) (21+ 1)(2L + 1)s(s + 1)(2s + 1) 


22 Сі 


(s J' M'IS,, ls М) = b. . 


LL? 
x у (-1)£***! 2k Hrn, | | 13 | (122) 
k 
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(2J + 1)(217 + 1)(2L + 1)(21 + 1)s(s + 1)(23 + 1) 


(оз М' НЯ ® 81} |lsJ M) = G.. 4n 


„„ firr 
ХС 43138 >. (123) 
J I! J' 


The matrix elements of products of the operators 3 1 and 1; in the same representation may be obtained 
by using the relations 


(ылы, йы ) = (сау, (2L + 1)(21 + 1)(2J + 1)J'(J' +1) 


4T 


ы! 8 J 
x cy Mt CT M ли С о Е Lv ) , (124) 


^ ~ , О , , , ! 
(ем, ө Феја ТМ) = (C1) 7775, [(2L + 1)(21' + 1)(21 + 302 T 1)J'(J" + 1)(2Ј' + 1) 
ы! L 1 L 4 1 4 J 
x CML (5 J 7 Ci { J. LI . (125) 
The commutators of these operators are reduced to the commutators of Li and V. Namely, 


RIAL (Jin, 2 = Rite (Lips 2 Й 
RI, (Ii, Vz) = 915, (Li, Ур). 
The matrix elements of these commutators in the (Is J M)-representation are given by 


L(L + A) (2L + 1) (21 + 1)(2J + 1) 


("ЛМ Rigo (Frys Pro) lis JM) = (CID, 4x 


l sJ L 'M' 
x Ciko Е Lh асу , (126) 


L(L + 1)(2L + 1)(21 + 1)(2J + 1) 
Ат 


l J бы! 
х с E L t » CIM М (127) 


Below we also present expressions for matrix elements of some more complex tensor products which include 
the spherical harmonic operator: 


(У МЕ (3, Vr) MH) = (-) * *** 6, обр, 


(2L + 1) (21+ 1)(2k + 1)(21" +1) 


(mti (а): us Prv вт) = 2 (+, Ат (20 + 1)(2 + 1) 


РИШ 


К) 1 г l > 
XC, ol CCP f 1 1) о, (128) 


(2L + 1)(21 + 1)(2k + 1)(2F + 1) 


In @ (9. Vr) re lim) = (-1)F*'** 
т'|{{@, ® (Хо); } ® Vr) e, |т) = (—1) ат(2 + 1) 


!m! tor LkF 2, 
хора, DME VIF LO Co (15 UT EN He, (129) 
ім" 
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(ту (8; ® fiy FL, т) = У (-1) уче (21, + 1)(21 + 1) (2k + L + 1)(21) + 1) 


H 
L 41 (21 + 1) 
L'! Am Ao A 11 * 
*Cim Lv CLiv'ke CioLoC L'o10 Рур (> (130) 


(тиа, S b.) 8 VII rel = (СПРН (21 + 1)(21+ 1) (26 + 1)(2F + 1) 


Ат (20 + 1) 
"т! , М 4 1 1 k L k F 
XC nF DiE) V "I + 1(21/ + 1)C fo Сто E ИГ | {1 LL } И (131) 
І 
„ „ ^ ^ _ wen, [QR + 1)(21,+ 1)(21+1)1/(1/ +1) 
(rm! (Ma): ө fas т) = A721 у 
L' atm ato JLE blag , 

XCimLy CL'vik« CloLo ULLI (1 (Уо): 12 ), (132) 


(2k + 1)(2L + 1)(21 + 1)(2F + 1) 
4n(2l' + 1) 


т! D Ц 11% Lk F Су 
корту, co VEE OL ова {у рр} {уур (Gon. das 


Li 


(Рта | (а); 911)» 8 Vr re im) -(-1) T 


(2L + 1)(21 + 1)(2J + 1)(2k + 1)s(s + 1)(2s + 1) 
4л 


Li 
tagi Џ 18 J 
х > V (2л + 1) (271 + Dok. CHM „овас о | у, Ll, | | 3 13 | , (134) 


ЛІМІ 


(ls J'M' {â S Side Lu Ils JM) = (-) , 


("вм Ца, ® 81). 9 VII re |М) = (21) F,, Obe 
171 2 19028 +1 
Лл 


Li 
, Ls J ТЕКЕ 
кодови r l (552) s 1 jj (135) 
Ji Xx J 


(2L + 1) (21 + 1)(2J + 1)(2k + 1)s(s + 1) (28 + 1) 
Ат 


Lir 
(at l J m 
x M V FIC CIM CL Е M L | |. ls | (Мај: 122), (136) 
1 


JI LIMI 


(l's! ГМ | (о), 98) Nes M) = (71) , 
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H ® Side S Ў) |М) = (-i) - -F. C 


„LU jer 1)(2F + 1)s(s- 1) (2s + 1) Y (ал + сво 


ДЕ 


Liv 
ls J\JSLkF 8 
а a. LL } E ЈА ) | H : Ы | ahi), (137) 


(i's! J'M'|(8; & Ji) к VIII M) = (—1) **77 7 ***75,,, 


Е (++ у@/ + noe n L VA + HAL +1)(2Л + 1) 


LI JI Ма 


“м! ' а J 11k І, 8 J 
XC, Tas CB eio |}, L І, || f; Л Ji } { Л 1 rh D (138) 


(Ма 31) @ VI poll JM) = (217 Ef , OH. 


" prr Dori eon oe 5) Y: Ули + 1214 +1) 


лл 


' laJ 11k Li 8 J. LkF 
х(ал Н L L, } E лл } { Div } [> Ј 2 | N 


(Io) оу 7M) = (719777760, E Te 


II MI отм pL © 1 J J1 J'1 11k 
к E VAU En + Doi, сз Саа) y a | пој рај] 


LI JI MI 


(140) 
(7% о), өзі ® $1) relle M) = (ај От, 
21, + 1)(21 + 1)(2J + 1)(2k + 1)(2F + 1 
а CER CEDCED у- очтол ic, 
L Ji 
nie а J J, J'1 11k LkF 
tio LEES I ня (141) 


(лм, S SI lis JM) = (-I) 176, C0 


4 21+ 1) (21+ 1) (2k + 1)s(s + 1) (2s + 1) (V +1) (27 + 1)(2J + 1) 
Ах 


р ТР 
x L Л М, | 2] sis >, (142) 
лм | Ji k J' 
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(МЦ, SiS Ў}, |М) = (-) - -F, СМС, 


(2L + 1)(21+ 1)(2k + 1)(2Е + 1)s(s + 1) (28 + 1) ( + 1)(20 + 1)(2Ј + 1) 
4т 


vil 
l sJ Lk F 
хм; i ‚|. (а) 
JA | 1 


(па J M'I£, S Jie 5, M) = (71) 1g, C0 


21-1 (2-1 (2J +1) 2k + 1) ( + 1) 2l - 1 | 
++ да ОВЕ S улоодо e 
JI MI 


134 11% 1 6 Ji 
ЕТТІ Ji 4 5 (144) 


(s УМ И S Ji S Ve MH) = (71) -F, , CHO O Moo 


таа алыш” аул +1)? 
l J 11k ал ІЕЕ 
V 145) 


(s J М'{8, ® 91} к Leis M) = (1) 7+7 +15, „010 


JI MI 


EDT l aJ 1 1 k з JI 
„а * 5 E (146) 


(09 J'M'($: ө2,),ө Vr pe, [IJ M) = (71)7*F- 7 ** 5, СЕ О СИ 


(2L + 1)(21 + 1)(2J + 1)(2k + 1)(2F + 1)s(s + 1)(2s + 1) Y AU +1) (244 +1)? 


Ат 


л 
can fl sI VfL ikl fst Al [Ler 
x ae 7 J J Ала fleas’ (147) 


The commutators of the operators in Eqs. (128)-(147) may be represented іп a more general form as 
Ree, re (Ра ® QU, Yi) = у, Ске вао, Lv (Ва, Viv) Фа + Paa Rop, L (Quo, V.)) , (148) 
ap 
«XE ((P. & фу, Vz) = Ус, Cut, (Raa, L (Paa, Уго) Qus + Pas љети (Фер, Хли)). (149) 


авки 


The evaluation of matrix elements of these commutators may be performed using the foregoing equations. 
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18.2.9. Matrix Elements of Some Scalar and Vector Products 


Using Eq. (33), one can easily obtain matrix elements of scalar and vector products of the operators fi and 
Фа 


m'|(& · Sa) ſim) = 0, (150) 
'm'|[& „ ) = JTF 1) Ch bu. (151) 


Equation (150) follows from the orthogonality of the vectors in question. Equation (151) may also be obtained 
by taking into account the fact that 
а x Vg] 2 3L. 
Matrix elements of scalar and vector products of the operator J and the operators fi and da may be derived 
from Eqs. (52) -(56) and (61) -(65) 


(I's! J' M'|(8 J) ЛМ) = бабу бмем(-і II 1)(21+ IC { f : d ) ‚ (152) 


(s J'M'|[8 x J],lsJ M) = rt aan ur ur +1) - J(J 4 1) – 2) У(21+ 1)(2J + 1 
l J "ы! 
х 0010 { J! у р ј ове, . (153) 


The scalar product of the operators fi and J is commutative. At the same time, the vector product of these 
operators is not commutative, i.e., 


(s J' M ха), Ша JM) 
- 5-і yt" gut 1) - JG +1) + ID 1010 | y n } саме. (154) 
In a similar manner we get 


(s J' M'((Va -3)]lsJ M) = бр збуабмм (71) , (2 + 1)2J + 1)J(J + 1) 


[1+ l 134 
* | 21 %%% 60 Eu т 11 | , (155) 


(ls J'M' Ма х о = FM": + 1)(2J + 1)(J'(J - 1) - J(J +1) - 2) 


| i1 l aJ м 
х | 2143 E T (1+ 1) 2214- Leal 0, 1, boat. (156) 


As in the foregoing case, the scalar product of the vector operators Va and J is commutative, while the vector 
product is not commutative. Therefore, 


шалма x Чај. 17м) = ул +1) —J(J +1) 2) /QU + 1)(2J + 1) 


[1+1 | 4 134 ‘м’ 
х | xri ac 1) наса 10 1 , Jena. (157) 
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The matrix elements of scalar and vector products of the operator Î and the operators fi and Va may be 
obtained from Eqs. (73)-(77) and (82)-(85). In the case of scalar products we get 


n - I) im) = 0, 
(m' (Хо - L)lim) = 0. 


These results follow from the orthogonality of the vectors fi, Ус and L. The vector products [fi x L] and 
Ма x L] are not commutative. Hence, 


(158) 


~ у 2l 1 Ei ж 
т вх рт) = Р +1) - (1) 2) cle = # (ти (боја), (199) 
ee 1+1 
ет Ё x Bellen) = ДИ) A СОС, (160) 


and also 


Шы; х Еј lim) 


[1+1 1+ = toe 
= iee + 1) - (l + 1) - 2] ШЕ DN T (1 + 1) =| ниса Ct (161) 


mL x in lm) 


d 
1+ Ж 
= 211% ＋ 1) —U(l+ 1) + 2] ШЕ У aras LIN + (1+ 1) 3i 1®'- | Cs (162) 


The matrix elements of scalar and vector products of the operators Г and 3 may be derived from Eqs. (86)- 
(89). The scalar product is commutative: 


J(J + 1) + Ut + 1) ~ s(s +1) 


(U's! I'M! - J) lls JM) = G16, ôs H ; 


(163) 
The vector product is not commutative: 
(s J ML x JIM) = 200 1. [У 4 1) - J'(J' +1) + 2] 


xv/(2J + HU 1)(21+ 1) { e | 4 | Os. (164) 


(“% М' x Г.М) = 20 ПУН „(09 +1) - J(J + 1) + 2] 
x v (2J + 101 + 1)(21+ 1) 12 i | } А (165) 


Matrix elements of scalar and vector products of the spin operator 8 and the operators fi, Vo and Ê (which 
commutative with 8) тау be found from Eqs. (95)-(99): 


(s  M' (8 8)|lsJM) = (-1)*** , N. ви sexe паге ска (51 7) (166) 
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("ЛМ (а S) Is M) = (71) N, VSI + 1)(28 + 1)(20 + 1) 


/ 1+1 l lss 
x [ 243 n + (1+ 1) ges D 7 D (167) 


(7% M (L · S) IM) = 66,67 бым 2100 +1) — (1+ 1) – s(s + 1)], (168) 


лм x 8] елм) = i (71) *7**5,, {21+ 1)(2Ј + 1) Clio 


11 dui 
xil" - ++ - 0-90 «cel; 51) Ot. (169) 


4 " А и 
(s Мо x 887 M) —$(71) *7***16,, У(2 + 1)(2J + 1) | / 1 } 


1 [1+1 1 207 
x3l - OU «9-0 -20 +1+1] [ гізін +(@+1) 5121 41-1 СЎМ, (170) 


(ум х8МЫ/МУ = :(-1)*7**/ (2J + Iii 1) 20 i 
1 d tag! 
xal - +1+1) - (7-17-11) H = јој. (171) 
The scalar product of the operators 8 and J is commutative and its matrix elements are determined by 


(Vs' J'M' (8 J) M) = 666,6 бмм' 70 +1) + o(s +1) — I(l +.1)], (172) 


The vector product of the same operators is not commutative. The matrix elements of this product are given 
by | 


(s J'M'|[S x 3], iJ M) = 200) 16, N00 4 1) - J'(J' +1) +2] 


xv/(2J + 1)s(s + 1)(2s + 1) i» | 2 oH. (173) 


(s J' M'[J x Sf) = rie t unII" 41) - J(J 4 1) + 2] 


xJ + 1je(s + 1)(25 +1) { Hiss } сум. (174) 
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GLOSSARY OF SYMBOLS AND NOTATION 


Ez, Cy, €z 
Cr, €g, e 
е+1, ёо 
el eO 
Az, Ay, As 
Ar, Ао, Ар 
4417 Ao 
A*1, 40 
41 40 
Atl 40 
M (a, 9, 2) 2 J 1, 0, —1) 
Мер 2 , y, 2) 
М(+1,0, -1 = г, U, G) 


a, B, 

п (9, 4) 

w 

a,b 

D(a, В, q) 
U (w; Ө, $) 


Рим, (а, P, 
Оим' (и 8, Ф) 
x7(r) 


AA) 
Е 


1. Vectors, Basis Vectors 


cartesian basis vectors (p. 4) 

polar basis vectors (p. 5) 

covariant spherical basis vectors (p. 6) 
contravariant spherical basis vectors (p. 6) 
cartesian components of vector A (p. 12) 
polar components of vector A (p. 12) 
covariant spherical components of A (p. 12) 
contravariant spherical components of A (p. 12) 
covariant helicity components of A (p. 12) 
contravariant helicity components of A (p. 12) 
matrices of transformation between 

cartesian, spherical and polar components 

of vectors (p. 14) 


2. Rotations of the Coordinate System 


Euler angles (p. 22) 

direction of rotation axis (p. 24) 

angle of rotation about axis п(Ө,Ф) (p. 24) 

Cayley-Klein parameters (p. 25) 

rotation operator in terms of Euler angles (p. 27) 

rotation operator in terms of rotation axis п(Ө,Ф) and rotation 
angle w (p. 27) | 
rotation matrix which transforms cartesian components of vectors 
and tensors (p. 29) 

matrix elements of rotation operators which 

transform irreducible tensors of rank J (p. 72, 80) 

character of the irreducible representation of the 

rotation group (p. 99) 

generalized character (p. 106) 

set of parameters which specify rotation, e.g., о, В, y or о, Ө,Ф 
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dR = sin BdadBdy 
= 4sin? dd d 


volume element of the three-dimensional 
rotation group 


8. Other Transformations of the Coordinate System 


23 t» 


operator for identity transformation 

operator for coordinate inversion 

operator for time reversal 

operator for coordinate displacement (p. 142) 


4. Mathematical Symbols and Operations 


У vector differential operator (р. 17) 
A Laplace operator (p. 18) 
Va angular part of V (p. 18) 
Аа angular part of А (р. 19) 
(”) =F m т binomial coefficient 
(а), = 45 Pochhammer symbol 
(a) (a quasi- power (p. 239) 
(a + 5)? quasi-binomial (p. 239) 
(а + b + c)(? quasi-trinomial (p. 353) 
An finite-difference operator (p. 239) 
6(z) Dirac 6-function, 
Q(z) = н ү 22 theta function 

0, ifz<0, 

1, ifz>0, 
sgnx=¢ 0, ifz=0, sign function 

—1, if x O, 
бк Kronecker 6-symbol (р. 16) 
ski Levi-Civita tensor (p. 16) 

1, if b >a, 

Cab = [ (Ohe, fb <a. phase factor 


ай = sin дадар 


solid angle elements 


5. Angular Momentum and Polarization Operators 


3 total angular momentum operator (р. 36) 

L orbital angular momentum operator (p. 38) 

8 spin operator (р. 42) 

c Pauli matrices (p. 47) 

J+, £+,8+ Hermitian conjugates of operators J, L, S 

Тем (5) polarization operator of rank L (р. 44) 

Qu quadrupole operator (p. 52) 

Tia i. trace of products of spin matrices (p. 50) 

U unitary matrix of transformation between cartesian and 


spherical basis representations (p. 55) 


ум, ум 
mY, MY 


Илм, лм, (I, 2) 
M. Mi 95 м, 
{M S 9, hrm 


(M. Rz) 


R. MI лм, = Mi MI, NJ, s 


лл 
Хум 


Vim (9, о) 
Cim (9, e) j 
Ў „(9, о) 
XSe 

XS 

Y fA (8, 2) 
Q5, (9, p) 


Y, (9,9), УЙ\ (9, е) 


57.40 
(9 
wha) ) 


abe 
def 
abc 

E 
ghj 

41 a2 
| 612 623 
Cy с2 

— ag аз 
m ӛз 


Сі 62 — 


di 42 da 


аз 


сз 
ал 
ba 
C4 


аа 


C4 
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6. Irreducible Tensors 


covariant components of irreducible tensors My and M. (р. 61) 
contravariant components of irreducible tensors My and git; 

(p. 62) 

component of a double tensor W т, , (1,2) (p. 63) 

component of the direct product of irreducible tensors (p. 63) 
component of the irreducible tensor product (94), S 9, } 7 

(p. 63) 

scalar product of irreducible tensors (p. 64) 

commutator of a direct product of irreducible tensors (p. 64) 


commutator of an irreducible tensor product (p. 64) 


7. Eigenfunctions of the Angular Momentum Operators 


spherical harmonics (p. 131) 


modified spherical harmonic (p. 132) 

basis spin function (p. 171) 

helicity-basis function (p. 172) 

tensor spherical harmonic (p. 196) 

spinor spherical harmonic (p. 202) 

vector spherical harmonics (p. 208) 

quadratic form of spinor spherical harmonics (p. 207) 


quadratic forms of vector spherical harmonics (p. 231) 


8. Vector Addition and Recoupling Coefficients 


37 symbol (p. 85) 
triangular A-symbol (p. 237) 


3jm symbol (p. 236) 
Clebsch-Gordan coefficient (p. 235) 
Wigner 67 symbol (p. 291) 

Racah coefficient (p. 291) 


9j symbol (p. 334) 


127 symbol of the first kind (p. 361) 


127 symbol of the second kind (р. 367) 
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9. Matrix Elements 


nim) state vector with angular momentum 7 and projection m on 
z-axis, n denotes all other quantum numbers 

Mr irreducible tensor operator of rank k 

(пут Min jm) matrix element of irreducible tensor operator (p. 475) 

(n j Meſſnj) reduced matrix element of irreducible tensor operator (p. 475) 


10. Special] Functions 


P; (2) Legendre polynomial 

Р" (z) associated Legendre function 

Г(2) gamma function 

F(a, b; c; x) hypergeometric function 

pal; aa, „ Bis.. „Ва: 2) 

IU 75 82 K | | Pi |z generalized hypergeometric function 

Nl (a) Jacobi polynomial 

C? (z) Gegenbauer polynomial 

Un (=) Chebyshev polynomial 

Lo (г) Laguerre polynomial 

Ai(z), Bi (a) Airy functions 

Ј, (2) Bessel function of order и 

N (=) Neumann function of order и 

но) (z), HO? (2) Hankel functions of the first and second kind and order v 
Z, (2) any cylinder function of order v 

n(z) = VÆ Ji4.4 (=) spherical Bessel function 

ni(z) = / EN, 3 (=) spherical Neumann function 

М 12) (z) = УН, hi (2) spherical Hankel functions of the first and second kind. 
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